6.2: Orthogonal Sets
Math 220: Linear Algebra

A set of vectors {u,,...,u | is called an (‘Qf“H’l-Dc;wmﬂ 541 if each pair of
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distinct vectors from the set is orthogonal. That is, M,.; ‘ u; <dwhen I#].

Ex 1: Determine whether tfﬁ set of vectors is orthogonal.
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Theorem 4

If S = {ul, ...y Up} is an orthogonal set of nonzero vectors in R®, then S
is linearly independent and hence is a basis for the subspace spanned by S.
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6.2: Orthogonal Sets
Definition
An orthogonal basis for a subspace W of R® is a basis for Wthat is also an
orthogonal set.

Theorem 5
Let {ul, vy up} be an orthogonal basis for a subspace W of R*. For each
y in W, the weights in the linear combination
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Ex 2: The vector v= 10 is in the subspace W with orthogonal basis from Ex 1b).
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6.2: Orthogonal Sets

An Orthogonal Projection
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Ex 3: Compuie the orthogonal projection of L’] onto the line through [
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Then write {7} as a sum of two orthogonal vectors. Also, observe geometrically.
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6.2: Orthogonal Sets

Ex 4: Find the distance from the vector [ﬂ to the line through [_24} (from Ex 3).
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Notice that the orthogonal projection formula matches the weights of the orthogonal
basis terms in theorem 5. Theorem 5 decomposes a vector into a sum of orthogonal

projections onto one-dimensional subspaces (lines). Y2
A = projection onto u,
In IR?, if we have an orthogonal basis {up“z}

then any y€ R? can be written as
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y= u;,u, U + ugu, 12
'f}\:pmjeclinn onto u,
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In Physics we use this to decompose force on an object.

A set of vectors {ul,...,up} is called an __ oo Poema) sex ifitisan
orthogonal set of a1+ Vactors . If Wis spanned by this set,
then the setis an ortho vorma) basis for W.

'Tldé.. = N
Simplest orthonormal basis for R"is { a e, ,"g‘?

Any nonempty subset of this standard basis is orthonormal as well.
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6.2: Orthogonal Sets g ¥ 7 oy
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Ex5: Determine whether the set of vectors is 1/4/10 3/4/10 0
orthonormal. Is it an orthonormal basis for R3? 3/4/20 |, | -1//20 |, | —-1/4/2
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Theorem 6 S, They Porrn ar ortho wermal kasis for R
Anm x n matrix U has orthonormal columns if and only if UTU = I.
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Theorem 7 & = D,
Let Ube an m X n matrix with orthonormal columns, and let x and y be in
R"™. Then St

a.[[Ux]| = ||

b. (Ux)-(Uy)=x-y

c. (Ux)-(Uy) =0 ifandonlyifx-y =0
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6.2: Orthogonal Sets
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Ex6: Let U= % 0 |and X:{‘Qﬂ Verify that “UX”=’|X”
1 1 — .
B2 WCTR -alead
1.5 pre seplzd) LM ckes
LUsS s ¢ T av  ertho pormal
J;:— = -2z -2 ) Has(m-/sj:o L2al -
Ux = = - T It =
N !
T Ve
L\/3 \Z 2+ Lgﬁj Y fgf
— ]
”7(,\ = Vb-l—tly =J7_-:_ T Tlha pocms  ose e.q'uql,
s 2
vectar f~ (R
An erhooopg) rMa g Y is a square invertible matrix U,

[~4
such that U1 =U7 . By theorem 6, it has orthonormal columns.

The matrix formed from the vectors from Ex 5 is an example.
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Practice Problem

1. Let Uand x be as in example 6, and let y={
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3} Verify that (Ux)-(Uy)=x-y
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