4.5 & 4,6t The Dimension of a Vector Space, Rank
Math 220: Linear Algebra

Theorem 9
If a vector space V has a basis B = {by,...,b,}, then any setin V
containing more than n vectors must be linearly dependent.

Theorem 10
If a vector space V has a basis of n vectors, then every basis of V must consist
of exactly n vectors.

Definition

If Vis spanned by a finite set, then V is said to be finite-dimensional, and the
dimension of V, written as dim V, is the number of vectors in a basis for V.
The dimension of the zero vector space {0} is defined to be zero. If Vis not

spanned by a finite set, then V is said to be infinite-dimensional.

Ex 1: Find the following
a) dimR"= N

p) dimP= Y S (%:Span{l,t,tz,ﬂ}]

c) dimP,= r+1|

d dimP_. ¥ s irBvite «—s (P=all ponnomlaIs)
P mersSional o

| e

e) dmH= "L Given H =span;|., |, s|}
3|6
il |2

f) dimG= 1 Given G=span{|Z|,| 4|}
3|6
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4.5 %4%6XThe Dimension of a Vector Space, Rank

Ex 2: Find the dimension of the subspace

wrre Boag! ) i}

i . R a—4b—2¢
| T - 2a + 5b — 4c
sl |+ b 5 |4y B o= + ra,bcin R
*.3 ; a —a+2c
? | —3a 4 7b 4 6c ]

» B o -2 . - -9

= rrel |2 5 caya|,, o o | = bas for 2 " < |3

I e o © coi A S
=3 e 9 - Ied -3 ]

The subspaces of R3 can be classified by dimension now. s dim H = 2.

.1'3 X 3 X 3 !
3im
1-dem 2-climy 2-dim
< AT e d
~. ; o KB 2
/ﬂ-dim H“t‘ H\H\"“; ! ““---;&m
. 2 / 2
X X '
Theorem 11

Let H be a subspace of a finite-dimensional vector space V. Any linearly
independent set in H can be expanded, if necessary, to a basis for H. Also, H

is finite-dimensional and

dimH < dimV

Proof:

emce L2 I6 R=91{P3 ew dmbB =0 < Jim v,

cose 24 Tak [ ba o swbspace +thar inclvdes LT, veciops

5§ = i“\zj.,.,\‘fﬂ;,Iﬁ s is wer o basis for 1 they
Prere s o Ve st vu,é-ﬁpquf&,

= iV, .. ,\7&.1_‘7:@”75 is LT (by They Y 1o sacHoo 4,3)
As ]i?iu% as the WMew sedt Adoesr spar H | repeat,

vamn» a rew § will span H asd be a  basis,
Al dim U & dimV  as a cero Homa vo Thn Q,
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4.5 &4%: The Dimension of a Vector Space, Rank

Theorem 12 The Basis Theorem
Let V be a p-dimensional vector space, p > 1. Any linearly independent set
of exactly p elements in V is automatically a basis for V. Any set of exactly p

elements that spans V is automatically a basis for V. LT
Mm% S :

27 dim
Proof: Spay
D By Thm ji, avy l»pe.ar]\é ,Vﬂié—fw::b#é- s 5 of p alemariz
Car  be @'Xpowde.a’eJ I Spans Vo Bor  dm V= P So
He basis mvs  cordtain] @WWﬁ\d P L, weciors.
D 5 % & basgls,
J(;zl)_ S has e ciameprs +hat Span V. The gﬁpmxm‘ﬂﬁb Sod
Thm (gecrop H.3) mplies dhee 75 a sobsar SFc S Hhar
59 o oafff for V 9\!%' i V‘:-. P s 5* MuUst C-QN‘?"—'HIV' )

R f e e 595 95 s L bl
A~ exmq/faaWhat'can we say about the dimension of Col A and Nul A?
a b ¢ 4d e« B F o & d‘f‘M(wiA‘sz
A= 1 g b vil~le B @ 1 ok awe

_ 3 Lol =8
e 1 mom o Oovgoﬁ_diMLuA>

The dimension of the null space of A is

The Pumbesr of %Yj—gq: \/&rr(a@%f fo ree§(A)

The dimension of the column space of A is:
TL\ e PUmbep @{: £ ivots [P Al

Ex 3: Determine the dimensions of the null space and the column space of A.

1 0 31 2] (10304 Co
y=|0 1 4 3 I | ep0 1 =405 dim(coi AN = 5 (rarkd
32 1 86 100 0 1 =2 oo d
»
2 36 7 9 000 0 0]

i . i &f{"\ LV"’) As z ‘2.\, CJ'V)T:‘E"QJ)
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4.5 &4%: The Dimension of a Vector Space, Rank

Row Space

The set of all the linear combinations of the row vectors of an mXn matrix A is called
the row of A, and is denoted by Row A
are n entries in each row, Row A is a subspace of IR”. Also, Row A =

. Since there

9{,16&66.
<ol A’r

Ex 4: Find a spanning set for Row A.

1 0 31 2 f‘» ( 1 ,2)

3 2 1 -8 -6 2= (o3 6)

2 36 7 9 o e

) ) r, = (z —3 e >, a)

vt Rowh = spam (7,5, 7 7Y
Theorem 13

If two matrices A and B are row equivalent, then their row spaces are the
same. If B is in echelon form, the nonzero rows of B form a basis for the row
space of A as well as for that of B.

Ex 5: Find bases for the row space, column space, and null space of A.

oy B -3 m 2| 1 0=304
o0 1 4 =3 1 01 -4 0 =5
A= 3 5 1 8 6/™9 00 1 2
2 36 7 9] (000 0 0

roowW Q?ace, LleS basis » iLi ,0,"3;0 ;“”J COI- l’—-f-ll Oi~—§>l QOIOloi )1,2,%

1 o i

* O i -3\
W‘A" 14{)!5 ld()gs‘,fg :. 3_ _j i 2 : ‘_g }
g 3 5
3 w‘i‘]
. s
ool & has basis i 3 ? o 15
© ’zl
& i
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4.5 £o@6: The Dimension of a Vector Space, Rank

The rark of A is the dimension of the column space of A.

The  rayrk of AT is the dimension of the row space of A.

The pw | h“na of A is the dimension of the null space of A (though this text just
uses d:wz(_wu?r’ib

Theorem 14 The Rank Theorem

The dimensions of the column space and the row space of an m x'n’ matrix
A are equal. This common dimension, the rank of A, also equals the number of
pivot positions in A and satisfies the equation

rank A + dim Nul 4 =y

(See proof on page 235.)

Ex6: a)lf Aisan_“42Z x 35 matrix with three-dimensional null space, what is the
rank of A? .

rolpifk..)-.r_?}::ﬁ’\; ) /Zw-’]'—: I

b) Could a 3x5 matrix have a one-dimensional null space?

Max rapvk = 3

rowk + vl ,‘,\rg = colvmps fo A
) W if
% 4+ 1 E5 Sv P
In chapter 6 we will learn that Row A and Nul A have only the _ Z#+ro
Vet r- in common, and they are actually fer ’;»ep oﬂfc,dlq r to

each other. Take a look at example 4 on page 236.

Ex7: A scientist has found two solutions to a homogeneous system of 40 equations in /424

variables. The two solutions are not multiples, and all other solutions can be constructed

by adding together appropriate muttiples of these two solutions. Can the scientist be
certain that an associated nonhomogeneous system (with the same coefficients) has a
solution?

= wrdxiillgd-,, 7 apd there cre o oden~ LI, solr
so  wpwlhiy =1,
= HY - L = Yo = vk
s L .
voes? ANl vedos o R gre W (o) A
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4.5 &4%: The Dimension of a Vector Space, Rank

Theorem The Invertible Matrix Theorem (continued)
Let A be an n x i matrix. Then the following statements are each equivalent to the
statement that A is an invertible matrix.

m. The columns of A form a basis of R™.
n.ColA=R"

0.dimColA=n

prank A=n

q. Nul A = {0}

r.dim Nul4A =10

Practice Problems
The matrices below are row equivalent.

— - -

2 -1 1 —6 8 1 -2 —4 3 2]
1 -2 —4 3 - 0 —
A 2 . B= 3 9 -—-12 12
-7 8 10 3 -10 0 0 0 ¢ 0
L 4 -5 -7 0 4 0 0 0 0

0
2. M’/”H'a = 5.2 =3

i)

1. Findrank Aand dm Nul A.  rarEe A
2. Find bases for Col A and Row A.

3. What is the next step to perform to find a basis for Nul A?
_rar e

4. How manyQivot columnsare in a row echelon form of AT?
2 Rl
(2) baste for cel A "? ‘ ';—
4 -5

basis for rowA Z(i,vl,"‘f,3i~2—),(oigl“f,dl,ns}
1 { ¢ ’ . )
3y Goish pow /‘e-D’VOriJra 3. 3‘&2."7@1

(N 1 « rark of AT = i (rOW A,
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