4.2: Null & Col Spaces and Linear Transformations
Math 220: Linear Algebra

Remember that a homogeneous system of equations

5x +21x,+19x, =0
13x1 +23x2+ 2x3 =0
8x1 +14x2+ Xy =()

Can be written in matrix form as Ax=0 where

[ 5 ooy 19 The solution set is all the vectors Xthat satisfy
A=| the matrix equation. We are going to name this
% v T set of solutions the _ »©1] $pace
& iq ! '

Definition
The null space of an m x 1z matrix A, written as Nul A, is the set of all Thirk
solutions of the homogeneous equation Ax = 0. In set notation, . %~ i WLl

NulA={x:xisinR" and Ax=0} °

&

5
Ex 1: Let A be the matrix defined above. Determine whether the vector u=|—-3
belongs to the null space of A. 2
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4.2: Null & Col Spaces and Linear Transformations

Theorem 2

The null space of an m X 7 matrix A is a subspace of R". Equivalently, the
set of all solutions to a system Ax = 0 of m homogeneous linear equations
in n unknowns is a subspace of R™.

Proof: = -
@&y © ¢ Mol A sivaa Ad=0

QY Fax D,V € Mol A = ARSY) = AL x AT

= AhaV € MHak
(c\ fox T Put A awd < a swalaes, A () = c AT

Mol h s a subSP‘M@ =7 c»\»é‘#‘d'/}

Ex2: LetH be the set of vectors in R3 whose coordinates a, b, and ¢ satisfy the

equations Lot bk = Sc and ba -5 = 24
Show that H is a subspace of R3. (Create 2 dependence relations between them.)
La+ 3Ly, & =0 H:P")‘A’
Lba —1h - S = ¢
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Ex 3: Find a spanning set for the null space of the matrix A= (1) i i 02
solve "AX = = - |
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4.2: Null & Col Spaces and Linear Transformations

Two properties of null spaces that contain nonzero vectors that we see from the

last example.
w$;wg +he pleious rMeshod )
1. The spannlng se_"‘c{\ls automatlcally l» PYasn "\A ;Vde—pa-HM
2. The number of vectors in the spanning set of Nul A is equal to the number of
Frea varja bles inthe equation AXx=0.
Definition

The column space of an 1 X 11 matrix A, written as Col A, is the set of all
linear combinations of the columns of A. If A = [a,l ven an] then

Col A = Span{ay,...,an}

Theorem 3
The column space of an m X 1z Matrix A is a subspace of R™.

Col A= {b : b = Ax for some x in R" }

Ex 4: Find a matrix A such that W =ColA4.

T b—C - 3
2b+c+d
- ¢ : b,¢,d real »
W= 5c — 4d “er
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4.2: Null & Col Spaces and Linear Transformations

The column space of an m X n matrix A is all of R™ if and only if the
equation Ax = b has a solution for each b in R™.

113 1
Ex 5: Giventhe matrix A=[2 1 5 4 |, answer the following.
1 24 -1 o2 . EE
ij"l x‘-l;n T

a) Find R¥ that Null A is aLJ
&‘4

b) Find IR¥ that Col A is a subspace of.

® <

c) Find a nonzero vector in Null A.

X, = = 2Ry -3y

>
A% =" X2 3 =Xy F2Ry
A3 = szgﬂhux
o . o
2 :
R I A | o 3 o = Yy CFeea
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L 2 4 - © o © © o © . 9

-3

d) Find a nonzero vector in Col A.
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4.2: Null & Col Spaces and Linear Transformations

B Contrast Between Nul A and Col A for anm X i Matrix A
L__ Nul A AX = I ColA Ax-% |
1. Nul A is a subspace of R"™. 1. Col Ais a subspace of R™.

2. Col A is explicitly defined; that is, you
are told how to build vectors in Col A.

2. NuiAis implicitly defined; that is, you
are given only a condition (Ax = Q) that
vectors in Nul A must satisfy.

3. It is easy to find vectors in Col A. The g
columns of A are displayed; others are
formed from them.

3. It takes time to find vectors in Nul A.
Row operationson [A 0] are required.

i 4. Thereis an_abvieus relation between i
Col A and the entries in A, since each
column of Ais in Col A.

4. There is no obvious relation between
Nul A and the entries in A.

5. A typical vector v in Nul A has the
property Av =0.

(5. A typical vectorvin Col A has the
property that the equation AX = v is
consistent.

6. Given a specific vector v, it is easy 1o tell| E;n?:’: ?eﬁ ?:’egijg \('%]tzr \Ig,ol‘tiwmay take

ifvisin Nul A Just compute A v. gperations on [A v] are required.

7.Col A =R™ ifand only if the
equation Ax = b has a solution for
every b in R™.

7.Nul A = {0} if and only if the equation
Ax = 0 has only the trivial solution.

Nul A = [0V i if the lineai 8. Col A = R™ if and only if the linear
8 Nul A { } it and oqul th? linear transformation x — Ax maps R™ onfo
transformation X — AX is one-to-one. R™

Definition
A linear transformation 7 from a vector space V into a vector space W is a rule that

assigns to each vector x in V a unique vector T (x} in W, such that _ MR
00,1‘1?[5:7’ o l q“&?@“-.
HT(u+v)=T(u)+T(v) foralu,vin V, and e [ -
F‘.acn = —= "\'\_';0
{”— 3
(i) T (cu) = cT'(u) foralluin Vand all scalers c. Ty _ -\{
slﬁﬂfgéi? v suﬁiﬁﬁgi? w Y

The null space of a linear transformation is called the kerpel , such that T(u)=0.

The ”@rb;ué- of Tis the set of all vectors in W of the form T(X) for some xe V.
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4.2: Null & Col Spaces and Linear Transformations

Ex 6:

(Calculus required) Let V be the vector space of all real-valued functions f defined on an interval
la,b] with the property that they are differentiable and their derivatives are continuous functions on

[a,b]. Let Whe the vector space C [a,b] of all continuous functions on fa,b], and let
DV — W be the transformation that changes fin V into its derivative f'. In calculus, two
simple differentiation rules are

D(f+9¢)=D(f)+D(g) and D(cf)=ecD(f)

That is, D is a linear transformation. It can be shown that the kernel of D is the set of constant
functions on [a,b] and the range of D is the set W of all continuous functions on [a,b] .

‘ .
/D', p V— S: o l"“'f‘T = Sas og all cowstar —?\)pah"aﬂs

Practice Problems
a
1. Llet W = bl :a—3b—e=0 ). Show in two different ways that Wis a
c
subspace of 3. (Use two theorems.} =

% S

maeod 1 E' -1 é"] a - [0—_& -’)‘Lug W s the.
] :
<

A agrd Is a
subgpaea by Thm 2,

o
method 24 W = [b’\. oz dhrc

[
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_5 2 _4 _1 _3 ‘ A wlﬂ‘a‘ﬂ 1%
know that the equations Ax = v and Ax = w are both consistent. What can you & subspuce

say about the equation Ax = v + w? ] 122 RUTSICR
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