1.4: Matrix Equations
Math 220: Linear Algebra

Definition
IfAisanm X n matrix, with columns &y, ..., 8,, and ifxisin R®, then the product of A and x, denoted by AX,
is the linear combination of the columns of A using the corresponding entries in x as weights; that is,

T
AI=§[ai Ay - an] T | = Z18 + ze8g + ¢+ + Ty
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AX is only defined if the number of &4 lony » & of A equals the number of

ep+tMes  inx. A
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1.4: Matrix Equations

Ex2: For u,,u u,e IR3 Write the linear combination of 5u1 —u, +2u3 asa

2)

matrix times a vector.
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Ex 3: Write the system of equations  3x, — X, —4)c3 =3 asa

a) Vector Equation
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1.4: Matrix Equations
Theorem 3
If A is anm X n matrix, with columns &y, ... 85, andifbis in R™, the matrix equation
Ax=Db {4}
has the same solution set as the vector equation
8 + TR+ -+ ZpBn =Db (5)
which, in turn, has the same solution set as the system of linear equations whose augmented matrix is

[ay as -+ 8, b] (6)

The equation AX=Db has a solutions if and only ifb is a ‘ | Rear

comb i varie P of the columns of A.
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Ex4: Let A=|-3 2 6 |and b= b2 . Is the equation AX=Db consistent for all
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1.4: Matrix Equations

Theorem 4

Let A be an m x nn matrix. Then the following statements are logically equivalent.

they are ail true statements or they are all false. “ "
V = Sor all

» . By i L i i Aw — F -y i i
a. Foreach bin B™, the equation Ax = b has a solution. g - Y L ne oo s
b. Each b in ™ is a linear combination of the columns of A.

c.Thetﬂlumnﬁumapanﬂm <« »c/veﬂl there. axisv scalars ¢, .. cp

LS -3‘4 aﬁ. G\ 5.4,
) 1A, o, By c Aoe ¥ Cy Qs = Vv
d. A has a pivot position in every row. Ll mm
plcture: [ = 'ﬂ] W M SN

(Warning: A is a coefficient matrix here, not an augmented matrix.)

1 4 -1 X,
Ex5: Compute Ax=bfor A= 2 0 -3|andx=|X, .
-3 -2 5 X,
) Y -4 xl | L‘f -1
As = |2 o -3(|xa] = X\ |+ x| P |+ %3]
-3 - g )(J "'3 -2 ;
_ )C‘ - fo?__ - X3 \a,
2 Xs. - 3)(3 - by | T b
Row-Vector Rule for Computing Ax -3 Xy = ZXe + 5 % "3

Ifthe product Ax is defined, then the i th entry in Ax is the sum of the products of corresponding entries from row
of A and from the vector x.

Ex 6: Compute
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1.4: Matrix Equations

T = X
10 0fa 1(&4\ + (b} - @(C-S a
b) (00T O b= | +a &) 4 ©<e) Y
00 c Sla) + BW) 3 F() %
(This is called the | s fr"~;5 matrix, denoted by /)
If I, represents nxn identity matrix, then [, X=X for every X R"
Theorem 5

IfAis anm x n» matrix, wand v are vectors in [R®, and cis a scalar, then:
a. A(un+v) = Au+ Av;
b. A{cu) = c{Au).
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