Math 163
14.6: Directional Derivatives and the Gradient Vector
Questions for flipped class
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Afunction

(x.) has the given contour plot.

a. What do the points labeled A and B have in common on
the graph of 2

b Based upon the contour plot, how does the graph of f
differ at points C and D?
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4.) (8 pts) Consider the contour plot (topographical map) of the crater of Mt Saint Helens where

=f(x.y) gives the altitude (in feet) at point (x.) where x and y have the traditional orientation.
The solid black line shows the level curve at 6,000 feet.

a.) On the contour plot, clearly mark with a diamond 4 the point(s) of the level curve
f(%.)=6.000 at which £, <0 and £, =0.

b.) On the contour plot, clearly mark with a heart @ the point(s) of the level curve f (x,)= 6,000
at which the slope is steepest ([V/] is large).

¢) Beginning at point B, clearly sketch the path of steepest ascent.
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‘Solution or Explanation

‘We can approximate the directional derivative of the pressure function at K in the direction of S by the average rate of change of pressure between the:
points where the red line intersects the contour lines closest to K (extend the red line slightly at the left). In the direction of S, the pressure changes
from 1000 millibars to 996 millibars and we estimate the distance between these two points to be approximately 50 km (using the fact that the

296~ 1000 - _ o8 millibar/km.

istance from K to S is 300 km). Then the rate of change of pressure in the direction given is approximately
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f(z,y) = sin(5z + 5y)
@ Vi) —g’w%f]—[m(susy) 83+ [cos(52+ 59) 515
= 5cos (52 + 5y) i + 5cos (52 + 5y)

(b) V/(~15.15) = (5cos0)i + (5cos0)j = 5i+5]

(c) By equation D, f(z,y) = Vf(z,y) -u,
Duf(~15,15) = Vf(~15.15)-u=(5i+5]) - 4(vV3i-3j)
V3 5

=1(vB-5) =22 -2
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olution or Explanation

h(r, s, t) = In(3r + 65 + 0t) = VA(r, s, t) = (3/(3r + 65 + 9t), 6/(3r + 65 + 9t), 9/(3r + 65 + o)), VA(2,2,2

L, L L} and a unit vector in
1264

2.

the direction of v = 14i + 42j + 21k is u Z

V156 + 1764 + 441 (14 ¥ 420 + 210

3 _2
84"

0 Dyh(2,2,2) = Vh(2,2,2) - u %
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olution or Explanation

fx,y) = 8yVx = VAx,y) = <5y- %X"/Z, 8y §> = (4y/V/x, 8Y/X). VA(16,7) = (7, 32). Thus the maximum rate of change is

— 7 32
|VA(16, 7)1 = /49 + 1024 = \/1073 in the direction (7, 32), or equivalently < s m73>_
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Let F(z,y.2) = 2(z — 9)* + (y — 6)* + (2 — 4)°. Then

2(x —9)? + (y — 6)* + (2 — 4)* = 10 is a level surface of F.
Fi(z.5,2) =4(z-9) = F(10.8,6)=4,
Fy(r.y.2)=20y~-6) = F(108.6
F(r,y2)=2(:-4) = F(10.86

(a) Equationt gives an equation of the tangent plane at (10,8,6) as 4(z —
10)+4(y—8)+4(z~6) =0 & 4z +dy+4z = 96 or equivalently
Tty =21

(b) By Equationf, the normal line has symumetric equations
r; - 48 - zzﬁoreqnivdentlyz—lﬂzy_

Corresponding parametric equations are

=104+t y=8+t z=6+1
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4) (8 pts) The follow questions relate to contour plots.

B LT —
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4118 ps) Consider the contour lo (topographical map) ofthe crater of M Sait Helens where.
2=/ {3) ghesthe oo fct ot pin (x.) where xond hove th odional etotin
The i

21/ Onthe contoutlt ceary markwith iamond 4 e o) of the e cuve
(5)=6000 atwhich 7, <0 snd £, =0.

1) Onthe contour o, clarly markwith s he @ th it o h el e (5. 3) - 6,000
Stuichhe sope s steepest (V1] i g

) Beginning at point B, clearly sketch the path of steepest ascent.
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Level curves for barometric pressure (in millibars) are shown for 6:00 AM on a day in November. A deep low with pressure 972 mb is moving over
northeast fowa. The distance along the red line from K (Kearney, Nebraska) to S (Sioux City, Iowa) is 300 km.

Estimate the value of the directional derivative of the pressure function at Kearney in the direction of Sioux City.
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Consider the following equation.

fx, ) = sin(5x + 5y),  P(~15, 15), %(ﬁ. - )
(a) Find the gradient of f.
VRx, y) =

(b) Evaluate the gradient at the point £.

VA-15, 15) =

(c) Find the rate of change of £at P in the direction of the vector u.

Dyf-15, 15) =
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Find the directional derivative of the function at the given point in the direction of the vector v.

h(r,s,t) = In(3r+ 6s + 96), (2,2,2), v =14 +42j+ 21k
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Find the maximum rate of change of f at the given point and the direction in whict

fx,y) = 8yVx, (16,7)
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Find equations of the following.
2x -0+ (y-62+(z-4) =10, (10,8,6)

(2) the tangent plane

(b) the normal line

@, 0, 20 = ( )





