Section 13.1: Vector Functions and Space Curves
Math 163: Calculus III (Fall 2022)
Vector Functions and Space Curves
In general, a function is a rule that assigns to each element in the domain an element in the range.

In this section we will look at vector functions in 3D.  These are functions whose domain is a set of real numbers and whose range is a set of vectors, .  


 is used to indicate the independent variable (input) because it often (but not always) represents time.  is the dependent variable (output) defined as:





Where  and  are real-valued functions called the component functions of .

Example 1: Find the domain of .




The limit of a vector function r is defined by taking the limits of its component functions as follows.
[image: ]


Example 2: Find  where .







A vector function  is continuous at  if . That is if and only if its component functions are continuous at . 
	There is a close connection between parametric equations and space curves.  
· 
Parametric equations: 
· 
Space curve: 

For the given space curve,  is the position vector of the point P on C.

	[image: ]




Plane curves can also be represented in vector notation.  For instance, the curve given by the parametric equation  could be described by the vector equation:




where  and .
We need to be able to identify and explain curves whose vectors are given and vice versa.  For example, we have learned to write and identify the parametric equations of lines, circles, and ellipses.

Example 3: Sketch the curve whose vector equation is:    
 





	
[bookmark: _GoBack]






This curve is called a helix.

	[image: ]



	Into the helix: A helix is a shape like a corkscrew or spiral staircase. It is a type of smooth space curve with tangent lines at a constant angle to a fixed axis. Helices are important in biology, as the DNA molecule is formed as two intertwined helices. The word helix comes from the Greek word for "twisted, curved".  A "filled-in" helix – for example, a "spiral" (helical) ramp – is a surface called helicoid.  The pitch of a helix is the height of one complete helix turn, measured parallel to the axis of the helix.



Example 4: Graph the following functions using technology.
a) 

[image: ][image: ]                       b) 










Example 5: Sketch the curve . Indicate the direction and think about its projection on -plane.












Example 6: Find a vector equation and parametric equations for the line segment that joins  and .















Example 7: Find a vector valued function that represents the curve of intersection of the two surfaces: The paraboloid and the parabolic cylinder .
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If lim, ., x(#) = L, this definition is equiva-
lent to saying that the length and direction
of the vector r(#) approach the length and
direction of the vector L.

The limit of a vector function r is defined by taking the limits of its component functions
as follows.

[1] It x() = (), g(0), h(1)), then
lim r(r) = (guzf (0, Tim g(z), lim h(t))

provided the limits of the component functions exist.
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FIGURE 1
C'is traced out by the tip of a moving
position vector r(f).

There is a close connection between continuous vector functions and space curves. Sup-
pose that f, g, and  are continuous real-valued functions on an interval 1. Then the set C of
all points (x, y, z) in space, where

2 x=f y=90) z=nh@

and ¢ varies throughout the interval /, is called a space curve. The equations in 2] are called
parametric equations of C and ¢ is called a parameter. We can think of C as being traced
out by a moving particle whose position at time #is (f(2), g(?), h()). If we now consider the
vector function r(r) = (f(2), g(t), h(t)), then r(?) is the position vector of the point
P(f(t), g(2), k(1)) on C. Thus any continuous vector function r defines a space curve C that
is traced out by the tip of the moving vector r(#), as shown in Figure 1.
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