4.1: Vector Spaces and Subspaces
Math 220: Linear Algebra
		

4.1: Vector Spaces and Subspaces
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It also follows that 
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The spaces ________________ for  are the best examples of vector spaces.  We will picture ______________ for much of our discussion of vector spaces.

[image: ] 





Read Example 3 on page 193

Discuss whether the set  of polynomials of degree at most n is a vector space.










Read Example 5 on page 194
[image: ]
Note: Every subspace is itself a Vector space.
The set of just the ________ vector in a vector space V is a subspace of V called the ____________   ____________________ and written _________.

Discuss that P, set of all polynomials and a subspace of the set of all real-valued functions, and  is a subspace of P.












What about a plane not through the origin?  Or a line in  not through the origin?  Are they Subspaces?  (of  and  respectively).



The vector space  is NOT a subspace of , but H is.  Discuss.
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We call this subspace the ________________  ______________________ by 



And for any subspace H, we call the set  such that , the __________________  _________.

Let H be the set of all vectors of the form  where a and b are arbitrary scalars.  Show that H is a subspace of 




We can think of the vectors in a spanning set as the “handles” that define a subspace H, and allow us to hold it and work with it.
[image: ]


(This is the same example in the text from 1.3 – now with the context of subspaces.)
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Let V be the set of all arrows (directed line segments) in three-dimensional
space, with two arrows regarded as equal if they have the same length and
point in the same direction. Define addition by the parallelogram rule (from
Section 1.3), and for each v in V, define ¢ v to be the arrow whose length is |c|
times the length of v, pointing in the same direction as vif ¢ > 0 and
otherwise pointing in the opposite direction. (See Figure 1.) Show that Vis a
vector space. This space is a common model in physical problems for various
forces.
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Definition
A subspace of a vector space Vis a subset H of V that has three properties:

a. The zero vector of Vis in H.

b. His closed under vector addition. That is, for each u and v in H, the sum
u+v isinH.

¢. His closed under multiplication by scalars. That is, for each u in H and
each scalar ¢, the vector cuis in H.
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Given v; and vy in avector space V, let H = Span {vy,va}.
Show that H is a subspace of V.
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Theorem 1
Ifvy,...,v, areinavectorspace V, then Span {vy,...,v,} isa
subspace of V.
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For what value(s) of h will y be in the subspace of R® spanned by v1,v2,v3 if

1 5 -3 —4
vi=|-1], Vve=[-4f, V3= 1|, and y=| 3
-2 . 0 h
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Practice Problems
1. Show that the set H of all points in R  of the form (3s,2+ 5s) is not a vector

space, by showing that it is not closed under scalar multiplication. (Find a specific
vector u in Hand a scalar ¢ such that ¢ u is not in H.)
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3.Ann x n matrix Ais said to be symmetric if AT = A. Let Sbe the setof all 3 x 3
symmetric matrices. Show that S is a subspace of Maxa, the vector space of 3 x 3
matrices.
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A vector space is a nonempty set V of objects, called vectors, on which are
defined two operations, called addition and multiplication by scalars (real

numbers), subject to the ten axioms (or rules) listed below. The axioms must
hold for all vectors u, v, and w in V and for all scalars ¢ and d.

1. The sum of u and v, denoted by u + v, isin V.

2utv=v+tu

3(utv)+w=u+(v+w).

4. There is a zero vector 0 in Vsuch thatu + 0 = u.

5. For each uin V, there is a vector —u in V such that u 4 (—u) = 0.
6. The scalar multiple of u by ¢, denoted by cu, isin V.
7.c(u+v)=cu+cv.

8. (c+d)u=cu+du.

9. ¢(du) = (cd)u.

10. lu = u.
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