Chapter 3: Fair-Division Games Math 107
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Ex 1: Given the Fair-Division: :
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a) Who was the Divider? Angie | 22% | 26% | 28% | 24% T “toB
| | o
p o Bev . 6y | 2% ( 27% j07%
T I MY . i [ f - i
b) What are “Fair-Shares” for Angie? B e e Tl e |
Dina | 25% | 25% | 25% | 25%
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¢) What are “Fair-Shares” for Bev?
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The divider-chooser method goes all the way back to the Old Testament:
When Lot and Abraham argued over grazing rights, Abraham proposed, “Let us
divide the land into left and right. If you go left, I will go right; and if you go right,
I will go left” (Genesis 13:1-9).



Exercises 15 and 16 refer to the following sitwation: Jared and
Karla jointly bought the half meatball-half vegetarian foot-long
sub shown in Fig. 3-20 for $8.00. They plan to divide the sand-
wich fairly using the divider-chooser method. Jared likes meat-
ball subs three times as much as vegetarian subs; Karla is a strict
vegeiarian and does not eai meal at all. Assume that Jared just
mel Karla and has no idea that she is a vegetarian. Assume also
that when the sandwich is cut, the cut is made perpendicular to
the length of the sandwich. (You can describe different shares of
the sandwich using the ruler and interval notation. For example,

[0, 6] describes the 'I-'ﬂ.i! half, [6, 8] describes one-third of

the meatball half, etc p
X+ Bx = 4x =HF
Meatball X = #

Vegetarian
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15. Suppose that they flip a coth'and Jared being the
divider,

[a) Describe how Jared should cut the sandwich into two

shares s, and s,. Eg) gj ) S, = [?, ]lj

(b) After Jared cuts, Karla gets to choose. Specify which of
the two shares Karla should choose and give the value

of the share to Karla.
[o,8]

16. Suppose they flip a coin and Karla ends up being the
divider.

(@) Describe how Karla should cut the sandwich int

shares s, and 5,. )_:Oljj ) ):}) | A

(b)  After Karla cuts, Jared gets to choose. Specify which of
the two shares Jared should choose and give the value

of the share to Jared. [_5’,9:(
A7
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Ex2:

a) What is the value of
meatball share to

Jared? ﬁé

b) What is the value of
the meatball share to
Karla?

HO
c) What is the value of
the [3,6] share for

Karla?

d) What is the value of
the [3,8] share for
Jared?

o (bal?)



Lone-Divider Method
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3 Players
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Dale | 33% @ 33k9% Dale | 33% | 33i%
Cindy 35% 10% 55% Cindy i 30% @ 30%
Cher 25% 35% Cher |( 60% ) 15% 25%
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Case 2:
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26. Allen, Brady, Cody, and Diane are sharing a cake valued at
$20 using the lone-divider method. The divider divides the
cake into four shces (5,. 54, 53, and 54). Table 3-21 shows the
values of the slices in the eves of each plaver.

{a) Who was the divider? C_ Daé

(b) Find a fair division of the cake. ‘E 5 /Pgur 4
s lhar

5 52 53 54

Allen | $400 | $500 | $4.00 ﬁ@ 3rd
Brady | $6.00 @ $4.00 | $3.50 %;@ 2:/10(
Cody | $500 | $5.00 $5.00 all  Hh °§°‘”
Diane @ $4.50 $4.00 $4.50 @ P a&f’""

m TABLE 3-21

c¢) What was the actual value of the cake in the end?

$25.50
@7%7%‘? + ﬁﬁ,.';>



/[-ol_:l
ai/é

Lone-Chooser Method ( 3 ,ﬁ/q yers ) /
- 4 P/“J"} do Pirvider- Cheeser. %MZ a(
-~ (‘_’Aéh / ayer o{/\//o/e} ’VLH—”// hal¥ razo © irds.

,Ckgo;g/ -ﬁake/ one slree From ea“,h

A A PR Rt |

()

’rglg);f@ I

g B A Ao G
S e -
Angela Boris Carlos ;
(a) (b)
FIGURE 3-24
3,90

35. Suppose that Angela and Boris are the dividers and
is the chooser. In the first division, Boris cuts the cake vgr
cally through the center as shown in Fig. 3-25, with An
choosing s, (the left half) and Boris s, (the right half). In the
second division, Angela subdivides s, into three pieces and
Boris subdivides s, into three pieces. 2

=

{a) Dcsmbc how Angcld would :.ubdmdc s] 1I'I1.D three pieces.

90° V& 10°5
(b Describe hnw Boris u/n::ulg- subdnf u:lc: 31 mm three picces.

LC 3(a): What is Angela’s

half of the cake Wl?\fp‘)é ‘#;%34)

[c) Based on the subdivisions in (a) and (b), describe a
possible final fair division of the cake.

{d) For the final fair division you described in (c), find the
value (in dollars and cents) of each share in the eyes of
the player receiving it.

(,> C: 4.9
a ; alﬁ}
b t blib}

(c) & (d) Allon LC.

LC 4(a): What is one of Angela’s
“thirds” slice worth? _ﬁ'é

LC 5(b): In Boris’s middle cut
with both v. and s., how many

degrees of vanilla are th%re?
qU=" 15
LC 6(b): In Boris’s middle cut
with both v. and s., how many

degrees of strawb. are there?

e



Method of Sealed Bids — Discrete Division
5494’&{7@'1ﬂ
* Each playertbids on their values for the items — honesty is important.

* The total value is determined for each player, as well as each players “fair
share”.
0 Every player could have a different fair share.
* The “Winner” of each item is given that item.
0 If they have received more than a “fair share” they must pay into the
“pot” to make it fair.
* Those who did not receive a “fair share” are paid out of the pot.
0 Any extra (surplus) in the pot is divided evenly among the players.

Assumptions:

= All players must have the liquidity (cash!) to pay into the pot for
items they have bid on.

* |tems must all have some market value (priceless family heirlooms
won’t work).

44. Andre, Bea, and Chad are dividing an estate consisting of a L€ 7: What is the
house, a small farm, and a painting using the method of  total value to Bea?
sealed bids. Table 3-25 shows the players’ bids on each
of the items. »ﬁ’ é—30/ oo?

LC8: What is a fair

Andre Bea Chad share to Chad?
House $150.000 | $146,000 | $175.000 ﬁ 20 000
Farm  (($430000 ) $425000 | $428,000 LCA44 a) First Settlement.
Painti 50, 9, 57 i _
ainting $50,000 @U@ /'$=/ mli!!’:l!lnn A X /0}000 Li—}e 0O D
o000 A%
m TABLE 3-25 639200 677 owes fRAL ber

. 215,000
Fafr Share s 10,000 / [; , _
[a) Describe the first settlement of this fair division and ’ ’210/000 57/000
compule the surplus. g et # / 5’// oD

[b) Describe the final settlement of this fair-divisig
problem.




Method of Markers

This method works well with discrete division of many, low-valued items.
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51. Three players (A, B, and C) are dividing the array of 13
items shown in Fig. 3-32 using the method of markers. The
players’ bids are as indicated in the figure. A

Dh (OO

LC a) Who gets the first group of items, and what items do they get?
P gets L2 §3
b) Who gets the second group of items, and what items do they get?

L S@U} 5/5/ 7
c) Who gets the third group of items, and what items do they get?

d) What items are left over? 4, 3/61

56. Four players (A, B, C, and D) are dividing the array of 15
items shown in Fig. 3-37 using the method of markers. The
players’ bids are as indicated in the figure.

< A

(009 ECOPO6He6BE
—

© 5 K A@E: D D KK @

LC a) Who gets the first group of items, and what items do they get?
C,1-3
b) Who gets the second group of items, and what items do they get?
A7
)

c) Who gets the third group of items, and what items do they get?

d) Who gets the fourth group of items, and what items do they get?

3,12
e) Left Overs? L}/';/ Q/g,ﬁ} 0, /9\/]_5/ }%



50. Anne, Bess, and Cindy are roommates planning to move
out of their apartment. They identify five major chores
that need to be done before moving out and decide to use
the method of sealed bids to reverse auction the chores.
Table 3-29 shows the bids that each roommate made for
each chore. Describe the final outcome of the division
(which chores are done by each roommate and how much
each roommate pays or gets paid.)

) Wh : H ¢ Anne Bess Cindy
LC a) What is a fair share for
each? Chore 1 ﬁ{;z@ $30 £40
pj0 i, it | ez |
| ] Chore 3 $30 $20) @
b) Which chores will Anne Chore 4 $30 %0
complete? — @
Chore 3 $20 $40 "w
Chare | 5150 B0 %10
c) Which chores will Bess complete? /> { }"
&]/\.0)’6/ 2 ﬂ EZYLU @

£
d) Which chores will Cindy complete? ﬁ}O mjﬁ}@ 56{:5‘#6
(hove })%)5 ~ f’;%lefrﬁ./ 75 = 118

e) How much does Anne Pay/Receive from the pot? (including any

divided surplus)? i
0+ £32)
f) How much does Bess Pay/Receive from the pot? (including any

divided surplus) ﬁ

1)
g) How much does B'eﬁPay/Receive from the pot? (including any
divided surplus) Cid

3;_[;5 b0 labor = OW?)



