
6.3 – Orthogonal Projections Math 220 

6.4 – Gram-Schmidt Process Warnock - Class Notes  

   
Given a vector y  and a subspace W  in n  there is a vector ˆ Wy  such that  

1) ŷ  is the unique vector in W for which ˆy y  is orthogonal to W 

2) ŷ  is the unique vector in W closest to y  

 

 

Ex 1:  Let 
1 2

Span{ , }W  u u .  Write yas the sum 

of a vector in W  and a vector orthogonal to W . 

 

 

 

 

 

 

 

 

1 2

1 1 5
3 , 3 , 1
5 2 4

     
     
     
     

    

  


y u u

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen



 

 

 

Ex 2:   As in Ex 1, 
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 is the closest point in 
1 2

1 5
Span 3 , 1

2 4
W
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y .  

Find the distance from y  to W  
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   2.  Let W be the subspace spanned by the u's, and write y as the sum of a 

vector in W and a vector orthogonal to W. 
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The Gram-Schmidt Process 

Ex 3:   Let 
1 2

3 8
Span 0 , 5

1 6
W
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x x , construct an orthogonal basis  1 2
,v v . 

 

 

 

 

Ex 4:   

 

 

 

 

 

 

 

 

 

 

 

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen



 

 

The result of this is that every nonzero subspace W  in n  has an orthogonal basis. 

An orthonormal basis is constructed easily by normalizing all the 
k

v ’s to unit vectors. 

 

Ex 5:  Re-write the orthogonal basis found in Ex 3 as an orthonormal basis. 
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   2.  Use the Gram–Schmidt process to produce an orthogonal basis for W. 

 1 2 3
Span , ,W  x x x  where 

1 2 3

1 6 6
3 8 3

, ,
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1 4 3
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