6.3 — Orthogonal Projections Math 220
6.4 — Gram'SChmidt PI'OCGSS Warnock - Class Notes

Given a vector Y and a subspace W in R" there is a vector § €W such that

1) ¥ is the unique vector in W for which y—V is orthogonal to W
e

=
2) Y is the unique vector in W closest to Y

Theorem 8 The Orthogonal Decomposition Theorem

Let W be a subspace of R®. Then eachy in [R" can be written uniquely in
the form

y=y+z (1)

wherey isin Wand zisin W+, Infact, if {uy,...,u,} isany orthogonal
basis of W, then

y = .:T:l;l u +---+ ,:.]:;“p (2)
el
andz =y —¥. orthogs
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Ex 1: Let W =Span{u,,u,}. Write Yas the sum y=[3|u,=| 3 |,u,=1
of a vector in W and a vector orthogonal to W . 5 -2 4
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Theorem 9 The Best Approximation Theorem
Let W be a subspace of R™, lety be any vector in R", and let y bethe

orthogonal projection of y onto W. Then ¥ is the closest point in Wto y, in the
sense that

ly =yl <lly—vl (3)

for all v in W distinct from y.

10
A 1 5 1
Ex2: AsinEx1, % is the closest point in W =Span<u, =| 3 |,u,=[1|' toy=|3|.
3 -2 4 5
%)

Find the distance from y to W
Ui/ 4 H =
Js-tl- oI (5% B
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Practice Problems

—T7 —1 —9
1. Letu; = ! 1] , Mg = { 1} , Y = { 1], and W = Span {u;,us}.
4 —2 i}

N
Use the fact that u; and us are orthogonal to compute projy y-= ﬂ

G+ 12% TH =12 /;szz“ 11“*
LA, “ U, + n,* “
I U A _u/u%,,\M& Lo+ +6 eIt e e ~
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o 9 <75 2
Z=0

2. Let W be the subspace spanned by the u's, and write y as the sum of a
vector in W and a vector orthogonal to W.
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The Gram-Schmidt Process

3 8
Ex3: Let W =Span X, = 0 X, = 5 |}, construct an orthogonal basis {vl,vz}
-1 —6

Uk Sk« prop oF % onte X, Then Vi =5

. 3 244046 3 ] q -1
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1

Let x; = , Xo = and x3 = . Then {xy, X2, X3} Is

H

I—‘I—‘I—'-':'

1

clearly linearly mdependent and thus is a ba5|s for a subspace Wof R%.
Construct an orthogonal basis for W.
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W, = Span{v,, v}) '
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Theorem 11 The Gram-Schmidt Process
Given a basis {xy,...

Vi

Va2

V3

Vp

Then {Vl, ...

Span {vq,..

Xo —

X3 —

xp_

X9V
ViV

X3V
Vi1V

IP"‘Vl

¥V

Vi —

X3 Vo

Vo-Va

n ‘1'2

1= YoV

3 "Vk} — Spaﬂ {xlu*

, Xp | for a nonzero subspace Wof R", define

XpVp 1

Vp 1'Vpo1 p—1
, vp} is an orthogonal basis for W. In addition

yXpp for1<k<p

The result of this is that every nonzero subspace W in R" has an orthogonal basis.

An orthonormal basis is constructed easily by normalizing all the v, ’s to unit vectors.

Ex 5: Re- write the orthogonal basis found in Ex 225 an orthonormal basis.
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Practice Problems

1 1/3
1.Let W = Span {x;, X2}, wherex; = | 1| andxy, = | 1/3
1

Construct an orthonormal basis for W.
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2. Use the Gram—-Schmidt process to produte an orthogonal basis for W.
1] 6 | 6 |
3 -8 3
W =Span{x,,X,,X;} where X, = 1 %= 5 %s=| 5
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