5.2 — The Characteristic Equation Math 220

Warnock - Class Notes

To find eigenvalues of a square matrix, we are finding non-trivial solutions to the

equation (A—M )X =0. By the invertible matrix theorem, this is the same as finding

A suchthat A—Alis  not In \/C’//t«/lﬂ/& . But this occurs when the
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Ex 1: Find the Eigenvalues of A:[g g] 9}/\ N x = ¢
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Theorem The Invertible Matrix Theorem (continued)
Let A be an n x n matrix. Then A is invertible if and only if:

notes From 5. /)

— 8. The number 0 is not an eigenvalue of A. C

—V t. The determinant of A is not zero.
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Theorem 3 Properties of Determinants
Let Aand Bben xn matrices.

a. Ais invertible if and only if det A +# 0.

b. det AB = (det A)(det B).
c. det AT = det A.

d. If A is triangular, then det A is the product of the entries on the main
diagonal of A.

e. A row replacement operation on A does not change the determinant. A
row interchange changes the sign of the determinant. A row scaling also
scales the determinant by the same scalar factor.

We can now determine when the matrix A—Al is not invertible by solving the _

OL\ %/mo‘ﬁ@l/[?‘f‘/-& eQVma—/’fU‘/] , det(A—//“@
4 00
Ex 2: Find the Characteristic equationof A=| 5 3 2
-2 0 2
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Ex 3: Find the Characteristic equation of A=

If Ais an NxN matrix, then det(A—/ll) is a polynomial of Aej ree N

calledthe Chava cters Nt |P0 /tjmywx /0\/ of A.

; l£ip]
The eigenvalue of# in Ex 3. is said to have W ul £ ﬁ /c/tu\ + /0
because /} "A) occurs  Fuws [cl

Ex 4: The Characteristic polynomial of a 7x7 matrixis A7 —81°+1612. Find the
eigenvalues and their multiplicities.

» @/M.@_j
; _Cigenv=les?
0= )\(2\ 3>\+) o 3

%) )\392)/ W\t/\lf2
O= ;é(;\ 2 >\+02> A=-2, o |t O
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Similarity

,
Two NxNmatrices A and B are considered §/ ax / ar if there is an invertible

matrix P such that .y
Fl/\KD;EOr A: P)?F

We can also write Q for P71 and get

-
QAg=F o A7 QFQ

Changing A into P /AK P is called the __ S /m )/a/ /’(f‘:]j ‘(J/MVUJ:O/’VW%/E%

Theorem 4

If n x n matrices A and B are similar, then they have the same characteristic
polynomial and hence the : same elgenvalues (with the same multiplicities).

proof: |e* B PA\D
T =p PP P =P (AP=2P)- P (AP

et (827)= Ae%ﬂ’ (A->1)P |

,A@tﬁ et (A >\l> Jet €

= det P4t P det(ANT)= jft (P @f}f% 7)

= 1det (A’)\,_)

Same C,Lvo‘r&(;fe/,?t/'é
g s JAME C/L(jcf\\/oth\% ¥ P@l_jv\wvual

Warnings:
2 1 2 0
and
o 2) = [0

1. The matrices
are not similar even though they have the same eigenvalues.

2. Similarity is not the same as row equivalence. (If A is row equivalent to B,
then B = EA for some invertible matrix E.) Row operations on a matrix
usually change its eigenvalues.



awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen


Practice Problem

1 —4
Find the characteristic equation and eigenvalues of A = [4 2] .

NN (1-2)(2-x) Tl

— 2 ax A 1L
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