4.7 — Change of Basis Math 220

Warnock - Class Notes

We are now going to look at converting a vector x in one coordinate system into
another coordinate system — same vector, different coordinate representation.

Consider the following vector spaces spanned by {bl,bz} and {Cl,CZ} respectively.

M~

(a) (b)

By observation, find  [X]p =3+ ) and [x]; = 65/ +L‘LCA{71

{ﬂa

Ex 1: Consider two bases B = {b1,ba2} and C = {ec1,c2} fora vector space V, such that

bl = 4{31 + €a and bg = —6C1 + Co

3
Suppose x = 3by + b (thatis, [X]p = [1] ), find [x]c.
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Theorem 15
Let B = {b1,...,bn} and C = {c1,...,ca} be bases of a vector space V. Then

there is a uniqgue n x n matrix P such that
C+—B

x|l-= P [x 4
Xle = P Xl (4
The columns DT{TPB are the C-coordinate vectors of the vectors i the I:-asisB. hat is,
.
P = [[bi]lg  [b2]e ... [ba]c] (5)
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P ' ?
Why are the columns of cep linearly independent?

So P is ‘IV\\/C{/JD))?/Q

C+—B

- |
So equation (4) above can be re-written as Eﬁﬁﬂ x|o = [x]p

Since P is the matrix that converts B-coordinates to C-coordinates, what should

C+—B
[P’B " do? «takéﬁ C‘C(ﬂ@/ﬂ{/qa{’cﬁ +o B’Comj@mégg
CF
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Change of Basis in R
If B={by,...,b,} and € is the standard basis {e;,...,e,} in R", then

[bl]E = by, and likewise for the other vectors in B. In this case, PB is the
£

same as the change-of-coordinates matrix Pp introduced in Section 4.4,
namely,

Pg=[by by --- by

However, to change coordinates between two non-standard bases in R", we will
need to use Theorem 5, and find coordinate vectors of the ol J beus /s
relative to the /e W/ lﬂ“? (2

Ex 2:

—6 2 2 6
Let b1 = 4 b = 0 ,C1 = 4 ,C2 = 9 ~and consider

the bases for R* givenby B = {by, by} and C = {¢;, ¢y }. Find the
change of-coordinates matrix from B to C. N
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7 -3 1 —2 |
Ex3:Let by = yby = ,C1 = ,Co = and consider
5 —1 —5 2
the bases for R? givenby B = {b;,bs} and C' = {c;,c2 }.
P

a. Find the change-of-coordinates matrix from C to B. Bt

b. Find the change-of-coordinates matrix from B to C. d k
b C/L‘&Q\

Practice Problems
1. Let F' = {f1,fo} and G = {g;,g2} be bases for a vector space V, and let P be

a matrix whose columns are [f1] and [f2]. Which of the following equations is
satisfied by P for all vin V?

(i) [v]p = Plv]g
) [v]g = P[v]p

2. let B and C be as in Exampte—1-
of-coordinates matrix from C to B.

I P"T\b[—fr
g LU P

estits ©f that example to find the change-

Ch @(//<
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