4.5 — The Dimension of a Vector Space Math 220
4.6 — Rank Warnock - Class Notes

Theorem 9
If a vector space V has a basis B = {by,...,b,}, thenany setin V
containing more than n vectors must be linearly dependent.

Theorem 10
If a vector space V has a basis of n vectors, then every basis of VV must consist

of exactly n vectors.

Definition

If V'is spanned by a finite set, then Vis said to be finite-dimensional, and the
dimension of V, written as dim V, is the number of vectors in a basis for V.

The dimension of the zero vector space {0} is defined to be zero. If V is not
spanned by a finite set, then Vis said to be infinite-dimensional.

Ex 1: Find the following

a) dimR"= )"\

b) dimP, = ?,{ % £P3=Span{1,t,t2,t3}j

g dimp.= N+

» Sinie dimensional

d) dimP% \ (P = all polynomials)
5|t
e) dimH = oL Given H =span; |, |,|%
S 2
Y
< o\@(’v 717
f) dimGz) Given G =span{[l ,Lﬁ
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Ex 2: Find the dimension of the subspace

) -4 2
Al 2 bl 5 |«c|-4 [ a—4b—2¢ ]
. O A 2a + 5b — 4c
= 7 © H: o | :a,b,cin R
—a+ 2c
[

_56 6 0(6/) | —3a + Tb + 6e
/s , 2 3]
Ve \ U{IMHZOZ <(73:'2 z>
Y,

The subspacesof IR3 can be classified by dimension now.

3-dim
N

- 2-dim ,2-dim

|-dim
/ Zs — T ]

Ay A | X !

Theorem 11
Let H be a subspace of a finite-dimensional vector space V. Any linearly

independent set in H can be expanded, if necessary, to a basis for H. Also, H
is finite-dimensional and B
O AV’P
&W dimH < dimV . 5
< Cwel: T} H-§2 H=02dmV/ A
- G Proof: _%;,L/} H/{OE/ bmH=0 = o
Ca?é}; O{“@/W'Fj&} le~t §; ial)”'mk} bé a lia /2 set /1 g
:I_SY’)'tif”"” H/ 9579 «a basrs amﬁ{ L IE 0@(7/(@-
IS o, there 75 rome D Ahat 15 net 1 Span S
50 iﬁ”m R By o od by A )
A? [Wlﬂ as thio new as 0!0@5/'% sfan H/ repe
E\/éwu\a(lﬂ n e J \4//2) sfan /’é omj Ve a basis |
- CA Ol,w\\/ O%L\e/wfﬁe, \l/\
Al/ﬁ/\ H WO/\’E exce ) J\@P (’rb\w\c?)
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Theorem 12 The Basis Theorem @
Let Vbe a pm::r space, p =~ 1. Any Iirly independent set
of exactly p elements in V is automatically a basis for VZAny set of exactly p

elements that spans V' is automatically a basis for V. IS e
p y lgl;/l ] A
) . - S -+
PI"OO@Bﬂ ]/V‘/'/' )// 5(/“/’] }f/\ //lJ~ se—t .04? ’X‘ﬁfﬁ/\ 7€
o cloments, exd be expunded e gV )
to 1 s0 The an >
</nc OL’/V\\/;!D) moX @Z@tfl/lem S 15 ‘D) 4 P F 71/4756_&

@ S has f elements ’[//Aa’t jfau/\ V 5%55
6?““”"" Thon 2295 Yhere 1) A subset
That > A basis qca/

Ty
6/,/1660\1‘/!/\\]:?—_;:7 5*‘ A ust ég/l/{ja///\ 'p \/@af@/’fﬁ) § ,§

What can we say about the dimension of Col A and Nul A?

lh@O% gﬂm (ol A= 7
9 o |0 B ;
gg@OIOO AM/\ NM)A—

The dimension of the null space of A is {L.e/ /\umbé/ ‘9£ J;/&e /
O

LA A?;

ok e
The dimension of the column space of Ais: the nuwm ber OS;‘ P et
)N

/MM/\j

Ex 3: Determine the dimensions of the null space and the column space of A.

020 4L NWlA=2
0 3 43| dncdh=3

1 0 -3 1 2] 1
0 1 -4 -3 1 0
3 2 1 _g "My
2 36 7 9| |0
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Row Space
Bihturtekind ot

The set of all the linear combinations of the row vectors of an MxN matrix A is called
the v o w cpa ce of A, and is denoted by Q@w /4 . Since there
are n entries in each row, Row A is a subspace of R". Also, Row A = Col AT

Ex 4: Find a spanning set for Row A.

1 0 -3 1 2] f:@, 0, -3, /,2)
A_| 0 1 -4 31 N
32 1 -8 -6 Q:(O,/,'%'ﬁ’)
R A )
52 (2,,6,7,9)
A\ N — )
gow A; §fw\{\f\)V3)r}; t
Theorem 13

If two matrices A and B are row equivalent, then their row spaces are the
same. If B is in echelon form, the nonzero rows of B form a basis for the row
space of A as well as for that of B.

Ex 5: Find base ace, column space, and null space of A. /4?; o
1 0 | 4| X,= Sx5~Txs
A= 0 1 -5 %, = QLY}—ngE
-3 2 0 (1)-2 o
2 36 7 9 00000 Xy= o™

QOL.;A has %9/’/_ (@_: {(1,0,/3/0@)(0//)—4/0;5)}<0/0/0,//—4)}

J/'m CO/AZE
- _ l o
Lol A hes b CJTNATE 07 700

*J, 7 K o~
B K= 3% "7 x5
NU\\A has g9 N; 5 ’;f X, =Xy 7%
o |1 iy
. A N 3
OLU/"\ /\/VI)A‘Q\ v | X = )<> g _;ng

5 >
o [
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The (AN k of A is the dimension of the column space of A.

T
The Y a o is the dimension of the row space of A.
h k f A is the di i fth fA

The V\ut1 ‘ f’ci\‘ of A is the dimension of the null space of A (though this text just

uses of//m M/l A )

Theorem 14 The Rank Theorem

The dimensions of the column space and the row space of an m x n_matrix
A are equal. This common dimension, the rank of A, also equals the number of
pivot positions in A and satisfies the equation

rank A +dim Nul A =n

(See proof on page 235.)

Ex6: a)lf Aisan ;Q\ X ) O matrix with three-dimensional null space, what is the

10
rank of A? Faﬂk A:‘ 7

3 X

b) Could a 3x5 matrix have a one-dimensional null space? /\/ /

0 Ma\x @ank = 5 o

0 Nallgy 22 diw NalA=(1-)
|

p
l
0

QS &

I
0
0 ;!4
In chapter 6 we will learn that Row A and Nul A have only the _Z¢&7 0

Vector in common, and they are actually 'p@r,pgad,‘a ule v to

each other. Take a look at example 4 on page 236.

Ex7: A scientist has found two solutions to a homogeneous system of 40 equations in 42
variables. The two solutions are not multiples, and all other solutions can be constructed
by adding together appropriate multiples of these two solutions. Can the scientist be
certain that an associated nonhomogeneous system (with the same coefficients) has a
solution?

006) AX 47 %m@ o solvtion ;a/ all Eé)R%D

( Xt #2x)

V\(ANJ’Cj A 02
% = @\/er bé K% [ 9 jfommCA bj Ca/ A

(o\ﬂk
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Theorem The Invertible Matrix Theorem (continued)
Let Abe ann xn matrx. Then the following statements are each equivalent to the
statement that A is an invertible matrix.
—» m. The columns of A form a basis of [K".
n.Col A = R"
0.dimColA=n
prank A =n
g. Nul A = {0}
rdimNulA =10

Practice Problems
The matrices below are row equivalent.

2 -1 1 —6 8 (1 -2 4 3 2]
1 -2 —4 3 -2 0 3 9 —12 12
Jq. = 3 B =
-7 8 10 3 —10 0 0 0 0 0 J)
| 4 —5 -7 D 4 | 0 0 OM "
_
1. Find rank Aand dim Mul A’ O = {[ ]} (@r any A Vecfmf of A
L s / n
2. Find bases for C:}IAand Row A. g Gres 1 T)/’ )
/\ @ {( -2,74,3,-2)
3. What is the next step to perform to find a basis for Nul A?
(0,34, /; 2)
4. How many pivot columns are in a row echelon form of AT‘? > J'/Q.L
9\ f]fot? E,,'M,na-té ’;2 n A

fg\mk /\ = /o\/\)< A s (th K;
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