2.8 — Characteristics of Math 220
Invertible Matrices Warnock - Class Notes

Theorem 8 The Invertible Matrix Theorem
Let A be a square n x n matrix. Then the following statements are
equivalent. That is, for a given A, the statements are either all true or all false.

a. A is an invertible matrix. _ ]
b. A is row equivalent to the n x n identity matrix. A %’5/{ —
c. A has n pivot positions. A
d. The equation Ax = 0 has only the trivial solution.

e. The columns of A form a linearly independent set.

f. The linear transformation x — AX is one-to-one.

g. The equation Ax — b has at least one solution for each b in ™.

h. The columns of A span R™.

i. The linear transformation x — Ax maps R" onto R".

j. There is an n x n matrix C such that CA = 1.

k. There is an n x n. matrix D such that AD = [.
I. AT is an invertible matrix.

Theorem 5 from 2.2 could also make g. state _ W 77 e solution.

If A and B are square matrices, and AB=1, then by j. and k. both A and B are
invertible with B=A"1 and A=B™1. .
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The Invertible Matrix Theorem essentially divides the set of all NxN matrices into
two disjoint classes:
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Ex 1: Use the Invertible Matrix Theorem to determine if the flollowing are invertible.
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Be careful, the Invertible Matrix Theorem only applies to §7M a4/ & matrices.
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fAz: 5
If A'is invertible, we can also think about X=X in light of linear

transformations.

Multiplication

/ by A “‘\\\

Xe e AX
~~_  Multiplication

— e —

by A~

In general, a Linear Transformation T : RN — RN s |/ Vert é/e’ if
there exists a function S:RN — RN such that

S(T(x)):x for all xe RN

T(S(x))zx for all xe RN |

Wecall Sthe 1 \VEV/€ of T and write it as T

Theorem 9
Let T : B™ — B™ be a linear transformation and let A be the standard matrix
for T. Then T is invertible if and only if A is an invertible matrix. In that case,

the linear transformation S given by S (x) = A~!'x is the unique function
satisfying equations (1) and (2).

Ex 2: What can be said about a one-to-one linear transformation T : RN —>RN?

T |/7 one-to —on& <P C(Q/ A AV C /l'/\ /A Je,ﬁenz&@/wb
N A 7S Inwertl é/é,
==V I Y \/e//t//‘g/&
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Practice Problems

2. Suppose that for a certain n x n matrix A, statement (g) of the Invertible
Matrix Theorem is not true. What can you say about equations of the form
Ax =Db? S

A/b Ié“?"? oNne- ]7 )/LOL7 N O 70/(/(%/&/1

3. Suppose that A and B are n x n matrices and the equation ABx = 0
has a nontrivial solution. What can you say about the matrix AB?

A &7 not 7/\2/6/’1'71/L/é
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