2.2 — The Inverse of a Matrix Math 220

Warnock - Class Notes

Remember that the /1 A Hj’f [/'CWHV - |lvers & or
; T
rec Proca / of a number, say 7 is V7 or 7/ . The actual
definition of this is that

| -
7 7=1 77 =1
An (NxXN) matrix A is called inver Tl 9 /6 if there is a matrix C such that

CA=1 and AC =1

(I =1, is the nxn identity matrix.)
P/m/f/ j_/l ver e Of/\ i3

Here, Cis called the Loaverse ofa. 1sc unique? ;
LA lgue.

et )}) Le onother [nveric o /Aig
B= B(1)= B(AL)=(PA)C = TE=C

* Taver€ 15 U{/\/’@MQ

o e

Yes, so denote the inverse with A1l and

ATA=T and AA1 =T

A matrix that is NOT invertible is called a S I ﬂ U ( ay” matrix while a
matrix that IS invertible is calleda 1" 91 5/ n (j A / AV matrix.
Ex1: If A= { — 3 ] verify that C = AL

e ][ j zaz[]
LA = [5 ~“7] » /% [ j
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Theorem 4
a b - :

Let A = [ ] . Ifad — be # 0, then A is invertible and
C

If ad — be = 0, then A is not invertible.

This value ad —bC is called the %67&@/&” Z /\75 and we write

det A = ad — be
So theorem 4 states that A XA matrix /5 |1 VO%E/Q

f_det A0
<15§) o\mJ a/t’/‘:] ;?)
3 7] et A= 15 -CH=27

Ex 2: Find the inverse of A=

Theorem 5
If A is an invertible n x i _matrix, then for each b in X", the equation Ax = b has
the unique solution x = A 'h. =2 2'b
Exirterce o, > ? h / A: /;()E
ook Lev VER, deg ALy e X
A 7o invertible, <. A~ ex/7t2, |et X:A 2
’ - — J\_ T (7/
A= AR T)=(AA)p=T b= b= =
59
t/l/\/ﬁmeme {Aé/ 50/‘”{/@/) + e A
et U e @t 17
/\J;}y #7 /\ /\ e /.\\—*
L Ta=Ab
N Iy -
w = A b=
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Ex 3: Use the inverse of the matrix A= { 32 53} from Ex 1

-5 -3
Al=

33
2%, —3x, =5 R ~_ Y
3%, +5X, =—7 Ax=b = X~ A

53 Bl

Theorem 6
a. If A is an invertible matrix, then A1 isinvertible and

to solve the system

Ay '=4

* b.If Aand B are n x n invertible matrices, then so is AB, and the inverse of
AB is the product of the inverses of A and B in the reverse order. That is,

(ABy ' =B1'A!

s% c. If Ais an invertible matrix, then so is AT, and the inverse of AT is the
transpose of A~ 1. Thatis,

T .
AR =pA @)= N
Lheck A Ver 50 (A')= L

Proofs: > Find C,A',: I A_'C:l AA_ T AT
D) (AB A Y- A(WM (I A=T
§/'M1a/j (ﬁ A) A@‘ J’ (AB> - 5/4
INE AN B
) A= (A) :/f?i
(A—I>TAT:(AA_'>T_: ’: I
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~ I

(Ap) = 7/

From Theorem 6b, we can extrapolate to the following.

The product of n x n invertible matrices is invertible, anc{ the inverse is the |
roduct of their inverses in the reverse order. L e B
P (AYLp) = p ' B A

(Read pages 108-109 on Elementary Matrices)

We are going to look at finding the inverse of a matrix with a slightly different

approach than this text.

If an NxXN matrix A has an inverse, let’s call that matrix B. Then

AB =

This can be written as N~ > —
- S e& € ’ 6

[A’b\) AEL Aby Ab. - E

We can think of this as many systems, where each solution forms the columns

vectors of our matrix B.

~ N =2
Ab:@; Al?/\ 6‘4 [N EENGEEN N
| A  C e, €5 G

e AT
We could solve each one of these individually, or stack thentall tclige?mr.
1 2 3
Ex4: Findtheinverseof A=|2 5 4.
1 -1 10
2 3 oo
| O
2 G f o
o 0 © |
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Theorem 7
An n x n matrix A is invertible if and only if A is row equivalent to I,,, andin

this case, any sequence of elementary row operations that reduces A to I,

- —1
also transforms I, into 4 L. A } (/@5 [/’L A ]
Algorithm for Finding A1
Row reduce the augmented matrix [A I]. IfAisrow equivalentto/ then [A I] is
row equivalentto [I A~1]. Otherwise, A does not have an inverse.

1 -2 -1
Ex5: Find the inverse of the matrix A = | —1 5 6|, ifitexists.
5 —4 5

(Do this by hand — more practice.)

-1 -1 1o
|
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