2.1 — Matrix Operations Math 220

Warnock - Class Notes

If Ais an MXxN matrix with m rows and n columns, then the entry in the ith row and
jth column is denoted by {; = and is called the (J") j)’” ~ ém%f:}.
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A 777 ay a/l&b/ Matrix is a square matrix (NxN) whose non-diagonal
entriesareall 2 ev O . The Iaeen#/tj matrix |, is a

diagonal matrix with I down the diagonal.

The Zero matrix has all zeros in all of its entries and is written just as 0.

Two matricesare _ & QV nal if they are the same S/ Z¢& andthe
corresponding_ & ~t i ¢, are equ A )

"
The Zlan of two matrices /A\ T B isthe 7 U\ of their
corresponding _ & At/ e, Thus, two matrices can only be mUaJ if their

2 | Z€  (wAX N\ )isthe same. Otherwise, the sum is not defined.
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Ex 1: Given A—{_S 3 _2},8—{4 5 6] and C—{Z 1].

Find the following, if defined.

A+B b) B+C ,
a) E*n _[kd ot “EJ ) ;j . Mot a@m(mfd{
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The SC“/‘A/ W\u\(ﬁfﬂ/& \/4 is the matrix

whose entries are | times each entry of A.

The matrix ‘”A represents <”)\ A and /4 — Z? is the same as _/ l t !'/) B

Ex 2: Given Az{z -1 O}and BZF' 2 3]. Find

-3 3 -2 456
a) 2A b) B-2A
4 -+ O e 3?
- ¢ 7 o -] )0
Theorem 1

Let A B, and C be matrices of the same size, and let r and s be scalars.
a A+ B=B+ A

b.(A+B)+C=A+(B+C)
c A+0=A4

dr(A+B)=rA+7B
e.(r+s)A=rA+sA
fr(sd)=(rs)A
Matrix Multiplication

Definition

If Ais an m x n matrix, and if Bis ann x p matrix with columns ba,. .., by, thenthe
product AB is the m x p matrix whose columns are Aby,..., Ab,. Thatis,

AB=A[b; by --- b,]=[Ab; Aby --- Ab,]

Ex3: Given A:{_Z3 _31 _02} and C:[;1 ﬂ,compu@
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Ex 4: Given A—{_B 3 _2} and C = [2 l] is the matrix AC defined?

Ao ] AC ™ dedined
CA 2@
Row-Column Rule for Computing AB

If the product AE is defined, then the entry in row / and column j of AE is the sum of the
products of corresponding entries from row j of A and column j of B. If [AB} denotes

the (7,7) -entry in AB, and if A is an m x n matrix, then

(AB);; = ainbyj + aiebzj + - - - + inbn;
e [ g TG D
Ex 5: Find the entries of tAB, where 5 ¢

L-@/t/\j ‘}(O /$‘t vy ouw/ @5’ AB UE/(/ 7'6~A B -1 3 —4 B ; _?
fowlA * collB o JAS I | 6 —8 —7|° -
-3 0 9

alnelhe) 2l (el 0 0

(-2 ) 4950) 74| & (

A P = =

4 —

We could have just ignored the rest of A and computed [6 -8 -7]|7 1
3 2

row; (AB) =row; (A)- B

Theorem 2
Let A be an m x n matrx, and let B and C have sizes for which the indicated sums and

products are defined.

a A(BC)=(AB)C (associative law of multiplication)
b. A(B+C)=AB+ AC (left distributive law)

c. (B+C)A=BA+CA (right distributive law)

] r(AB) = (rA)B= A(rB)

~ for any scalar r

e [,A=A=AI, (identity for matrix multiplication)
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vevion) )
While the following properties are all true, be careful, the C nmenci((re

property is not true, that is, AB BA.

-3 3 5
commute. That is, verify that AB = BA.

AB= }J?j7$i
ZE -[i7 5.

Ex 6: Let A=[_42 1} and B= 1 -

}. Show that these two matrices do not

Warnings:

1. In general, AB +#+ BA.

2. The cancellation laws do not hold for matrix multiplication. That is, if
AB = AC, thenitis nottrue in general that B = C. (See Exercise 10.)

3. If a product AB is the zero matrix, you cannof conclude in general that
either A = 0 or B = 0. (See Exercise 12.)

1n.LetA:[ 2 _3},32[8 4], andcz[5 _2].
4 6 5 5 3 1

Verify that AB = AC and yet B # L’?‘ ~ /4 (
S I =
AQ:E4 ]1 ’[;/é} AP
o\
A L= E o Col-A Y
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3

1
Use two different nonzero columns for B.

_ L -4 | o U
[j) olj | ’DZ:[fEO Oj

If Ais an NXN matrix and if k is a positive integer, then Ak = /A\ A A o A

\_/_\/_\/
K times

—6
12. Let A = { 2} . Constructa 2 x 2 matrix B such that AB is the zero matrix.

Given an MXN matrix A, then the Ltirana 7"P oye of Ais the NxXM
matrix, denoted by AT whose (o lumn are formed by the

corresponding _ / ow 5 of A.

Ex 7: Let A:{1 2], B=

12 1 0] .
3 4 ,andC—{ } Find

-3 -4 -5

DN o1
00~ NWwW

_ \ C 16 cro | 2 =)
% % 3 7P |
CV\UJCM@ A,'dﬂp/\q} g/rt//f? J/JM\L’ (/r//’“”_(:(C)

Theorem 3
Let A and E denote matrices whose sizes are appropriate for the following sums and products.

T
a. (A7) =A c. For any scalar r, (rA)" =rAT

b.(A+B)" =AT+B" d (AB)" = BT A"
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Practice Problems
1. Since vectors in [B™ may be regarded as n x 1 matrices, the properties of
transposes in Theorem 3 apply to vectors, too. Let

o[37]  e

CmmputhAT xx! and xTx. 1s ATxT defined?

_ , T —

2.letAbe a4 x 4 matrix and let x be a vector in R*. What is the fastest way to
compute A2x? Count the multiplications.

3. Suppose A is an m x n matrix, all of whose rows are identical. Suppose B is an
n x p matrix, all of whose columns are identical. What can be said about the entries

in AB?
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