1.9 — Matrix of a Linear Transformation Math 220

Warnock - Class Notes

10 1 0 -
Ex 1: The columns of |2 :{0 1} are elz{o} and e, ={1}. Suppose Tis a linear
3 0
transformation from R? —R3 such that T (el)z 2 |and T (e2)= -1].
-5 9

Find a formula for the image of an arbitrary X e R?. §‘<\: X/ _ X,[;]Jr)&z OJ

T(?) :T(X,g, +Xdé‘2 - X,é/‘('xoaéz
= X,T(@,) t XAT(E:J

5 7 + OX O
=5[] [ = 3
T

‘5)() -\’7sz -0

This shows us that knowing T (el) and T (ez) cangive us T (X) forany X.

I1
T() = [T(en)  T(ea)]| 7] = ax
2
Theorem 10
Let T : R™ — B™ be a linear transformation. Then there exists a unique matrix A such
that

T(x) = Ax forall xin R"

In fact, A is the . x n. matrix whose j th column is the vector T{ej}, where e; is the
th column of the identity matrix in [R™:

A=[T(e1) - Tl(e,)] (3)
This Matrix A is called the 5750\" 0( CWO{ V'/Wﬂel/ /ﬁ/<

/Fﬁ/ the Zf/\ea/ %fqu/yﬂ/wa’(ﬂym T
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Ex 2: Find the standard matrix A for the contraction transformation T X ——X

ot T(a) T[]0 = [ 2] Tre)- TH/‘HM

_fy, o
a

Ex 3: Let T :[R2 —1R? be the transformation that rotates each point in R? about
the origin through the angle ¢, with counterclockwise rotation for a positive angle

(see the figure). Find the standard matrix A of this transformation.

T T o]=|smo ] @Ab "‘” :

i
/ \
sin b
T[ j: N, // \ © \(LOEQ(? ’ )
|
(/‘954’ \ ]*ll.()l '
\ /

_sind
7A\ E//l 4) C/OS@

Ex 4: Observe and discuss in the interactive ebook: (also, pages 74-76)

e Reflection

e Contraction & Expansion
e Shear

e Projection
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Definition
Amapping T : R" — R™ is said to be onto R™ if each b in R™ is the
image of at least one x in B™,

Another way of saying this is that the " 414< of Tis all of the C@J ora A RM

— A L\‘~~,
L 7"-,_‘_

|
pomain Rangc pomain Rangc
R

C

—

T is not onto B™ Tis onto R™

Definition
A mapping T : R" — R™ s said to be one-to-one if each b in R™ is the
image of at most one x in R™.

Domain Domain T Range
° ° ——e
. ° )
g . P'S o e— T AL,
Oe e s )
o . f——————
-_\
R" R" EMN
118 not one-to-one T is one-to-one
Theorem 11

Let T : R™ — R™ be a linear transformation. Then T is Dne-tu-u

e equation T'(x) = 0 has only the trivial solution.

Proof: (3:}7) A?i%ma Tl'7 /'75"‘/-' /’—(5):—5 (LT>

T(:)=0 = X=0 (1e)) g0
LQ:) T(;Z):,C; has ﬁ”/j %%& %f}rl//"q/ j@/wﬁiﬁ/],

Aﬂw e 1 i not }/ba’/, /ﬂlaf\%//m aqe b comes
o —~ N
Lo Two ve cors U i V.o U#F V.

\7 - -~ R\ RN
Te-3)=T6)-TO)=p v =0 = 4-V=°
n=\

/\Vé/aya/(// bj wﬂﬂa(l/c/bzom/
| }"bﬁ‘(.
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Theorem 12

Let T : [B™ — B™ be a linear transformation, and let A be the standard
matrix for T. Then: ’

a. Tmaps R” onto R™ if and only if the columns of A span R™;

b. T is one-to-one if and only if the columns of A are linearly independent.

Proof: 59 CO/MMM? S A 5p e (RM o~
R b o AT
EP cvery boin TC;Q):E has en solrtion
=P T omepr [RD oato R

17) Ix)=0 and Ax=0 relorwemﬁ' she some %%/'Aj

T 5 4ol ¥ AR =0 has oaly griviel solieon,d
F Columas o5 A ove linearly iudeperdort

T )_)DO'It A has a0 Jice \/@/I@b/é}
i eto KW%;’D A has PN@)U FW/’)U/&V\?

Ex 5: Let T be the linear transformation whose standard matrix is below (2 cases).

Determine whether they are “onto R3” and/or a one-to-one mapping.

1231 1 -2 S
2 A=[0 0 2 -5 b) B=|2 —4 e
O 0 0 4 3 5
Why? Why?
onto R3? Yg}) } ,D/ngb /p@’;/‘b/bnf M@/ Coant §ﬁq/l I/RB
Span R (conly A \/czd:a/f)
one-to-one? NO) S;K@C VOIV[mb/gﬁ ygﬁ/ ])’/[ea/}_VI f/\&ba‘ﬂe/df/rb
(1rnear Jé/ﬂC/L‘lfn(/@> columns

r\ .
M@Hﬁﬂ\@/j [I <VLO’(7 Scalur mw[—ézf/é)

-2 PR
2 4 <1967 (j (2 veCﬂﬁw?)
-0 ) o o0 0


awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen


