1.8 — Linear Transformations Math 220

N Warnock - Class Notes

While the matrlx equatlon A X = b and the vector equation
L a +X, afr _t EaY) 7\0 = k are essentially the same except for notation,

there is a case where the matrlx equation represents an action on a vector that isn’t
directly connected with a linear combination of vectors.
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Does this picture look familiar from other math you’ve seen? @a’b ﬁ/j
A_lfan ﬁ/gﬁ/W\ ot o Tfrom RN to RMis a rule that assigns each
vector X RNto avector T (X)eRM.
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The set R™ is called the ]7 AAR-NEA of T. T-RN _yRM
The set RM is called the C/OA omao A of T.
For Xe RN  the vector T (X)eRM s called the _ "4 9&  of X.
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Ex1l: Llet A= 3 5 ,uzl ll,bz € = )
-1 7 B -5 D

define a transformation T : R?2 — R? by T'(x) = Ax, so that

1 -3 T1 — 3T9

T
Tx)=Ax=| 3 5 L’l} = | 3z, + bxo
—1 7 2 —T1 + Txo

a. Find T'(u), the image of u under the transformation T.

b. Find an x in R2 whose image under Tis b.

c. Is there more than one x whose image under T is b?
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Ex2: fA=1|0 1 0],

0 00
x1,x2-plane because

then the transformation x — AX projects points in R? onto the

1
Ex3: Letd = L} . The transformation T' : R? — R? defined by T (x) = Ax is

called a 5[/16a/ —+ ran sfyo/Ma{r,’pz/)

For the image below, let’s look at the transformations of the vectors {S},B}, and B:l

TB} /][] []
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Definition
A transformation (or mapping) T is linear if:

() T(a+v)=T(u)+T(v) forallu, vinthe domain of T

(i) T (cu) = €T (u) for all scalars ¢ and all u in the domain of T.

Since the above properties are true for all matrices, then every _ [~ T b v ’/<

transformation is a ] fnecay” transformation. (Though the reverse is not true.)
Furthermore, (mini proof)
If T is a linear transformation, then T(ZS>: T(Ol7>
T(0)=0 = o T(#)-0
and

T o+ dv) = T(ex)T(l3)
= cWﬁ)wﬂT(V\)

T(cu+dv) =cT (a)+dT (v)
for all vectors u, v in the domai all scalars c, d.

The second property here actually can be generalized to

T(civi+--+cvy) =aT(vy) +- -+ T(vy)

This is referred to as a 7‘/1'P evf o511 /0N :Off/\ C/‘,p/é, in
engineering and physics.

Ex4: Given ascalarr, define T : R?* — R?* by T'(x) = rx. Tiscalleda
C(Wl’bfao”(,’/@/\ when0) <r <1 anda J")&f/iﬂﬂ

when r > 1. Let =7 and show that T is a linear transformation.
T(cu+dv)= \ﬂ(dk +d \7>
= \]T(,_(A\ <+ \TFAT/\

_ T di Yy
= W) +d T JA. %
— L.fA ear |ran §¥0VMa’t/(7V\ ./‘\. /‘\

Review Ex. 5 on page 68 of a Rotation Transformation.
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