1.2 — Row Reduction & Echelon Forms Math 220

Warnock - Class Notes

Definition
A rectangular matriz is in echelon form (or row echelon form) it it has the following three properies:

ﬁoﬂn)
1. All nonzero rows are above any rows of all zeros. (?6/(7 row' s at %g baf

2. Each leading entry of a row is in a column to the right of the leading entry of the row above it.

3. All entries in a column below a leading entry are zeros.

If a matrix in echelon farm satisfies the following additional conditions, then itis in reduced echelon form (or
reduced row echelon form):

4, The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzera entry in its calumn. (01// Zevreob, A4 La ve d"/ ée/ /co w
}eaJr'mj l\j)

The following matrices that we saw in section 1.1 are in

35 -2 1 00 5
0 4 -5 010 3
000 (2 001 -1
E&M@lﬂ/\ .¥orm/\ (ea(u(,éj M@/oﬂ ﬁ@/m
Ex 1: Here are matrices in (0 W %= %= %= % % % % %]
B o+ 0 00 W = %= = £ %= #*
OW* ! 1000 0m
S ® £ £ 2k *
0 000 O 00 0 0 MW = 2 = =
Echelon Form R 0 000 0 0000 000Mm
(no restrretions
01 = 0 0 0 % %= 0 =%
1 0 = #
0001 00 % %= 0 %
01 %= =%
0000 00D 00D 10 %= = 0 =
Reduced Echelon Form 00 0 0 D0 0DDD1 % %= 0 %
(0 DDDODODD 01 #]

Nonzero matrices can be row-reduced into many different matrices in Echelon form.
However, the Reduced Echelon Form of any matrix is unique — there is only one.

Theorem 1 Uniqueness of the Reduce
Each matrix is row equivalent to one and anly on



awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen

awarnock
Pen


Definition

A pivot position in a matrix 4 is a location in A that corresponds to a leading 1 in the reduced echelon form of 4. A

pivot column is a column of 4 that contains a pivot position.

Ex 2: Row reduce the matrix to echelon form, and locate the pivot columns.

-3 1 -18 -5 4 4]
11 2 3 1 1
11 -8 -1 0 0
1 2 -1 4 -5 -5
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Ex 3: Use elementary row operations to transform the following matrix into echelon
form and then reduced echelon form.

2 -4 3 -4 -11 28]
-1 2 -1 2 5 -13
0 0 31 6 -10
3 -6 10 -8 -28 61

Forward Phase vs. Backward Phase



Solutions of Linear Systems

Looking at the reduced echelon form of the matrix from Ex 3, we can describe our

solution set to the corresponding system of equations to this w.
X’ XA Xs 7§4 7(5

1200 2 3] <ig>—gx; ¥ Xg= 3
00 10-12 _
00013 -4 <::> -x =4
00000 O <jy&@:‘%
A a2 X, = X ~A X5 +5 X, Xr are
X, irdrce A 4)"75
5(5 42 X> :-XE +2 4/@@ \/oxrfaté‘/ej
'§x§’4 Xy = ”}XE ’%L
Xg )’ﬁ %MC&

The variables that are arbitrary, this text calls j:/é@ variables, and the others that
rely on those t/ ee variables or are fixed are called )70\ S L variables.

Ex 4: Find the general solution of the linear system whose augmented matrix has
been reduced to

2 4 3.3] IRR

\
3 -1 21| 2R, Ry | O
0 O 2 O

o -2 4 O —3
| 2 -l © —;
o o 0 | X

O o

0
1
0

><’ 2 X) —L#X% - - } ></: 2X5'%&X¢ '3

X 47Xy — K = =2 Xp ==X+ Xy =5
><5: ‘71 \(é = 2
X;) XL/_ ave ’?/66
N/:} \_/
_ vé
0 !
0
@
Z\,;\ ) >
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Theorem 2 Existence and Uniqueness Theorem
A linear system is consistent if and only if the rightmaost column of the augmented matriz is not a pivot column—that
is, if and anly if an echelon form of the augmented matrix has no row of the form

(0 --- 0 b]  withbnonzero
If a linear system is consistent, then the solution set contains eitherdi) a unique solution, when there @
@r (i} infinitely many solutions, when there is at least ane free vanabis:

Ex 5: Determine the existence and uniqueness of the linear systems represented by

the augmented matrices that we’ve seen over the last two sections.

a) (1.1, #4) N
Exf}t> ) /65,
100 5 6 I/O\AJ
010 3| feeweNo [OO©O¥ ’
0011 (Am’@&@? Yes = N \,r(if/'a les
(g) é/ B D
b) (1.1, #5) Does not Exist

105 200 Exists

01-3100 Not wnrque

00 0 011 L/
000000 7&3)}% are. Yree varig ples
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Using Row Reduction to Solve a Linear System
1. 'Write the augmentaed matrix of the system.

2. Use the row reduction algarithm to abtain an equivalent augmented matriz in echelon form. Decide whether the
system is consistent. If there is no solution, stop; otherwise, go to the next step.

3. Continue row reduction to obtain the reduced echelon form.
4, 'Write the system of equations corresponding to the matrix obtained in step 3.

&. Rewrite each nonzero equation from step 4 so that its one basic variable is expressed in terms of any free
variables appearing in the equation.




