4.1 — Preliminary Theory — Math 230

Linear Equations Warnock - Class Notes

An nt-order linear Initial Value Problem has the form
Solve:  ay(x)y"+a_ (x)y" 4.2y (x)y=g(x)

1
Subjectto: y(xo):yo, y’(xO =Yy - y[n_lj(xo)=yn_1

The solution y(X) must

a) pass through (xo,yo)

b) have slope y, at (Xo’yo)

c) have concavity Yy, at (xo,yo)

etc.

THEOREM 4.1.1 Existence of a Unique Solution

Let a (x), ap—i(x), .. 5 ay(x), ap(x) and g(x) be continuous on an interval [ and
le or every x in this interval. If x = xq 1s any point in this interval,
then a solution y(x) of the initial-value problem (1) exists on the interval and 1s
unique.

y =3e2X +e72X —3X is a solution to y"—4y=12X, y(O) =4, y’(O) =17

éca”‘»?@:B

7

We know that it’s unique because a, (X) =10 on any interval containing X=0.

y =CX2 + X+3 is a solution to X2y"—2Xy'+2y =6, y(0)=3, y'(O):l for ANY c.

This is not unique, because a,(x)=x?=0 at x=0.
not uniqu



A 2"-order b@vw\/u"ﬂ *\/5&[‘4@ IP?’”E/&M (%V F) has the form
Solve: a, (X)y"+a (X)y'+a,(X)y=9(X]
Subjectto: y(a)=Yy,, y(bj:y1

These are called b””“A"%ﬂ'\ Con”{’?’—fd”j-/:;

There many possible pairs of boundary

viia) = yg. yib) =y,

conditions.

via) = vg. v'i(b) = v

A BVP could have one solution, no solutions, or
—_— /\ 1" — 1 1' — Ll
. ¥ {ﬁ] - 1|-|_], % “.Ij_} =3 K]
many solutions. N - - -
/\‘

Ex #1.| Given that y= clsin(6x)+c2 COS(GX) is a 2-parameter family of

solutions to the DE y”+36Yy =0, find the solutions with the boundary

conditions:
/__—V O=C,-5/'40+(,ac050 =v OZCL

_ T _
a) y(O)—O, y[?J_O O = ¢, sin 3+ ¢4 Cos JIm=p o=-¢y

Cl ;-5 a./!y/"b/m/j

2 }j: C, 5 é)i/ (]AFM € so[u‘b/ah)“>

Lontbyaldicbion —pDnﬁ fon 7

c) Y(O)ZO, y(%le }-_—_ Q 5llng+ 4y /,o?f;i-f

£, =0 X /
= —5)n bX
Ci= - | )T




A MOMDj e/ €@\ 5 DE has the form

n—l]

an(x)y(”)+an_1(x)y[ +...+8,(X)y=0

Whereas,a Ylo© home gentom) DE has the form

-1
(Y7 +3, 5(X)y " 3y (X)y =9 (¥
\_/\//_\’_/
To solve a non-homogeneous DE, we wLi—I(Ihf)irst solve the associated
homogeneous DE.

Assumptions: (for simplicity)

a) ai(x), 1=0,12,....n and g(X) are continuous

b) a,(X)#0 for every xin the interval

Dis called a &M:F erent fﬂh} 0,7 eratbor

_d
D(y)=y'=4

D(D(y)]: D(y)=y” - We can also say D?(y)=y” and D"(y)= y!"
An nth-order Differential Operator is
L=a,(X)D"+...+a (X)D+2a,(X)
L(y)=8n(X)y"+...+a(X)y'+2(X)y
L is linear, so

L+ o)=L %)+ LY
L(cy)=cL(y)



Therefore, y is a solution to the homogeneous DE if
L(y)=an(X)y" +... 42, (X) Y+ (X)y =
L{y)=0

Theorem 4.1.2: Superposition Principle — Homogeneous Equations
m..., Y, be solutions of the homogeneous nth-order DE

n-1
an(x)y(nj+an_1(x)y[ ]+...+a0(x)y—
on an interval I. Then the linear combination
Y =C Yy (X)+Co¥ (X)+-- 4G Yy (X)

where the Ci’ 1=1,2,...,K are arbitrary constants, is also a solution on

theingerval o/, oY ) (5)=0

Let y=cu(d tGub)+ ...+ ckd, (¥) (¢i are avbitray

Proof: con sTants)
/_(:1): L(cl“j’["‘)9%3&(*)“['"'46,(3,(&‘))
= ¢, L(st)te, Llsstx)+.. .+ collxl)
| gemmt / )) > [ )) 8 Int/ons oF Lly)= )
ww,p? :CI‘O{—C&'O "('""“C/('O (51'31( a/e 50MTIEN
‘\;6;0/L = Q0 e -(_4' f} a jalu‘(ffavl teoe lm({j):O

COROLLARIES TO THEOREM 4.1.2

{A) A constant multiple v = ¢;y(x) of a solution vi(x) of a homogeneous
linear differential equation is also a solution.

(B) A homogeneous linear differential equation always possesses the trivial
solution y = ().

X
Ex#1.] y,=x?and y,= lev:\;\re both solutions to x3y”—2xy’+4y=0

2,
on the interval (O,oo) . By the superposition principle, y =X
fj, =<
y=CXx>+C,x?Inx !
'3)// = ;2
is also a solution. Y _
H/:Qx/nX-FX ( ) 1_74.[/ ) d
2 - + 2
x Ax [ AxInx +x X /nx Coxd =0
j}”: ,Zlmx+02‘{‘/ - O'Zxa?X tx

o= 2¢ %’M/K+W’@/ v



DEFINITION 4.1.1 Linear Dependence/Independence

A set of functions fi(x), f>(x), . . ., fiulx) is said to be linearly dependent on an
interval [ if there exist constants ¢y, ¢4, . . ., ¢, not all zero, such that
afilx)+ e foix)+ -+, flx)=0

for every x in the interval. If the set of functions is not linearly dependent on
the interval, it is said to be linearly independent.

In other words, a set of functions is linearly independent if the ONLY

constants for
e filx) + e folx) + - - -+ e filx) =0
are C,=C,=...=C;, =0

Linear dependence for two functions simply means one can be written as a
constant multiple of the other.

Examples:
f(X) sm(2x) and f ( ) sin xcos x
; (x) = 5}'\/1(92/(): R Sinx cosx ,?‘ 4’J; A ndl
arly 2
=R ;;(X) [rne

Y(x)—25(x)=0
f (X)=x and f,(X)=|x]



Ex #2.

Show y, =X and Y, = X2 are linearly independent on (-2,2).

A
5%/f"fe < xte, x =0

I'F x=

&<, +CQ=0

C,’z—’——él
¢, =-C2

RC, = O
C&:Cl l:'nea/éy ,"wle/”crw/énf

Show that Y, =C0s?X, Y, =sin?X, y,=sec?x, y, =tan®x are
linearly dependent on ( ad ”J

Ex #3.

~ 2 —
S x +coS K= |

Cos C—-:;ax
2 .2 2 a_
C, COSX v¢, 5/in"x  £35¢ Xt tanx=0
) . 7 * Tax + /.‘;Seo&)<
v i
- o Mx-—ja‘*X t BorX taPx —sec’x =~
e, _——
=1 | —
¢y=" = O
=/
“y

«s }/% eol//j Ofepenpfenf_

DEFINITION 4.1.2 Wronskian

Suppose each of the functions fi(x), falx), . ... Julx) possesses at least n — |
derivatives. The determinant

W(fi. oo f

where the primes denote derivatives, is called the Wronskian of the
functions.

e —

oy adbe e |l i)

/ /
q ~h t] 1



an (X) y" +a (X y[n_lj +..+8,(X)y=0 (6)

THEOREM 4.1.3  Criterion for Linearly Independent Solutions

Let vi, v2...., ¥, be n solutions of the homogeneous linear nth-order
differential equation (6) on an interval /. Then the set of solutions is linearly
independent on 7 if and unlg if Wiy, va,.... ¥y) # 0 for every x in the
interval.

So, when Y,,Y,,..., Y, are solutions on I, W (yl, Yopreves yn) is either

¢ identically zero (linearly dependent solution), or
e never zero on the interval (linearly independent solution)

DEFINITION 4.1.3 Fundamental Set of Solutions

Any set vy, va, . .., v, of i linearly independent solutions of the homogeneous
linear nth-order differential equation (6) on an interval [ is said to be a funda-
mental set of solutions on the interval.

THEOREM 4.1.4 Existence of a Fundamental Set

There exists a fundamental set of solutions for the homogeneous linear nth-order
differential equation (6) on an interval .

THEOREM 4.1.5 General Solution—Homogeneous Equations

Let vy, v, . . .. ¥, be a fundamental set of solutions of the homogeneous linear nth-
order differential equation (6) on an interval /. Then the general solution of the
equation on the interval is

y = i@ + cyalx) + 00 -+ 6y,

where ¢;, 71 = 1,2, .. ., n are arbitrary constants.




Ex #4.

Use the Wronskian to determine whether the following solutions

are linearly independent or linearly dependent. Assume they are solutions.

a) y,=c0s(2x}, y, =sin(2x) for y"+4y=0.

cos@x) 37 Rx)

= Rcoﬁz@x)—— (fRs fnnéi)é)

*2?/’/2(50() 2&05@%) = 2 (costax)+ 5/4“sz))

— J- =A # o
//”/164/ [ﬂ /'nolc)Qel’W[C,ﬂ%

= ¢, o)t ca 8 .
c 6 =<
b) y,=€*, y,=e%, y,=e* for y"-2y"—y'+2y=0.
2 X x =X 2r =X
 xAx _-x o~ <€ ><’6 = 6><e = <
- e e_/\zfxx Xy x| T [ X
- _X ;LX _ -X - € 6 llL e
c AE €
+ X
te }/6‘6 —c +4e +-C /16%
X > } 84//_"1 ’V,glcfenélfn‘b
X 1N
C) :jl: jol: w}z 33—5;43
2 ~ 2
05X > P it
5 / — 5‘ -5 Ax sifadx + 0/ / o /
O JReosxsinx  25/x cosx| — T /
O ¢ 5/ 2) (572 2x) DcoSdx RcosdX

o5 ax Llos Qx

- Sin W)

= 5(/92 Siadxcos AX + 2 51a%x GOJQX/
oo

%
= 5.0 = . ),'/\ea/[ﬂ O{efenﬁlen"l?

4



Sxt7y =2

an(x)y(”)+an_1(x) y[n_1]+...+a0(x)y:g(x) (7)

THEOREM 4.1.6 General Solution—Nonhomogeneous Equations

Let y, be any particular solution of the nonhomogeneous linear nth-order differen-
tial equation (7) on an interval I, and let vy, ys. . . . , ¥, be a fundamental set of so-
lutions of the associated homogeneous differential equation (6) on I Then the
general solution of the equation on the interval is

Y= Gy (X)) F apyglx) A= %0 v e YalX) F Y,

wherethee;,, i = 1.2...., n are arbitrary constants.

Yphere is a particular solution free of arbitrary parameters.

For example, Yy, =3 is a particular solution of y”+9y =27 (7)
Proof: | et J(x) & _g;f[x) be any ‘oa/-bfcm/ av  Solution oF 7
Cnl/@(x )= (<) D Llgp=g¢x)

| (W= (Y- )= L(V)-L(%)= 509 -5¢9=0

wtion o —L’Ae, homyﬂeneauf L-(}j)—f@

U 15 a sol

u=¢ Y+t Qy+ ...t a4,

So the general solution of a nonhomogeneous linear equation consists

of two functions: v = ¢, v/(x) + cavs(x) + - - - + ¢, v,(x) + _1!F{.r]@ v.(x)
~~ 7

Y (X) is called the COm P limen ?Mrh\j ‘FMH chion




THEOREM 4.1.7 Superposition Principle— Nonhomogeneous Equations

Lety,,V,.,...,V¥, bek particular solutions of the nonhomogeneous linear nth-
order differential equation (7) on an interval [ corresponding, in turn, to k dis-
tinct functions gy, g2, . . ., g That is, suppose y, denotes a particular solution
of the corresponding differential equation

a,(0)y™ + a,_ )y + -+ @)y + aglx)y = gi(x),  (12)
wherei = 1.2, ...,k Then
Yo = Yp(¥) + ¥p(x) + - - - + ¥, (x0) (13)

is a particular solution of

a (X" + @, )y F e+ a (XY + aglx)y
= gi(x) + gylx) + - - - + gylx). (14)
35. (a) Verify that ;}AI@nd ¥p, = X* + 3xare, respec- (time-permitting)
tively, particul utions of

y" — 6y + Sy = —0¢**
) - N—

and Y -6y Sy =3t 36

2 22X
(b) Use part (a) to find particular solutions of = X +3)< t 3@
y'— 6y + 5y =52 + 3x — 16 — 9¢™° F A

\/\/\/\

and y" — 6y + 5v = —10x* — 6x + 32 + &%,

L’I Ly ey )L(gx-('}X 1é> (7
dgp =2 43) 5 (36"

APl = L 2
:Lp—o'lxéxj—



