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14.6: Directional Derivatives
Math [63: Calculus I1l (Fall 2022)

In a previous lesson we talked about the tangent plane. To come up with the equation of tangent plane we

considered two curves on the surface, 7, : ths ints

pick those?

I told you we pick them because they are easier. Well the real reason is that we pick them because we only
knew how to take the partial derivative of a function with respect to our main axis so with respect to x and
y . In this section we will define partial derivatives of a function in other directions.

Recall the first homework problem you had in 14.3. / 4 } T /

The question asked you to find /7 {% 1} and _4 y / . 4 )/

But what is the meaning of these notations? Let’s give / -2 : 9 # y

the function a story. Let’s say z = f (x, y) is 1 /«x) .:12_ —

representing the surface on a 3D mountain. So z is the ;.‘ 7 ’!4 Y 77 A /’—' 11;, ':"‘ —

height. f.(2,1) gives you the rate of change of height 4/ a4/ ‘/ / ¢ | X
YA NN

in direction of x that means how fast or slow your

height (slope) changes as you walk in the direction of
positive x -axis, passing through the point (2,1, 1 O) .

With our current knowledge we can only find the change in height, walking in the direction of positive x -
axis (East) and walking in the direction of positive y -axis (North). But there are so many other directions!
What if I want to walk in the direction NE? Directional derivative will help us with that. We generally use a
unit vector to show the direction because we don’t want the length of our vector influence our perspective of
rate of change. To understand that think about running verses walking in direction of NE. That may
influence your perspective of how fast the height of the mountain changes (speed of one unit of distance per

unit of time)!
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€
Let z=f (x, y) - We need to find the partial derivative of this function indirection of the unit vector

_; f <{z 5’3} that lives on the xy -plane at the point (Jc0 > Voo ZO) . Lline in the xy -plane that is

parallel to u and passes through £, (Jc0 Vo ) . This line can be represented by parametric equations:

xX=x,+ta y=y,+tb
where ¢ is an arc-length parameter with its reference point at £, (xo R yo) , and the positive direction is in the
direction of #. As ¢ increases, the point F{ A y;‘e moves in the direction of 1 along /, and a companion
point Q with z -coordinate z = f (x, y) =f ( X +ta,y,+ tb) moves directly above (or below) along the

surface, tracing out a curve C .

*\
- =&

: \®
map i pvlase.

= e

&

Note that since & = ¥+

Z = 1(wy)ar £, (59)

where x and y are expressed in terms of # . But F(X,,,) is the point on / orresponding to ¢ =0:

dz|

;é;l = f (% 0)a+ £, (%0, 35)b
o

dre

This quantity is called)\directional derivative of f at (xo, yo) in the direction of 1. We can use other

notations such as D- f* (%, yo) .
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Note that:

= 7 (xy,,) and
=0

xgw/ d
e If u is in direction of"p051t1ve x -axis then u = = (1 O> so we get 72

=7 (xo’yo)

- %ﬂ/ X M i - dz|.

e If u isindirection of ‘Posmve y-axisthen u = j = (0,1) s0 we get —
A ’ dt|_,
So the partial derivatives with respect to x and y are just special directional derivatives.

Theorem: If /'is a differentiable function of x and y, then fhas a directional derivative in the direction of
any unit vector # = <ab>and Dl vle i viad § Ly vib

Example 1: Find the directional derivative of f(x,y)= 3x’y at the point (1, 2) in the direction of the

QD /vw'rk Sechon f"””k? e V- %
<‘—’ /*7 me*'f\’lo\f’&
> s 1574 %

-
@ -L\ () ,2) = éx?/
& Fylnz)=2>x* Ia'LD

It is worth noting that reversing the direction of u reverses the sign of the directional derivative:

s

o 5 Nevspsmmomond: oot
Do x ) fila ForFo ik £ e e jL8)
; it
[f "oa)o Jat £ “:‘;ﬁ.}";';f‘}_j
w2 {20 V)
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< The Gradient Vector

A Oelta
NV Habla

The directional derivative formula can be expressed in the form of a dot product:

. Y
e ;A,y)—j,; E\:c?};a i

The first vector in this dot product occurs not only in computing directional derivatives but in many other
contexts as well. So we give it a special name “ti: grasdient of /” and a special notation: grad f'or Vf', which

is read “del £

Definition: If /s a function of two variable x and y, then the gi#gdisnt o7 fis the vector function %} defined

Ry s Bf v 91 o
by Vj i..‘e,_}/;—‘\f’\{\.‘,,_//( }}—“é“: '13;?‘;( u“""“‘ t
MAaM pvlope
15550

With the gradient notation, directional derivative can be written as: £ F{x. v} =¥/ [+, ¥} i where ii isa

unit vector.

Example 2: Find the gradient of /(x, y) =3x"y at the point (1,2) and use it to calculate the dirsericnai

dartvative of f at l 2 in the direction of the vector v 3i+4; -

@, S:;m) e <f5"f7
@ Vf{xrvﬁ); <é7&21, 32> D 12,35

1,2)

ﬂ\,d} ?KP[],ZJ - <)2—75>’ < %’%—7 = \_fs

5

¢ Functions of Three Variables

For functions of three variables we can define directional derivatives in a similar manner. Again

af = . y¥.%} canbe interpreted as the rate of change of the function in the direction of a unit vector # and

b e

J
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Example 3: Find the gradient of f ( X, ¥, Z) =x*y—yz’ +z at the point ( 1,-2, O) and use it to calculate

the directional derivative of f* at (l,—Z,O) in the direction of the vector ;=2§+}'—2/€.
@ Fvd 5= (E L3y
& hrd VP(X;?,%) =AY, Xi%}; -3y ,7)(«1'11?

(), -2,2)

Thvs ‘P(:“, Reo= (-7 - (—7; % “7'7:77

!
r—
eint
An> dhe sYope [ e the diyeethn of T @ ¢
- L\) 2} ) \‘; 3 .

% Significance of the Gradient Vector
The gradient is not just a notational device to simplify the formula for the directional derivative; the length
and direction of the gradient V/ provides important information about the function. For example, suppose
z=f (x, y) is representing the surface of a mountain, that is z is the height at ( X, y) . If we want to know
in which direction f is steepest and what that rate of change is, we need look no farther than the gradient

vector. Let’s sece how!

e Write the dot product for directional derivative of f in the direction of " D, _p — -v ’F

ﬁ/—
e Rewrite this dot product using @, the angle between V/* and u: = — \ -Q_P I { /ﬁ? cos (&)
. X T b~~~
e What is magnitude of u ? 1.
e Rewrite it: = Dﬁp - lV‘PI 005‘6
e  What is aximum value of cos@ ? ~ ‘i
R _cSKre Is
e  When does it happen? Loh Co &S = o
= 1 1 1 y [y '
e If =0, what is the relationship between V/ and u ? ane r f‘Ab\ St gt 0",‘

e What can we conclude? ?"""' Wtb d: }' s &L\&— J* /&G'I”VN
Mo rectranal-deyrverki 2.

Theorem: Suppose fis a differentiable function of two or three variables. The maximum value of the
directional derivative D, f is |Vf | and it occurs when 7 has the same direction as the gradient vector Vf .
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Example 4: Go back to example 3 and find thr-; of increass of f at P
reeall: Ptx,,z); x"y - 32'5” 2z awd PO ,-29),
vP(x,v,a) ('zrg >?’— ) - 3¢ 4‘7( -, t,

L -nod
MAX fec.
> \vr|7\<.q,.,.>f=w/ '

P2
S~ ('w mwkmjm'frhw
Example 5: For the function f (x,y)=x’¢’, find the »

i value af the dzw‘? derivative at

(—2,0) ,and give a

9F - (2 xe? ><2'2$7]
(-2,2)

Max [.9:C. I'VFI-' Ju,sd :J32—

& The Gradient Vector and Contour Plots

Mo pyl ke
Question: What happens to the height of a function ) M
(altitude) as you move along a level curve? S ! g 15

)Jokks’va. The h -
Copsntid -

Question: Where is thg gr'l

Wa)fov\ xv ‘M((/

Cores aNd W the

dipeckior oF
aéO@t l!\’f)l

siwm o a contour plot?

N
i, =207
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From this we can make the connection that f has maximum rate of increase in the direction of the gradient,
maximum decrease in the opposite direction, and no change when orthogonal to the gradient (along the
contour line or level surface).

Page 7 of 10

Ch 14 Page 7



14.6: Directional Derivatives
Math 163: Calculus Hll (Fall 2022)

Example 6¢: Consider the contour plot (topographical map) of the crater of Mt Saint Helens where
z=f(x,y) gives the altitude (in feet) at point (x,) where x and y have the traditional orientation. The

\ N
r
U
'J/ﬁ,/% ‘

S

a.) On the contour plot, clearly mark with a diamond 4 the point(s) of the level curve f'(x,y)=6,000
atwhich f, >0and f, =0.

b.) On the contour plot, clearly mark with a heart # the point(s) of the level curve f(x,y)=6,000 at

which the slope is shallowest (|Vf| is small).

c.) Beginning at point A, clearly sketch the path of steepest ascent.
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Our last objective in this section is to establish a geometric relationship between the level surfaces and the
gradient of a function of three variables.
Suppose we have a function w=F (x, ¥, z) which lives in 4D. If we let k& represent a constant then
F (x, v, z) =k is a level surface of your function which lives in 3D. Call this surface S'. Let C bea

curve laying on S . Since C is a space curve, we can define it by vector function r(¢) = <x(t), »(t),z (t))
Since C ison § we canwrite #{x{r}, v{s} ={¢}}= k. Assuming everything is differentiable, we can

differentiate both sides of this equation: F

e € E

s$ this equation can be written as:

oF JoF oF

Note thht VF ={ —,—,—
ot <ax dy oz

Let P(xo,yo,zo) be a point on C with position vector ;(to) = (xo,yo,z()). Then:

VF (3, 7057)7(1) =0 e e ¥
Q D‘I ’ & 4&'(\’ , tangent plane
This equation says that the;gxs s VI (%9, 79520 ) s i )
| +
to any curve C on S that /{ =y

Frens

P (xo »Vos ZO) as the plane and hasfnormal vector Vf’ (xo »Vos Zo ) . i
would be:

The normal line to S at P is the line passing through P and perpendicular to the tangent plane. Hence its

direction vector will be Vf'(X,,¥,,2,). The symmetric equation of this line is:

D G G-

Fx(xo’J’mZO) Fy(xo,yo,zo) F, (xo’J’o»Zo)
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Example 7: Find the equation of the plane that is tangent to the clliﬁsoid x> +4 y2 +2% =18 at the point
P (l, 2, —1) . What is the equation of the normal line to this ellipsoid at P ?

YF :(27999,?27‘ b=y
(1,77—'1

¥(x, 42)

?\ane,: ' 2(x—[)4—l»6((3-7>,—2(2+,); >

porenal x/'_f - 3= :%ﬁ’—
'IW ' 2_ \é ”2
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