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Functions of Several Variables

So far we have dealt with the calculus of functions of a single variable. But, in the real world, physical
quantities often depend on two or more variables. So now we turn our attention to functions of several

variables.
< Functions of Two or More Variables and Their Domains

A function of two or more variables is a rule assigning a real number to every point in its domain. So, the

domain is a subset of R” and the range is a subset of R .

There are many familiar formulas that depends on two or more variables. For example,

e Areaofatriangle: 4= %bh

e  Volume of a box: v=Iwh

o Average ofa list of n values: x = (x, +%, +...+x, ) /7

We use the following notation:

y=/()
z=f(x,)
w= f(x,0,2)

u =f(x1’x2’"'vxn)

Definition: A function f of two variables is a rule that assigns to each ordered pair of real numbers
(x,y) in a set D a unique real number denoted by f(x,y) . The set D is the domain of fand its range

is the set of values that ftakes on, that is { /' (x,7) | (x,»)e D}.

Domain: If a function is given by a formula
and no domain is specified, then the domain EONCIONSIORGWOVARERTES

is the set of all points for which the given One way of visualizing such a functionis

expression is a well-defined real number by means of an arrow diagram, where
(no zero in the denominator, no negative the domain i is represented as a subset
under radical of even index, no zero or of the xy-plane.

negative when taking logs,...)
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Example 1: Evaluate f(x,3)=3x \/_ 1 at the following:
) (L4) Lyod F(' HD=30y4¢ -1 = 5§
poit (1,4,5) is o~ tﬁ&ﬁvﬁgm/ﬁﬁ/{,_

b) What is the domain of this function?.Can you graph it? r—
Dotald?

pLxy) = 5x" // 77 ,; s

Dot~ V.. \ﬁ 70O,

Example 2: Sketch the domain of the following functions. \,D

2 f(ny)=H8{< ) 7 x«'s;] : o
Derar: X%y 70 WO 4

= ¥ ;,;:/
9>< 7% /// Ta-ﬂ.' (d,l)
og,té(}(z o’ 120®

poie: | = xh\a%a"

5 sphore wf radrs
1 i cevbored G oty
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+* Graph of Multivariable Functions
Recall that for a function f of one variable, the graph of f* (x) was defined to be the collection of all
the points (X, y) where y=f(x). Similarly, the graph of f(x,) is defined to be the collection of all

the points (x, y,z) where z=f (x, y) . Previous examples we have seen of this include planes and

quadric surfaces in three dimensions. ( P’OF‘ [ "‘,&53 .
Definition: If fis a function of two variables with domain D, then the graph of /s the set of all points
(x,»,z) in R® such that z= £ (x,y) and (x,y) isin D.

Example 3: Sketch f(x,y)=—/x"+)’
z= I:Cx,”'):-\ﬁ(—z:f %
'I‘F X =0 &= - \F@?{".“ﬁ\
If Y=o x=-Ix" - 1

The surfaces we studied previously are “easy” to graph by hand but many others are not! There are
computer programs that are capable of graphing functions of two variables — surfaces in 3D. In most
programs, traces in the vertical planes x =k and y =k are drawn for equally spaced values of k .

|

@ffay) =S

©f(xy)=sinx+siny

These figures are an example of computer-generated graphs. Note tha
from two different perspective. You can see that the graph is becomin,

pproaches zero (z =0 aka the xy-plane) as x and/or y become larger.
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<+ Level Curves

Functions of two variables can be represented as surfaces, and can be described in two dimensions by
contour maps and horizontal traces which are called level curves.

Definition: The level curves of a function f'of two variables are the curves with equations f (x, y) =k,

where k is a constant (in the range of f).

Alevel curve f(x,y)=k is the set of all points

in the domain of f'at which ftakes on a given Sel. M %A’i{e’\’)ﬂb
value k. In other words, it shows where the graph . 1§10

of fhas height £. 4 l\

15 12.

In the picture, you can see the relation between
level curves and horizontal traces. The level

curves f (x, y) =k are just the traces of the

graph of fin the horizontal plane z = k projected 0
down to the xy-plane. So if you draw the level P
curves of a function and visualize them being »
lifted up to the surface at the indicated height, e
then you can mentally piece together a picture of (

the graph. The surface is steep where the level \’\\\
curves are close together. It is somewhat flatter Heo =20
where they are farther apart.

Note: A graph made up of level curves is called a contour plot. Outside of math, perhaps you have seen
a topographical map. This is (roughly) the same thing.

should be sgiaily spavad. For

In the picture above, the level curves

Important detail: When constructing a co
example %is 4,6 4 4

are graphed for & = 2, 25 381, 35,
.. . _ 2 2
Example 4: Recall the function in the previous example, [~ (x, y) =—/x"+y" . What are the level

curves? Sketch them for few values! —_—
e AN &— 0/’[,‘4 5:— JX'?"_'.)ﬂL' (Vo ;‘alv-l:ﬂr») cop{rv-\)f W
?lo}” For

choos

2> 0 < Cmgh O :.\’ X*ry* = [?(‘7)'; [b)a).
225 €— —:=-J;"‘_{f:> 257 Xry®

erele W rdivs 5.
ML
2=-10 &e—— —loz=-4J X ,,.13 ) =Yy

2 1S 225 = xFpyt
Page 4 of 5 4,’(‘&“— M"d; ?;
centered @ of g

Ch 14 Page 4



Section 14.1: Functions of Several Variables
Math [63: Calculus Ill (Fall 2022)

+ Level Surfaces
The concept of a level curve for a function of two variables can be extended to functions of three
variables. If # i & coustan:, then an equation of the form f (x, y,z) =4 will, in general, represent a

surface in 3D. The graph of this surface is called the level surface with constant & for the function f .

They are generally more difficult to visualize than functions of two variables.

Example 5: Describe the level surface of the following functions.

3

a) f(nyz)=x"+y +7 b f(xyz)=2"-x"-y

RN B L e 1= %"“—x:— ]
adtv 5 = . “‘" buﬂu‘b [
‘7?1‘&'“‘ - Wwam — o sa.e M@l‘“ﬂ\’b‘m

-2 L° KL"\;Q'* 2" Shosts: Tk

9 phere-- radivs = 2 kzo: 0= z‘»x‘—g
T
ceriered @ o cone

k,v}: ; - x?-& 2~+ 2%
sphore o] Md 'K

2

fee: Yz Xeyie®
The el Svielaces
oure~ 5 phores w//wy"""
(e certpred @-qwm‘?/'r/-
Z b=

Note: In the spherical example, the values of & pictured are not equally spaced.
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