13.3: Arclength and Curvature

Saturday, October 15, 2022 2:55 PM

Section 13.3: Arclength and Curvature
Math 163: Calculus 11l (Fall 2022)

Arc Length and Curvature
< Length of a curve

2 2
We defined the length of a parametric curve in two dimensions as L = Iﬂ [;’E) +(%) dt
a t t

provided that the various functions and parameters are all well-behaved.
The & length in three dimensions is defined similarly: Suppose 7 (1) = ( S(1).g(t).h (t)) on

a<t<b where f',g"and h' are continuous. If the curve is traveled cxactly once as # increases
from a to b, then:

L=["VITGF * 507 * 507 di
_ :(’afs a‘}z\":+ 'Mgi}z
‘[ “3 { { ‘:@ gi\ &5{ o dt

Notice that we can also write: L = J:]?* ‘-:\'.f}% dt

Example 1: A glider is soaring upward along the helix 7(¢)=3sins + %655 +4¢k . How long is
the glider’s path from §=0to =277 2"

e weed L.z S |Alees) 3 -
) Rz <3c~,a;< 350t ) ";;,f;’,“;
& 18 - \/67@}%& SV imals lé ~Jzr g

& L= S\ Sdy = 2mls )<
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% Arc Length
The length of a curve is a <cstani (a number). The arc length is similar, but a fiigtica.
b,
Lesgihofouve L= j 'F '(t)' dt « congtant

Arcleagih ﬁ(&l:ﬁ?'(u)ldu «— fEeien
. ds .
Notlcethatd—i=lr'(t)| ﬂ(‘/rfﬁ\? \)at(‘q‘d\b ‘& M.

< Curvature

A parametrization 7(r) is called smooth on an interval 7 if 7'(¢) is continuous and non-zero on
1. A curve is called smooth if it has a smooth parameterization. A smooth curve has no sharp
corners or cusps; when the tangent vestor furus, it dogs a0 continuously.
If C is a smooth curve defined by the vector function §(¢), recall that the unit tangent vector
_— MM 1B
and indicates the direction of the curve.
Dg $le)- gﬁf*’ Lw' M‘ﬂr'\',wl'p‘.w
In the picture, you can see that 7(¢) changes z PT jd.29
at, but

#ie

T_'(t) is given by Tir

directions very slowly when £ s fairly slea
it changes direction more quickly whe

The curvature & at a given point is a measure of @ o

how quickiy the v changes direstion at a point. /
- y .
‘
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Example 2: Find the curvature of a circle with radius @, centered at the origin, on the xy-plane.
Tle) = (acest a5t ) pammadteny
opal § Frd w/ﬂfl{

e
O 71 = G asmtacst)
Y4
@ f?-'[i’)\: Vi « ovett — a
=,y _ D .
b,‘? ciele O T ’ﬂ;\ —,p{ Ln5 iRk, acesty
=9 dpmal| corvaivre. _¢ ;’.H{,\oof-t7
smaNl ok = o
3 L)? wr"ﬂ’l"”@ Ty = {-eo5k, 5ivt?
Although the previous formulas work for ﬁii o the curvature, the following formula is more

convenient:o apply. T |Ct) t_; 4__ a:f't ' /_—;_;c)_t)l
Me MM 22-

 [c25°¢ 5‘)‘#7%' T
7 = g

Note: This formula is not intuitive and its derivation requires (1.) using the product rule, (2.) the
fact that 7x7 =0, and (3.) knowing that !T(t)! =1 implies 7-7'=0. The full derivation is in
the text.

2]

Example 3: Find the survatoss of a sieaighit Hus parametrized by 7(¢)=C+#.

i T T (commrt veottr siwee o i)
T‘”(’c):hﬁ> I ;r":@xﬁ =D
GIO) >

S—H‘m‘?W e has evnertvres &,
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Example 4: Find the curvature of 7(¢)= <t2,2t +1, e’) at the point {115

OF D= 22 Nteo
@7 ()= (2,0 et

A deasahved «re~ Johker | PN e <ar o~z e,

) F=Kop 17 cheek v
) Tled- <z,0,'7 dot prevy

( Doy xr oz 2 -4y = <2 0,717

Mﬂé%ﬂ,‘u»’
G*) \Fonfte | = lww—we r
(I*") ) Fllo)| = \} O+ ¥+ C\r;?

< The Normal and Binormal Vectors

At a given point on a smooth space curve 7 (1), there are many vectors that are osthogonal to the

ussit tangent vector 7'(z) #7{#} is one of them!

| T =
@ 0%, =0 = [770 7‘({):5 T (o -r?VZ't)c'?’/{)
27‘(.@-’)”(@ fﬁ“,L"’

Historical note: The mathematicians Jean Frederic Frenet (1847) and Joseph Alfred Serret
(1851) independently discovered and described the kinematic properties of a particle moving
along a curve using the tangent, normal, and binormal vectors. However, our modemn notation
for vectors and linear algebra did not exist for them. Today, their formulas are called the Frenet-
Serret formulas and relate what we now call the TNB-frame and the curvature x and torsion 7 .
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Since T '(¢) is not a generally a unit vector, we will define the principal unit normal vector

N (#) (or simply unit normal) as: & {7 . Note that 7 gives the direction of motion

Mo l’r\?[hfe
Jiscalledthe ) 4:7F

and N points in the direction the curve is turning. The vectos #{i} i #{ijx

binormal vector and it is perpendicular to T and N.

The e detsrmined by the nonmal and binoral veciss & and & at a point P on a curve C is
called the normal plane of C at P. It consists of all lines that are orthogonal to the tangent
vectof 7.

The plane determined by the vecto; CatP. The
name comes from the Latin osculum, meaning “kiss.” It is the plane that comes closest to

containing the part of the curve near P. ~ﬁ)

Mﬂf’)’f"“"P&
11,58

wl

»‘;\
Maph(fd\h(e
kG ex, £

Note: For a iz g{ the osculating plane is simply the plane that contains the curve.

(1% t?
The circle that lies in the osculating plane of C at P, has the same
tangent as C at P, lies on the concave side of C (toward which N

points), and has radius p = 1 and is called the @agulating vivele
K

of C at P. It is the circle that best describes how C behaves near
P; it shares the same tangent, normal, and curvature at P.

Nontechnical description: Imagine a car moving along a curved road on a vast flat piane.
Suddenly, at one point along the road, the steering wheel locks in its present position. Thereafter,
the car moves in a circle that "kisses" the road at the point of locking. The curvature of the circle
is equal to that of the road at that point. That circle is the osculating circle of the road curve at

that point.

Page 50f 7

Ch 13 Page 5



ction 13.3: Arclength and Curvature
Math\{63: Caietus HI (Fall 2022)

Example 5: Consider the space §urve 7 (¢) =354 +dik from eyample 1
rl\JM ‘-g mp hnwl of Fhe

a) Find the unit normal vector
b Rramye - bangunre

@ F’(‘l’) - (?&S’t;‘;ﬁ"ﬂf’g7 ,(MLQA.JMA wty 4 J,uf
- Onewmmless 4 feup.
@ 1RO = \eoficr Fou0% + 12 1928 € rreg
SINETIT

_ S
F & T - CFost gt LY He
16 Tio- i, g

) =} VLI £ e — 2:3
[k)l: \]er;d-l_;,;—fco‘s-t S - J:{ Z
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~
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c) equation of the sormuat plane at

[
flaﬂe M 1\45 /‘WM
weotr TECS oY
'pr,,,.q\ flno’ﬁ

z (x-@)+e(y- gﬁﬂ*—g) &
= r;-?Q - j-? =

d) equation of the csenlating piane at (0,3,0)

Pare. wl perpa'dfw)ar
vectrr B = < 10, 'f7

o1es 0Ty L (k) r0(y78) L (2000
yfoxr’&‘
7 7\’ ?% 0.

€) equation of the osculating circle at (0,3,0)

@ o l'%r"’?

7.3 &X
Roview ooy recal) £

W QD shaced poivt (0,3 0) L YT o |
@ covter of e civele Flol
Y | | £=0
& radrvs P f 3
(b) (D3 ,80+ /D’—‘T - g
A S
7R = <q Hf-coit, \oaﬁ‘éu’-{-j CO\’M 7) - ;/?'9/
"l’, 3
o Tl <0 ’ ))
P AT
(O - ’J )

= 7

[&i%) C ) = <(7, 3 cejt (';,d ,%7+}~'ﬂ't<,«',o7>
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