1.9: Matrix of a Linear Transformation
Math 220: Linear Algebra
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This shows us that knowing T(el) and T(ez) can give us T(X) forany Xx. i»
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Let 7T : B™ = IR™ be alinear transformation. Then there exists a unique matrix A such
that

z

T(x) = Ax for all x in R™

In fact, A is the 2 x n_matrix whose j th column is the vector T'(e;), where e; is the 2
column of the identity matrix in R™:
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Ex 2: Find the standard matrix A for the contraction transformation T(X) =%X
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Ex 3: Let 7:R2 — RR2 be the transformation that rotates each point in R? about
the origin through the angle @, with counterclockwise rotation for a positive angle

(see the figure). Find the standard matrix A of this transformation. P Grecl bprer p“
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X 4: Observe and discuss in the interactive ebook: (also, pages 74-76)
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Theory ot Crmesy TTearsformations
Definition

Amapping T : R* — R™ is said to be onto R™ ifeach b in R™ is the
image of af least one x in R™.,

Another way of saying this is that the _r& Pop of Tis all of the codomai o R™
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A mapping T : R* — R™ s said to be one-to-one if each b in R™ is the
image of at most one x in R™.
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claim: LetT : R* — R™ be a linear transformation. Then Tis one-to-one ifand  +<<*%

only if the equation T'(x) = 0 has only the trivial solution.

'_’.'L°£_f' (=) Agssome T 1S ope— to-ore
e Lkwow TIBY=3 (siwee T 15 a L.T)
=7 'T(QX:Z: has o solufion @wd ¥ myst be.
uN;CVa@, ¢ivee T s o ~ o v one.
L<=5 Assore T(.S(;B =3B bees O;J“a He Invial SO(V-hbau)

L&‘\-’S Suppose T 13 Nor ore—to -oNME,

= 3 A+ T avd B st T@ =T avd TE)=F
= TE-N=T@-T@W=h-k=0

= =T =& conbradichor

2 T ¢ Oore- fo-ore . [
:7 .'r ‘:S ol - -'-a_ope. ;‘Fif T(?) -:_6 hag O/IJI” f"ﬂ ﬁ"\/iab, ;O Wa‘_’



Theorem 12

Let T : B™ — [R™ be a linear transformation, and let A be the standard

car ' matrix for T, Then:
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a. Tmaps R™ onto R™ if and only if the columns of A span R™;

b. T is one-to-one if and only if the columns of A are linearly independent.
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Ex5: Let T be the linear transformation whose standard matrix is below (2 cases).

Determine whether they are “onto R3” and/or a one-to-one mapping.
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