1.5: Solution Sets of Linear Systems
Math 220: Linear Algebra

A system of linear equations is called ]f‘\ om @ag@ywvs if it can be
written as 4x=0 Such a system always lwsthe 4+ Via) solution .
The important question is whether or not there is a Mow — 4mVia \

solution to a homogeneous system.

Since there is always a trivial solution, there is affy a non-trivial solution if and only if
there is at least one _ frse Varsalbble

Ex 1: Determine whether the following has a non-trivial solution, and if so, describe
the solution set.

2xy — bxo + B3 =0 2 - S & o
—2ry —Tza+ z3=10 ":;7 i S & | -a
dr; + 219 + Tz3 =0 “ 2 7 o
- A — ‘4 A s
A o ’%’ 1~ )(‘ = = Xg
- (0%
~pe b %= 2
4 X3 = X} (Qf&e
Pre. vamable agrgh 82 Mon —dnvial solvire,
s

The. sohwiows are vactons 0% #Hie form X = X3 3y

{
Ex 2: Describe all the solutions of the homogeneous “system”.

3x1—4x2+5x3=0 =7 E’f’ -4 5 o] 'T‘ae. solvhonrs form
. y € a plave. The. plam
A [l - - D] |
3z represats e
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X = Xy = 2 ¥ v spaw {0,V
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1.5: Solution Sets of Linear Systems

The previous example demonstrates how we can write solutions in Parametric Vector
Form. X=su-+i¢v (S,te ]R)
- ,m’l@]
y o
rasole of BEx |t X - S O whes e 5= %,y awd L = 31y

)

2.9

= N - - ¥ 1
resir of Ex2: X = s+ €tV whese S= X4 , €= ¥ o= [qlg 4!’4‘33‘
Solutions of Nonhomogeneous Systems

1 3 1 1
Ex 3: Describe all solutions of Ax=b. A=-4 -9 2 |and b=|-1
3 e -5 -2 0 =3 -6 -3
= (-4 -4 2 ~la v 1
8 -3 -6 =3 © 0 5 o
N — 6
X, LN T 5‘)(3 2 X o= P t
=
. - — . -7
Ar = X where p= [‘]’{‘:Xs
X3 = XJ(Q“Q&) o
L T
A X, - 5 / avd V< | 4
—:'7 X = ¥ = { -+ X3 -2 {
X O | ’-v+p
s b, fd

i

To visualize the solution set of Ax=b geometrically, we can think of vector addition
asa_4rawvsla vioy

~Ax=Dh
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1.5: Solution Sets of Linear Systems

The solution set of Ax=Db is a line through p PACH Jlel to the
solution setof _AX = O

THEOREM &

Suppose the equation .4x = b is consistent for some given b, and let p be 2
solution. Then the solution set of .4x = b is the set of all vectors of the form
W =P + v, Where vy, is any solution of the homogeneous equation Ax =4

cloadm . ' Suppose that p is a solution of Ax = b,
sothat Ap = b. Letwvy be any solution to the homogeneous equation
Ax =0, and let w = p + v3, Showthat wis a solution to Ax = b.

proos .

ia...t A, ﬁ’E‘ ard Vh ba ?3\)&# as  alove
A
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1.5: Solution Sets of Linear Systems

Writing a Solution Set (of a Consistent System) in Parametric Vector Form
1. Row reduce the augmented matrix to reduced echelon form.

2, Express each basic variable in terms of any free variables appearing in an
equation.

3. Write a typical solution x as a vector whose entries depend on the free
variables, if any.

4. Decompose x into a linear combination of vectors (with numeric entries)
using the free variables as parameters.

Ex 4: Each of the following equations determines a plane in R3. Do the two planes
intersect? If so, describe their intersection.
r1 + 4x9 — 529 =0
261 — X9+ 8r3 =9

. )] 4 -5 < ] o 3 o The $4stem is
= 2 -+ g ~ Corsistept So the

a e : e pla pes i NFerga e
AR q Y
X < =) <4 1)(.3 3? = -1 -+ X’s z Pﬂf‘ai]e_] 1“05
\ . -
X} = XQ ('Qr‘ee_\ “ <—3—11’1 17 N
+haa,

*rhg\j Iotersect alovg
IF . Pamme_-re_n'w above,

Ex5: Write the general solution of 10z; — 322 — 223 = 7 in parametric vector form,

e 8.3 ~0,2
Xy = Xz (free) = Y= © | + Ayl + % o
Xg = Xy (Free) o o )

*s;:‘g gplq.oe dhra (07,0, :;)
’f‘g‘% that Tpcddvdes +he Vacrors
Ry <'oi_l 07 ard {-0,2,0
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1.5: Solution Sets of Linear Systems

1.6 — Applications (read/review Network Flow as well — pages 53 — 54 )

Balancing Chemical Equations

Chemical equations describe the quantities of substances consumed and produced by
chemical reactions. For instance, when propane gas burns, the propane (CsHs)
combines with oxygen (O2) to form carbon dioxide (COg) and water (H20),
according to an equation of the form

(1)CaHg + (22) 02 — (z3) CO2 + (x4} H20 (4)
3 0 1 0] + Carbon
CsHg: [8],02:|0|,CO2: |0|,H20: | 2| + Hydrogen
0 2 2 1] + Oxygen
o
% 0 :
D X, |8 |+ AT Xyle |+ Xq)| =
7] T 2 [|
5] 0o ) fird (o
~ % Bl+ x, 12| = X.]o |- % 5 | = o
= t ) o bl LAY “ ) -
3 © -y o © v e o <Moo
= $ © °© -2 p N o v - o
C? 7—- - 2- « o [#4 [#4 ’ - ;1‘1 o
Xi = ‘L Xg.’
X, * —g Xy — X4 » X Sy
= X = = My
Xeg = g Xy

X, |
)(‘_l = Xq(?/\e.e.)

’ﬁ'\;s Mecy § 1634-‘3 + 50, = 3(.0?‘-# “H-'lz_,o
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