2.2: The Inverse of a Matrix

Math 220: Linear Algebra

Remember thatthe M J )-Hfi} Cat Ve | QVELrse  or
‘,fv-e,c,\(f roCa) of a number, say 7 is i/ 2 or 7~ J . The actual

definition of this is that

L 7= 4 7l=4

* 7
An (nXn) matrix A is called i+ ‘J&?'{"C\ ble if there is a matrix C such that
CA=1 and AC=1

(I =1, is the nxn identity matrix.)

Here, C is called the 1M vers € of A Is Cunique?
pra=t of,

Svpp oe Hhere are oo (Pverses £ awrd o, of PG % A

20B=PT =DUAN=2GBAC=1c =
2 6= RED,

Yes, so denote the inverse with A~ I and

AYA=T and AA7 =17

A matrix that is NOT invertible is called a 5 ; V} vianr matrix while a
matrix that IS invertible is calleda M2 - ??‘ﬂ;’i vjae matrix.
Ex1: If A= —2 3 and C= = - , verify that C= A1,
3 5 3
[ -5 -3 (i O
3 ) o
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2.2: The Inverse of a Matrix

Theorem 4
a b

Let A = [ d] . Ifad — be # 0, then Ais invertible and
c

L1 [d -b
4 T ad—bcl—c a

if ad — bec = 0, then A is not invertible.

This value ad —bc is called the Azierm) a0+ and we write

det A =ad — be

So theorem 4 states that A - a;(a—,c;"i}‘ iff det A+ o
3 -3 der bz 29

Ex 2: Find the inverse of A= )
2 5

( ]
A - = E ] Shs ’f/'q.ar]
T o2a [z 3 T | Y ¥aa

Theorem 5
~ If Ais aninvertible n X n matrix, then for each b in R™, the equation Ax = b has

LXisire e
G the unique solution x = A lpb.
e
um’a}ua_pe_c&Proof: e Xigrer e, L ‘ e
Let+ B R ood irverhbie Apyo PR G1ve
3 > . . -1 _1 T |
Folve A =B & ATA% = ATS oIX=4" 1
i AR= B has « SoMhLl S g
DN quepess .
¥ L = .
Le+ Jﬁii’éﬁ’\ be solviows o AX =h
: i - - =} - =T
> AR = AV =% = AAL=A Av:=A b
\0

Procs,
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Ex 3: Use the inverse of the matrix A ={

to solve the system

Theorem 6

2.2: The Inverse of a Matrix

1

3x1 + Sx2 =

A ‘:5 3 5
B2

-2x —3x2 =5

—7

2 - ~5 3]
-1 _
3 5}from Ex1| A —{3 2”
~Y X

a. If A is an invertible matrix, then A~1 is invertible and

(A =4

b. If Aand Bare n x nn invertible matrices, then so is AB, and the inverse of
AB is the product of the inverses of A and B in the reverse order. That is,

(AB)"' =B'4™

“This Pt Mo
LA’EST =T AT

c. If Ais an invertible matrix, then sois AT, and the inverse of AT is the
transpose of A~1. Thatis,

Proofs:

(A7) = (47"

a1 avd Ac= T

D LA A= TL d AST AT

=2 = A

2

=z A

of A"

(Ju'Jf;l C = 7

15

L
vhe, (fwvense
on @”)”: A

@& As(g'ANY = agss”

zAa’
=T
AD (BT 47Yap = B4, g
=873
= 1

fooAn(na) < (8748 2 T
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2.2: The Inverse of a Matrix
) ATANY = (4T 2127 -1
A QA")TA’T (AA Y =1~

A‘T -1 -i 1
From Theoren&Gb we can gxtrapolate to the following.

Ay = pla
The pro ‘uc:t of n X n invertible matrices is invertible, and the inverse is the

product of their inverses in the reverse order. = -
P FBepY = D'c gt p”
(Read pages 108-109 on Elementary Matrices)

We are going to look at finding the inverse of a matrix with a slightly different
approach than this text.

If an X1 matrix A has an inverse, let’s call that matrix B. Then

AB=1
i t - \ ,
This can be written as ‘ : _..,l )'
[A(z. AB'J»“' AE j [C‘ €2 - 2.,)]

! ( { {

We can think of this as many systems, where each solution forms the columns

vectors of our matrix B. A_E -
L l

‘ \
. AT s, &
Ab,=e. = [ S e

We could solve each one of these individually, or stack them all together.

Lvm,

1 2 3 ,
sS4 -23 -F
Ex4: Find the inverseof A=|2 5 4 |. l 4
1 =1 10 r—)S:p {4_"2 -l 4 7
: N - Lt
AT
b2 D (o e Ve O g9 -2y .3
. 5 4 2 e i ©  _je =7 i :EI;.AJJ
(S I (- >~ g o '-1 3 i
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2.2: The Inverse of a Matrix

Theorem 7
An 11 X nn_matrix A is invertible if and only if A is row equivalent to I,,, andin

this case, any sequence of elementary row operations that reduces A to Iy
also transforms I, into A~1.
(A1) ~[1ia7]
Algorithm for Finding A~}

Row reduce the augmented matrix [A I]. If Ais row equivalentto / then [A 1] is
row equivalentto [I A~1]. Otherwise, A does not have an inverse.

AN

1 -2 -1
Ex5: Findtheinverse ofthematix A= | -1 5 6|, ifitexists.
5 —4 5

(Do this by hand — more practice.)
[» 1]

) -7 i i o o
=l 5 & o 7 o
S Sy 5 o ©

fL-Lui' ,"Z,*-DRQ_ AvD ﬂa-f’ﬁ.l —7R3

i - —1 | o &
~ 1l 2 S5 i 1 o0
o (A 0 -5 & |

[i-«)—- L2 PR

o o ~F -2 12
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