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The Cross Product and its Use!

% Cross Product

In the previous section we learned that the dot product of two vectors is a scalar. Here we see that another
, 1s the cross product and the result is a vector. For this

way of multiplying vectors in :

BTSN . TR, R, | . [, | ..
T€asoii it 1S aiso caii€a inc veCior proauct.

E Definition Ifa = {ay, a,, az) and b = (by, bz, bs), then the cross product of
a and b is the vector

(U2 T D S S Ny A A N Y
D = \a203 asos, sz a,os, a102 — a207)

ax

NOTE: The result of a cross product of two vectors is a vector perpendicular to them!

As you can see this relationship is not easy to remember so we will use notation from matrices and linear
algebra called the determinant.

A determinant of order 2 is defined by

$c,q';p8 F;oh’r‘
D‘P QK ])pweqr\
+mﬂ}'ﬁvmh‘pﬂ’

Example 1: Find

A determinant of order 3 can be defined in terms of second-order determinants as
follows:

a a& a
by by bi|=a b b —a b bs + a3 b b
C O [ ¢ G
CF € C3
0 2 6] 3
Example 2: Find |4 -3 -1=+0 '—"2/ ‘1 + .é
-2 1 5 1§
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The cross product of the two vectors

\_ 77 P
a}=aita,j+ak

S=bi+b,j+bk

§‘ 02§
| ’
=(ab,—ab,)i "(alb ~ah)j+(ab, ~ azbl)];
=(a )""(’alb +a3b|)1+(a1 _aZbl)E
=(a,b,—ab,)i +(am b,)] +(apb, —ah )k
=< -ab,, apb—ab, ab, —azb)

Example 3: Find the following if @ =27 +  +& and b=—4i +3] +k

a) ;X5= I 3
z
=4 3 )
T - L3+ 10k
- >
b) bxa= « 5 3 ) -y
-4 V| =
? Vo 2
72 1

20— L) & (iE
T -f—é;j - Iot

\)

n

= t? —
What do you observe from this example? ax T o= k X A
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=(o,0 o
—

= O

Recall from the previous section:

Two vectors a and b are orthogonal if and only ifa + b = 0.

We can show that: r —0\ too ) Q’\ M‘ﬁ |
a_parportdicolar Y

Theorem The vector a * b is orthogonal to both a and b. wWaton.

Ma Pu)om',
13.6%

Example 4: Find a vector perpamdicuiar to the plane that contains P(l,—l,O) s Q(Z, 1,—1) and

R(-1,1,2). reed £ ros4. irw‘bc-k.
P&~y LT -1 ard Pe=Ce 2oy

|

| «)I
L2 —22
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If Gand b are represented by directed line segments with the same
initial point, then the cross product d x5 points in a direction

perpendicular to the plane through @ and b . 1t turns out that the axb
direction of @xb is given by the right-hand rule: If the fingers of \ T"
your right hand curl in t{le direction of ration (through an angle less 2 N
than 180°) from a to b , then your thumb points in the direction of

axb .

Now that we know the direction of the vector @x b , the remaining thing we need to complete its

geometric description is its length |ﬁ xb | This is given by the following theorem.

Theorem If @ is the angle between aand b (so 0 <9 < 7), then
|aXb|=]|a||b|sing

Corollary Two nonzero vectors a and b are paralle] if and only if
aXb=0

We can also interpret that:

The length of the cross product a X b is equal to the area of the parallelogram
determined by a and b.

12:,9%F
= (base) (height) .

Example 4 revisited: Find the

A vea @? perallelogranm
.,|<l;cé7 [= 264 2¢" = Lz
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Historical Note: In the previous section, we introduced Hermann T
Grassmann as one of the founders of our modern vector analysis. In about A NEW
1840, Grassmann was already able to deal with the multiplication of
vectors in two- and three-dimensional spaces. He defined the geometric
product of two vectors to be the “surface content of the parallelogram
determined by these vectors” [think cross product] and the geometric
product of three vectors [think scalar triple product that we will talk about
shortly] to be the “solid (a parallelepiped) formed from them. Defining in
an appropriate way the sign of such products, he was able to show that the
geometrical product of two vectors is distributive and anticommutative [see
the theorem below] and that the geometrical product of three vectors all
lying in the same plane is zero. There is a one-to-one correspondence
between Grassmann’s products and the modern cross product. The
advantage of Grassmann’s method is that it, unlike the cross product, is
generalizable to higher dimensions.

MATHEMA

s = P V1
If we apply these concepts to the standard basis vectors i, j,and & using € = 3 , we obtain:

iXj=k iXk=i kXi=}
jXi=-k kXj=-i iXk=-j
Observe that
iXji#jXi

Thus the cross product is not commutative. Also

iIXGxd=ixkE—j

ARDBXJ=0Xj=0
So the associative law for multiplication does not usually hold; that is, in general,
@axbyXc*aX(Xc

However, some of the usual laws of algebra do hold for cross products. The following the-
orem summarizes the properties of vector products.

Theorem If &, b, and ¢ are vectors and ¢ is a scalar, then

LaXb=-bXa C ross &Dr‘CJUCV

2 (ca) Xb=2(@Xb)=a X (:b)
laX(+e=aXxXb+aXe &/\ \/&S 5,{7"%,\7 %,
L(a+b)Xc=aXe+bXe }j i« 2
Sa(bXc=(@Xh)-¢c
EaXdPXc)={m '¢)b—(abe
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% Scalar Triple Product

The product a - ( bxé ) is called the scalar triple product. It is calculated using the determinant below.

Please note that this quantity can be positive, negative, or zero.

[ .
& g S.cq lr,?

l‘(bXC)= %g g{; g&ﬁg Q_\ M

€ B ia

The geometric significance of the scalar triple product can be seen
by considering the parallelepiped determined by the vectors

5’5,5 , and%. The area of the base parallelogram is 4 = B @| CIf
@ is the angle between & and (}i Xg) , then the height 4 of the

parallelepiped is 4 = iE”cos 9] . (Weuse icos 9i instead of cos@ in

/2 . . .
case 0> 5 which cause the “height” to be negative). Therefore the

jof s~
3 b

volume of the parallelepiped is:
V=Ah=|b Xc||a||cos 8| =[|a- b x c)’

Thus we have proved the formula:

The volume of the parallelepiped determined by the vectors a, b, and ¢ is the
magnitude of their scalar triple product:

V=la:bxe| &——

NOTE: If the parallelepiped volume is zero, then the vectors must be coplanar (on the same plane).

Example 6: Find the volume of the box (parallelepiped) determined by 2 = (1, 2.-1.h= (—2, 0, 3) and
c=(0,7,-4) .
o K
’ ?' o ; _ 2 5 _?®
VvV =||-2 2 5 |=}I -0 +()

& > -y 3 Y o -1 o 7

1) - 218) =) |
< - 23l e Ine
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< Torque

When we turn a bolt by applying a force F to a wrench, we produce a

torque that causes the bolt to rotate. The torque vector points in the -

direction of the axis of the bolt according to the right-hand rule. The U

magnitude of the torque depends on how far out on the wrench the force is J

applied and on how much of the force is perpendicular to the wrench at the 7~

point of application. The number we use to measure the torque’s magnitude F

is product of the length of the lever arm 7 and the scalar component of F

perpendicular to 7 .
. N

Torque Vector: 7 =rXF @
oo = 1 po lare
Magnitude of Torque Vector: |7.'| = ‘rXF’ = ’rHF‘ sin @ Mani }Ad ¥

13, 872

Example 7: Find the magnitude of the torque generated by applying a 201b force to a 3ft bar creating a 70
degree angle.

Flzolbs

]T]: [FI|E)siw 3 = 3(20)9P H° = BLY Sa-s
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