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The Chain Rule

% The Chain Rule

From single variable calculus we learned that if y is a differentiable function of x , thatis y = f(x) ,and

x is a differentiable function of 7, that is x = g(t) , then the chain rule for functions of one variatm tates
wtrdg U,
_dy _dydx . \ a Ul
that: - —=-=———= LLALM& Mo ttrvy). st

di dx di
Another way we Iearr)‘.& this was: If F(x)=f(g(x)) then F'(x)=f"(g(x))g'(x)
We can extend this idea to functions in two variables:

The Chain Rule (Case 1): Suppose that z = f(x, y) is a differentiable function of x and y, where x = g (1)

and y= h(!}are both differentiable functi

the

Note that z = f(g(t),h(t)) , which means z can be expressed as a function of one variable,

. dz . . - - . s -
notation 7 . Basically, what we’re doing here is differentiating f with respect to each variable in it and
1

then multiplying each of these by the derivative of that variable with respect to 7. The final step is to then
add all this up.

Other ways to write the multivariate chain rule are:
dz 0Oz dx " 0z dy
dt Oxdt Oy dt
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Example 1: Suppose that z = xz@and y @
a) Use the chain rule to find % .

z d> 2z
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The method in (b) is not convenient as the number of variables increases!

Example 2: Suppose you have a parametric curve C, defined by x =cos@ and y =sin@. Where &
represents time and T(x, y) =\/xy+y gives the temperature in the xy-plane. Find the rate of change of

temperature with respect to time as we move along C_through (x,v)=(0.1). & uviayr !‘5 @

2 sirbcesO + 5506

Y
-1 + O +0 -2
v 1@
= <L (e —FJwr'gLQ (o,n0).

age 2 of 8

Ch 14 Page 2



14.5: The Multivariate Chain Rule
Math 163: Calculus IIl (Fall 2022)

The same ideas hold in higher dimensional spaces. / \ ~
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What if x and y are multivariable functions?

The Chain Rule (Case 2): Suppose that z = f (x, y) is a differentiable function of x and y, where

x=g(s,¢) and y = h(s,¢)are both differentiable functions of s and «. Then

a .,

Note that z = f(g(s,t),h(s,t)) , is a function of s and 7. Here we have two first order partial

derivatives.

sin(3y) where x=st—r* and y =5 +1* .

G
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Case 2 of the Chain Ruie contains three types of variabies: = ¢ tdepentdend variabies,

To remember the chain rule, it’s helpful to draw a tree diagram. We
start at the top with the function itself and then branch out from that
point. The first set of branches is for the intermediate variables in the
function. From each of these endpoints we put down a further set of
branches that gives independent variables. We connect each letter with
a line and each line represents a partial derivative as shown. Note that
the letter i ume; i ivative | upper “node”
of the tree and the letter in i f the partial derivative is
the lower “node” of the tree.

To use this to get the chain rule we start at the bottom and for each branch that ends with the variable we
want to take the derivative with respect to (s in this case) we move up the tree until we hit the top
multiplying the derivatives that we see along that set of branches. Once we’ve done this for each branch that
ends at 5, we then add the results up to get the chain rule for that given situation.

Note that we don’t usually put the derivatives in the tree. They are always an assumed part of the tree.

Example 5: Use a tree diagram to write down the chain rule for the given derivatives.
a) D for w= f(x,y.z) where x=g (1), y=h(r) and z= p(r)
“ D0
W du)  ow dx  2xdF ;;g
I~ J(:")x-‘t 9\?»(
X 9y %
L

b) — for w=f(x,y,z) where x=g(s,0,r), y=h(s,t,r) and z = p(s,1,r)
= £ . & B oy Y S
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b) iﬂ for w=f(x,y,z) where x=g(s,0,r), y=h(s,t,r) and z = p(s,1,r)
&

TR R
Ty Tz
AN N T

s e e M0

So, provided we can write down the tree diagram (easy), the chain rule can be applied to most any situation
We run across.
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The Chain Rule (General Case): Suppose that z = f (xl,xz, »X, ) is a differentiable function of the n
variables x;,x,,...,x, and each x, isa differentiable function of m variables 7,,1,,...,t, . henc-€-
& Gz ox oz o, 0z ox,

B t—
Ht, Ox o, ox, o ox, ot

foreach i=1,2,....m

We’ve now seen how to take first derivatives of these more complicated situations, but what about higher
order derivatives? How do we do those? It’s probably easiest to see how to deal with these with an
example.

az
Example 6: Compute a—gfz for f(x,y) if x=rcos@ and y=rsin@.

Py
/
\l
D)
S
i)
&
(>
f
R
A
AW
()
N

_ . Ik évs 2% )
Pag;uw/f:%ré Xaz aa 93 ég

— e O

14.5: The Multivariate Chain Rule
Math 163: Calculus IIl (Fall 2022)

Ch 14 Page 4



r e ré
a e [S\’;x b «t@b 2(27 — rcesh

5,99 Eﬁy ~(-3/%0) ¥ &3 f‘w&a

- yvc/d;@

\{

A
e @Sm S %\2;,\,\,@@3@* &xﬁywe@s@_@}&@
A
- )}’ﬂz(g’"’ O —cot D)t rivg s (B Fyy) |
F
g sl Eﬁx? oos@@) o Jz:fz‘f)(w) (3 _%}‘Jﬂ

mathematics is by Marquis de Condorcet from 1770, who used it for partial differences. The modern
partial derivative notation was created by Adrien-Marie Legendre (1786), although he later abandoned
it; Carl Gustav Jacob Jacobi reintroduced the symbol in 1841.
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& Tmenliois Diffppomntiation
«  Tmiplicit Differentiation

The final topic in this section is to revisit implicit differentiation. With these forms of the chain rule, implicit
differentiation actually becomes a fairly simple process. Let’s start out with the implicit differentiation that
we saw in a Calculus I course.

We will start with a function in the form F(x,y) =0 (if it’s not in this form simply move everything to one

side of the equal sign to get it into this form) where y = f(x) . In single variable calculus, we were asked to
dy . . . .
find d_y and this was often a fairly messy process. Using the chain rule from this section however we can
x

get a nice simple formula for doing this. We’ll start by differentiating both sides of F(x,y) =0 with

respect to x . This will mean using the chain rule:

& :—i =0 Note th@ we will have / i
F 44, 0 . solving for d_y: x \ﬁ
“\dx dx , l

oF

% =-—%hich can also be written as % = —gi;ﬁ x X
o

Example 7: Find Z—‘V for xcos(3y)+x’y’ =3x—e”.
Ad

2 Ry = < coXdg) 4 Wy ix .o

far 4

T - —_— —

> ML B LD ge
> .F.a —Ms,;»Ls;).,,ng‘zw_,xz*‘}

If we have F(x,y,z) =0, with z= f(x,y) then we can find

2x

0.
and &z using the chain rule:
o

=0 Note that o =1 snd » =0 350 we will have
Ox
X
Page70f8

Ch 14 Page 6



14.5: The Multivariate Chain Rule
Math 163: Calculus Il (Fall 2022)

N ..
Example 8: Find ? and % for x” sin(2y—5z) =1+ ycos(6zx)
X

2 F(X,y,2)= s (2y-52) - 1~ yeas($25070

oz _ .. '2)(5,‘,,(2,5,5‘2) ,.e;,zsm(ezx)
— = ’Fz P (2y -52)+ Gx‘aff""(-éix>
Avd

5 LxTews(2y-53) - o3 (62+)

- o

Fz 7 - 5o (2y-Sada 6XySiw (b)),
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