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Section 13.2: Derivatives and Integrals of Vector Functions
Math 163: Calculus IIl (Fall 2022)

Derivatives and Integrals of Vector Functions
< Derivatives

The derivative 7' of a vector valued function 7 is defined in much the same was as for real-valued

F(t+h)-7(1)
h

dr . . e e
functions: “— = 7 '(t) =lim if this limit exists.
dt h—0
The geometric significance of this definition is shown in the &)
diagrams to the right. If the points P and Q have position zh %
— BiEd B - pi

ook

vectors #{i i and

, then PQ represents the vector

F (z 25 i‘;:} G { ¢} which can therefore be regarded as a secant

vector.

(8) The secant vecior PO

=
If >0, the scalar multiple has the same 2 r(t+ k) —rif)

7F(t+h)-7(1)
h

direction and as & — 0, it appears that this vector approaches
a vector that lies on the tangent line. For this reason, the vector

r '(t) is called the tangent vector to the curve (provided it

exists and is non-zero). This is shown to the right.

(b) The tangent vector r'(¥)
We will also have occasion to consider the unit tangent vector which is T (t) = ié‘;} ‘
f7ie) Ma v leﬁh!.
4,10

The following theorem gives us a convenient method for computing the derivative of a vector function

r (t) ; just differentiate each component of # (t) .

Theorem: If #{:} = \; (1,8 ird ks (I)} where f, g, and h are differentiable functions, then

SY)

F0)=(10.0).00)
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Section 13.2: Derivatives and Integrals of Vector Functions
Math 163: Calculus lil (Fall 2022)

Example 1: Find the velocity, speed and acceleration of a particle whose motion in space is given by the
position vector 7(¢)=2costi +2sintj+5cos’ tk .

\/@100}{;: j (t} = ft’(»t) = <...’Z, Syt )’Z.u»srb ‘—Ioast 5;,;,\?

speed 1 S W)= [T = |7l -G 32
- \J'ﬂ‘éz‘r'sz yYeoss & + 10bc_bjz‘t Sa‘r"zt-

2,
= \Fd -)-Iooc;as?"r St 3 ) & 1ocost s

ovecllorripn . D= V') =)
- <~W’k ‘(25”\,,& ‘.— [06052,,‘&7

Example 2: Find the unit tangent vector of the curve ;(t) =(3cost)i +(3sin¢) j + k

Y} .
”T”(t): ﬁ_f_'l’l &—— Memori e,
IRl

weed {le) = (s Feose, b
4
y.,ool )7" ({;)’ = \/9‘57‘»97‘%, £ C?coéz'f:-z— ‘7"(7'

= \|9+ et 2 3¢ 28

35wk Bemst 2L
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Theorsm Supposc u and v are differentiable vector functions, ¢ is a scalar,
and f is a real-valued function. Then

2 [u ()] = o) A'I) WS 0}/
2 —[cul?)] = cu'(/

dt \

d , M ‘32/\ Y
3= (Quo) = 7Bud + 1w 4
4 % [o0)  v@)] = u'(®)  ¥() + u() - V() ex W

5. % [ X v@)] = v X v + vl X v()

1, 71 [w() + v()] = ') + v

& % ["@)] “J: DU () (oo Rulo)

< Integrals

J':r(:) dt = (f:f(t) dt)i + (fg{t)dt)j + (f:”(') a‘r) k

This means we can evaluate an integral of a vector function by integrating each component function. We
can also extend the Fundamental Theorem of Calculus to continuous f&&%or functions as follows:

_[:F(t)dt= [R(t)] = R(b)-R(a)

Example 3: Suppose » (t) = (Cost ) i+ ] e ( 2t) k . Evaluate the following integrals:

) [Fa = <S@7t~d+ -' Sio‘{l S—?tdf,7

= (Gwr+re,, € ¥ e, - Caly ]
2 i
= <$r‘7‘,k‘t\->< 7*‘ Qﬁ‘
”F d - N A ]
o frn = [ amad 222 Y]

:<<a,7r,—ffq'7+z> f-<<a Lo o) +Z_B

- <074T| "‘)'737
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Example 4: Suppose we don’t know the path of a hang glider, but only its acceleration vector
a(t)y=- (3cos 1) i— (3sinz) J+ 2k . We also know that at take-off (where? =0) the glider departed

from the point (3, 5, 0) with velocity i i}} =4/ . Find the glider’s position as a function of ¢.

=4
Bl —> V= {Bwk —> F - SV(@J{’ -

>

Fwd v V&Y= S(.. Seost, - Romd L) M

—_—
= <,;351\Mé‘ ! —}m% ! 2("7 -+ Q
Vo 3t covytas ! Vie) =o ¥

\t

Lrp 70 Flo S(;?emt  Zeost &

™

Cieosc , 3sWE x4, €D+ D
,’,;dwlrf? W5 covthart! T (o) 7(3\0,07‘* 5:<3@°>
/,T\Vﬁ LT C Beonc | AL 24T =
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