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Section 12.5: Equations of Lines and Planes
Math 163: Calculus 11l (Fall 2022)

Eguations of Lines and Planes

In this section we will learn how to use scalar and vector products to write equations for lines, line
segments and planes in space. We will use these representations in chapter 13 and Calculus IV where the
basic ideas will come up repeatedly.

# Lines and Line Segments in Space
In 2D, a line is determined by a point and the slope. In 3D, a line is determined by a point and the
direction of the line which is described by a vector,
Suppose L is a line in space passing through a point £ (xﬂ,ya,zu) parallel
to a vector v = f?+fz?+€; . Then L is the set of all points P(x, y,z) l“nr
which E‘P is parallel to v . Then for some scalar parameter f& (—e2,00): -
AP T
Note that the value of ¢ depends on the location of the point P along the line.
{x—xo, Y=Yy z—zu) =t a,b,c}

(x—xu)?+(y—yﬂ]f+(z—z‘,)§=|r(a?+bi+c;) 1 pofemeen

*—xu?+ﬁ—v,,f+zk—",q= 4\

i+ 37+ 2k (xnx ] +ok )= v verfieb la.

L1 T
If r isthe position vector of the arbitrary point P[x,y, z} and ;u. is the position vector of ] ) ,"Jé .
A m*"‘mfpw
B (%, ¥4:2,) , then the vector equation of L is: ,.M:: -PD\Y\ W o
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Hence:

x=xy+ at y=yo+ bt z=z+ct

where t € R. These equations are called parametric equations of the line L through the
point Po(xy, yo, 20) and parallel to the vector ¥ = {a, b, c). Each value of the parameter ¢
gives a point (x, ¥, z) on L.

In general, if a vector v = {a, b, ¢} is used to describe the direction of a line L, then the
numbers a, b, and ¢ are called direction numbersof L.  &—— Sop Y Igvs 2 5)0,2‘,
Example I Find parametric equations for ﬂle line through (~2,0,4) parallel to v=127 +4; ~2k . And
come up with two other points on this line. r' - <,7_ © 117_)_ <<2‘ q 27 X=-2 e
%A.noth:r way of describing a line L is to eliminate the parameter ¢ from the parametric equalmns If none ; ‘f‘t’
of a, b, and ¢ is (), we can solve each these equations for 1, equate the results, and obtain:
. 2=4H2c
r o
=% _Y—H _z-xn ?0M g)
= = e e b3
a b c o
TS = v, )
") LL] { '

These equations are called symmetric equations of L. Notice that the numbers a, b, and ¢ Lhat appe.ar in
the denominators are the directions numbers of L, that is, components of a vector parallel to L. If one of
a, b, or ¢ is 0, we can still eliminate 1. For instance if @ =0, we could write the equations of L as:

Y~ Yo T %

x=2x
! b c
This means that L lies in the vertical plane x = x;
Two lines in 3D are called skew lines if thev don’t intersect and are rallel!

Example 2: Decide if the following lines are parallel, they intersect or are skew.

o+ scalar
MV ples
=) ot paialk)
I\'ves
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Example 3: Suppose we have two points P{— 2 —3) and Q(l,—|,4).
= =
a) Find parametric equations for the line passing through them. r’ _— (\ + .t'\/

T <’; 2,732 73,0, 3+ € D)

U= 7a~ <LfH>

NOTE: Parametrizations 4fé fol iique!
X ="+l
y =tl-@t
2 = N e
b) Find symmetric equations of the line.
@ @ @ nu.s{ DANTIRES
MULSE PLASSe
o=
P S N "

-P
c) At what WMJCS this ine inleTseets Lhefz-plan :?
=0 CHATEAU GRIMALIY
OFr _y- 23 v prate
- . 1, 6F shews

3.

L/ ’3 ? .; ,2'1’2 ot i) loae
-2 ,,, q’ { pre fechi o
i L‘ ay wellag 17 L%
q 2 % T L ieeget-he
R a plare. &
d) Parameéltrize the line segment [oining the two points. ./_/'7 2 L
G5y >

P(’3\72’3> T
K R SR Live
g sortal N\ £iva) -
F =04 Q},H,,;\Z«rt( P“fr‘—wf’)ﬁ;t) “(-)X=%, %, 29 +
Of-t?aggi k<'|",")?

]
t= 0" ﬁ*(”;’;?\?ef wWhes/
OfH £\

e=lir = 4| ,:54?%
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Suppose we want to find the equation of the line segment connecting
the two points F, (the/“initial™ point with position vector £, ) and £
(the “end” point with position vector ;‘;). Let ¥= ;:— 7y then:
r= F,;+r;=;;;+r[;~:—a) =(1 —:}‘H;‘.
— " =
Where 7 is the position vector for an arbitrary point P between £,

The line segment from 1y to Iy is given by the vector equation
r()=(1-frp+m O0=s1=<1

<+ Equation for a Planes
To start, let’s talk about two interesting relationships between a vector and a plane.

1) A vector is parallel to a plane if it lics on the plane, or else has no points in common with the
plane. The latter happens when all the lines on the plane are either skew or parallel to that vector.
2) A vector is perpendicular to a plane if it is orthogonal to all the vectors on the plane.

Suppose you have a point and a vector,
O ¥’/
VJ"I M

1) How many planes exist that are parallel to the vector and include the point?

2) How many planes exist that are perpendicular to the vector and include the point? P'\a r)$

)

S0 a plane is determined by knowing a point [F) (xn,yn,zo] on the
plane and its “tilt” or orientation. This “tilt” is defined by a vector
that is orthogonal to the plane. This orthogonal vector n is called a
normal vector.

Let P(ox, %,2) be an arbitrary point on the plane that contains

B (09552 ), Then 7 is perpendicular to B P. That is:

iBP=0
-
This is called the veetor equation of the plane.

1)&;3% Meher T
\0&*.
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y Ao Hmt
If n=(a,b,c) we can write: / VEL Lwes +e J‘;‘&‘

This is called the scalar equation of the plane.

We can change the form of this equation by distributing @,b and ¢. So:
—ax, +by—by,+cz—cz, =0
ax+by +czd(ax, +by, +cz,) =0

wWaldle o pvmber

; (]
Note that ax, + by, +cz, is just a number.

— .
[ So we can define the linear equation of the pl@: ax+by+cz+d wb&c d =—(ax, +by, +¢z,) l

NOTE: Generally we give our answers in cither the form_d(xx=uxz)#b(¥=y; ) #e(z=2)=0 which

highlights themofiial Véetor and 4 point or in the form @x+by+ ¢z = D from which we again see the i fffpv fore
normal vector and can casily find the three intercepts (assuming they all exist). '3 3
Let’s consider another form of writing the vector equation for the plane. If r= (x, » z) is the position

veetor of P(x,y,z) and ;,:=<x°,y,,,z°) is the position vector of B, (x,,,,2,) then ?ﬁ:;—-r;,
hence:

e =0 | Joprt meMerte

which can also be written as: Z
n*r=mn-*rp

Historical Note: There are a lot of formulas in this section which makes it casy to lose track of what you
are doing. At the end of the day, you are just learning about linear equations. This isn’t new; rather
you’ve been exploring linear equations since pre-algebra (1 variable as in2x+3 = 4) and then in algebra
(2 variables as in 2x +3y =4) and later systems of equations (such as 2x+3y=4;5x+6y=7). This
section just expands linear into three dimensions!

In studying linear equations, you are carrying on an old lmdig that spans at least Africa (Egypt), the
middle-East (Babylon), Asia (China), and eventually even E: ﬁfmﬁiﬁf on once they adopted algebra
from the Arabs and the number system used in India.

If this sounds cool, then you are going to love linear algebra where you spend a full term studying
systems of linear equations including their many applications.
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Example 4: Find an equation for the plane through P (~3,0,7) perpendicular to n=57+ g - i
———rr

ronMa 7 .

Then find the intercepts and sketch the plane! ﬂ: w

?larj-&

S-foé—l)x +'ZQC;),¢) sa(z-3) =0
2 SAHISA 7,2 ~EAF O
- ”/2 =-27
9:% () X=2=0
X = - Z»g 2 = | Z=2z

Example 5: Find an equation for the planc through Plr-1,3Y, QL1 %,eY, anvd g(8,1,5)

== gecxers :
OSTEE ga
57 =20 1y P

X:;¢0

My F\)'m—&

— ?f ,3 Z:gy' 1335
QR XII== . 4
T 5 v M«
pPola g 10X ~2) +8 (*9+l> +1e(z3)= 0
S (=)
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Example® Wht is the relationship between th Am- the plane (2/ )( ) 7
i-.‘-.\ would you know if they 9 e allet? ey ection
({:nml Bh

# Intersection of Planes with Lines and other Planes

Test b pmm//&(f <}‘Z,L> - <2;27 1>

1= G2 b =L _Y,b FO
He. |vve 1z ror parmleld +o e ple

Poes e e Jerensest Hhe. plore !

solve g (32*1’2'\% %2(«2{} +é</+-&) - £

= Frbt_Yk +b +be= L
N . 1 o
% t=-1. C——— PARYNE-

Refationships between two planes can be described as:

scalar k.

2) Twa planes that are not parallel intersect in a line. Note that the line of intersection is m&’
perpendicular to both planes® normal vectors. That is parallel to the cross product of the two I'V\JW
normal.

3) The angle between the two planes is defined as the acute angle 1 2 &
between their normal vectors. ay A =4 -— 2. 7
Wiy

e
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Example 7: Suppose we have two plancs: B:3x—6y—2z=15 and P, :2x+ y—-2z=5

a) Find a vector parallel to the line of intersection of the planes.
)

V= <{3 -1, -2)

-2

/ )
- o~ m) "/\
=Y g 185 e vester pAlal :
N)K)J?_ < ! s 7 }o Fhen 1 op ) el seeh o’
b) Find parametri ions for the i i
‘ iny Da.ra-nctnf cq::nons or t emlersec:m PU so a’)ol I RO

we )4, Pa~,r’\~ ‘ - = -\
eed ,(9[9"”;(1,,0 Z//% by -1 15 5 W=
£ g * %,‘_ Ar=95 2= -49%
” 6‘/?% ° ! 2, fle |/,
: o _ f o h plares ar’® o o -
390/;\/{' (“’;");7 g e er bothp

B ?7<d,”;1'%€7+t <1%7‘17/§>

¢) Find symmetric equations for the intersection line.

—Sz':(?, (

/V -
d) Find the angle between the :\?T\ planes. — 4“3-’“ Le} /( 1} - /lf _/?r LTL({;
;7, = L&,-k,-27 rorral ectors }

= _ 2Dz |allEees0 — -
Py 7 K2, 1,-27 recall & M"&-‘E = ﬁ xSt

= O = coy ——

/18] \
S Oz cs'(ZH 1
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< Distance between Points, Planes and Lines

To find the distance I of the point £ (x,.¥,,2 ) to the plane
ax+by+cz+d =0, pick a point on the plane, call it B, (x,,,.2,).
Then the vector connecting £ to £ can be found as

5= po?’={xj —Xpa W = ¥ou 3y —zo} . We know the equation of the plane

50 we know its normal vector n = {a,b, c} . Using the given picture, we

can think about distance D) in two different ways:

D -
1) Considering the right triangle, then cosf = q We also know that & is the angle between n

_ | -
- b D_nb

d b so cos@ === . Putting them equal to each other, .= = == and multiplying both
h ol [

]

=
o

nb

n_ but the dot product can be positive or negative and distance is
71|

&

I

sides by |5| weget D=

always positive, hence we need to take the absolute value of the dot product: D =

2) Considering the itude of the projection (comp Jof KD’ onto the normal, that is:

4 B
D=Immp;b|= —
]

They are equal! So now we can find the formula for distance:

2D

D:|3;5|:H”‘-b"'}'(ﬁ —xn:r.—ywa-zn)l=|a@xn)+ (y|'~ Yo )+b(z =3, .
W r W \

ax, —ax, +by, =By, +ez,—ez,)| | + by, + ez, <(ax, + by, +ez, }| \o\}(

_ E - i (X7

|axJ +hy, + ez, —(ax, + by, +ez, )| &

‘ Jo =P
ax, +by, +cz, +d| M

knowing d = —(ax, +hy, +¢z,), this formula can be written succinetly as:# I

= Ja+b 4+ JW
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Example 8: Find the distance from £ [1,1.3) to the planc 3x+ 2y +62 = b.

D= Ia"X) —t.lo[a'—}a,}/q.dl
e
_ [30)+20) 4 L06)-¢ )

\"7 +4+3¢
= L;L o arce. ﬁ,«am F #he ,Jawq_,

To find the distance between two parallel planes, we find any points on one plane and caleulate its
distance to the other plane. We do the same to find the distance between a line and a plane (where the
line and plane are parallel).

Example 9: Find the distance between the parallel planes F o+ 2y + 6z =1 and P
1\ (2l

(P ‘ 107 42095 5 be) ”0‘ ( . P
= ) ® ,0) ’ﬁn f&/'ﬂ'f‘ gy
X '
T Prvd digyavce Cron

3 distn /e berwes Z’,O)W] Jo F'la,vep?’

[ He. P'Gr’&g’
To find the distance between two skew or parallel lines, view the lines as lying on two parallel planes

and then proceed as above. (Note that we have to find the equation of a plane that includes one of the
lines and is parallel to the other.)

Example 10: Find the distance between the skew lines I, : ? = y—_ll- = % , L ;i:—% = y=3 -

- Tonethen these form a pheg
= -1
v,z -1, s i‘b(xfo)’ (1) +o (-2)=0
v,z -2 .7 Ny = -
V7 TR D —x-y=-)
’,-‘\',&s PO\m,M’[ WP!G“—
'\717('77,: <" '_,]‘CD> oo '('“ 4 'HW‘ f‘lﬂ'@

fofr"" pprow\ L (QI|,?> ’P\‘é‘wy;&. HFrom tHhe
PW& 40 Lo
(2,310 55 ov Lo
| v2) - 113) rofe)+1| 9

NIERR =

Pz
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