6.3 & 6.4: Orthogonal Projections & Gram-Schmidt
Math 220: Linear Algebra

Given a vector y and a subspace W in R” there is a vector §€ ¥ such that
1) ¥ is the unique vector in W for which y —V is orthogonal to W

2) y is the unique vector in W closest to ¥

Theorem 8 The Orthogonal Decomposition Theorem
Let Whbe a subspace of R". Then eachy in R® can be written uniquely in

the form
y=y+z (1)

where ¥ isin Wand zis in W, Infact, if {u,...,up} is any orthogonal

basis of W, then

(2)

Y= U +-- +upupup
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andz =y -?-
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Ex1: Let /¥ =Span{uj,u,}. Write yasthesum o _|3 =3 Lu,=|1
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of a vectorin /W and a vector orthogonal to V.
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Theorem 9 The Best Approximation Theorem
Let Wbe a subspace of R™, lety be any vector in R®, and let ¥ be the

orthogonal projection of y onto W. Then ¥ is the closest pointin Wto vy, in the
sense that

ly =¥l < lly — vl (3)

for all v in W distinct from y.
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Ex2: AsinEx1, % is the closest pointin W =Span<u, =| 3 |,u,=|1|toy=|3
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Find the distance from y to W
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Practice Problems
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l.letwy=| 1|,uwa=| 1|,y=| 1|, and W =_Span {u;,uz}.
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Use the factthat uy and up are orthogonal to compute projy ¥.-
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2. Let W be the subspace spanned by the u's, and write y as the sum of a
vector in W and a vector orthogonal to W.
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The Gram-Schmidt Process
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Ex3: Let W =Span x,=| 0 |,x,=| 5 |}, construct an orthogonal basis Vl,vz}
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clearly linearly independent and thus is a basns for a subspace Wof R4,
Construct an orthogonal basis for W. IV¥,,V, 33
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Theorem 11 The Gram-Schmidt Process
Given a basis {xy,..., X, } for a nonzero subspace Wof R", define

Vi =X
X9V

Va2 =Xo — v vy V1

_ o X3¥Vy o Xy-Vog
Vi =X~ 3o V1 v, V2

) X,V -V W

—x, — P IV . V1
VP _ xp ViV V]_ Va2 Vo 'Vz Vp-1"V¥p-1 Vp_}_

Then {vy,..., vy} is an orthogonal basis for W. In addition

Span {vy,..., v} = Span {x1,..., xx} for1 <k<p

The result of this is that every nonzero subspace ¥ in R” has an orthogonal basis.
An orthonormal basis is constructed easily by normalizing all the v, ’s to unit vectors.
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Ex 5: Re-write the orthogonal basis found in Ex 3 as an orthongrmal basis.
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Practice Problems

<)

1
1.Let W = Span {xl, xg}, wherex; = | 1| andxy =
1
Construct an orthonormal basis for W, .
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