Change of Variables in Multiple Integrals

Objective:

. Change of variable in a single integral - # substitution

2.  Where might this have previously helped and examples
3. The Theory
4

Examples continued

16.7: Change of Variables
Marh 264

In this section we will discuss a general method of evaluating double and triple integrals by substitution.
Most of the results in this section are very difficult to prove, so our approach will be informal and
motivational. Our goal is to provide a geometric understanding of the basic principles and an exposure

to computational techniques.

I. Change of Variable in a Single Integral
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The main point: Substitution requires changing the integrand, limits of integration, and the introduction of

a scaling factor.

2. Where might this have previously helped and examples
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16.7: Change of V

3. The Theory

Voriables
Mzth 264

To derive the change-of-variable formula for double integrals, we need to understand the
relationship between the area of a small rectangular region in the uv-plane and the area of its

image in the xy-plane under a transformation 7" given by equations xzx(u,v) and y:y(u,v).

For this purpose, suppose that Au and Av are positive and small, and consider a rectangular region S

in the uv-plane enclosed by the lines
Uu=u,, uU=U,+Au, v=y,, v=v,+Av

Then R in xy-plane is its image. Let " A A

) = (). () | ) |

be the position vector to the point in xy-plane

that corresponds to the point (u, v) in the uv-plane, then

r(u,vo)= <x(u,v0),y(u,v0 )> corresponds to V=1V,

and

r(uo,v) = <x(u0,v),y(u0, v)> corresponds to u = u,,.

Since we assumed that Aux and Av are small, the region R can be approximated by a parallelogram

determined by the secant vectors: Tttt + B2
o

a:;(uo+Au,v0)—;(uoaVo) 2

Fos e

b =r(uy, vy + Av) =7 (1, v,) I

A more useful approximation of R can be obtained by using tangent vectors as follows:

a_q( Uy +Au, v, )—r (uo,vo)A 8rA <8x §y>Au—rAu e A
Au ou ou

PRTTARRR <oy

B:;(u"")(‘+AV)_;(u°’VO)A arA o= oy Av—rAv
Av ov 6v ov

where the partial derivatives are evaluated at (uo, VO).
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At T(u(),vo):(xo,yu) the vectors #, and 7, are tangentto r(u,vo) and r(uo,v) respectively, and

so are ;,;Au and ;‘:AV. Thus the area of R which we denote by A4 can be approximated by the area

of the parallelogram determined by these vectors.

Ad = 'r“Au X r\,Av| = ’ru xrleuAv

where the partial derivatives are evaluated at (u(,, v, )

Computing the cross product, we obtain

i i k [ ax oyl o dx
L oax ay di di dp
v X pp= | o= | = L k=1 .|k
t du i gy Jdy i gy oy
F dgx  dy 0 dr dv | P Aw
o d

This determinant is so important that it has its own terminology!

The Jacobian of the transformation T given by x — glw, ¢} and —l
v o= b, v) s
ax dx
pley) L aw Aw dx dv dx Ay }
afewy  Lovo ay | du dp v du
Cdw dn |
- — O(x,y)-
Therefore: ¥, X7, :—(—’—)k
a(u,v)
So we can write the area as:
o(x,y)-
AAd =~ (x )k AuAv

~—

x,y) - o(x.y)
k will be the absolute value of ———=:

( :
6(u,v) 6(u,v)

Since £ is a unit vector, the magnitude of

Hence: AA ~ | ———| AuAv
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At the point (uo, VO) this important formula relates the area of the region R and §. It tells us that for

small values of Au and Av, the area of R is approximately the absolute value of the jacobian times the area

of S. In advanced calculus it’s proven that this error approaches zero as Au and Av approach zero.

Now let’s look at double integrals by dividing the regions into small rectangles and apply the
Riemann sum:

mn 7

JJf (xoy)da= ZZf(x,,yj)

=l j=1

where x;, y, and the Jacobian are evaluated at (ui,v/.). This is the approximation for

J.J. f u, v ) AuAv so the following theorem can be used:

u,v)

: o teqs é,surfpme that 7'is a € trans-
formation xahuw Eambun is nonzero and that 7 maps a region S inthe ne-plune
onfo aregion R in the xy-plane. Suppuse that £ is continuous on K and that R
and 8 are type Tor type 11 plane regions. Suppuose also that T is one-to-one,
except perhaps on the boundary of S. Then

[}l vidA = ﬁ Fix(u, o), v{n o)) ,?fm ” dit v

e g

This theorem says that we change from an integral in of x and y to an integral in of u and v by

o(x,
expressing x and y in terms of u and v and writing dA = M dudv .

a(u, v)
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4. Examples continued
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16.7: Change of Variabics
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x-2y
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Ex3 revisited: Set up an iterated integral to represent ] = J-J. dA where D is the parallelogram

Lew a0 = % o 24 ard = DX -y

- S, v) - | Ay Ay
3(.)(;%3 Vx  Vy

_ { el B

= .

i
)

(%,
= u = -j,;, Qs‘ml.‘pg Cachor )
2 (e, v) e Abs (F)

¥ B A
= . L1
‘@Il&ag‘ v 5 v J

S u.dulggdv

e [P

8
2 1.(5l
z p

\l

Page 9 of 12



Lo ppPechor. r"éc:\'apl%u"a(‘ <« (Po‘o(‘ <o s meta s

hat s +Hae Sca‘;')? Frctor fro (V,_qa\ = (n0)

recall X = NMws&  opd Y = rsivé

man
—

I(x,q) \Xr Xe\

9(”,6\ I %@
s —rSinGg
$iv6 Cos S

<, . 2
- Neos@ t+ psivT 4

z N e scali o

/ﬁna@r
e Pf‘é\f;ousl
Y‘e,c;‘uif‘g,d r% o

Weves Ixdy = rldnd o



oy Mechow! re c:l—migu lar «— S FLVU‘E @l cword; vat s

(»)l'\a\““ fs HAQ 9@]:‘#2 s\«d—a/\ QYOM ({X.,g,%‘) +0 (P,éﬁ,ex

r e call X:FwS@Sfu‘S; %EPSFMGSJP?S_;E*&/QC@S%

X, X, Xo
I(Xx,4,2) £ e
X = | 9 9g Yo
@, 6)
’ * Ty Zo
ces Osiv @ f o3 @ cas @ —psiv8sio g
= Sind Qsip¢ £ siuew;¢ F cos & 51':1’6
25 ‘P — r 54‘05& o

pees eu5¢ «l_as;‘ﬂes,‘,ogg

= é.og?A )PSI-MQusﬁ PwS@sf;ué
ws Osiw g -«-st,dé'sf‘;dqﬁ

+ psiv f

5108 sin of p s Qsim g

]

(o$ ¢l (P'z. cns & sip¢ wsﬁ —+ flsip?"e Sfr-lgéaas;b)

+ psiv ?5 (j’F,aoszéﬁfﬂz¢ oy ‘5”(")1@ ﬁ’ﬂL%)

f

Pt SJpgbC.nsz?f) + sziﬂ 52154‘:\-'2'%

s o2
= E) -HU¢ Wwe ‘,pe_v;ousf'?

H-apce. Otx&gd% _ !FZS;"fﬁlaFCﬂﬂ Jo ms,a;v.'me! p 7o

avd OS¢ <]



