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- Takegeals for mass cal colaious
Objective:

Review of section 8.3

|
2. Density and mass

3. Moments and center of mass
4

Moments of inertia

I. Review of Section 8.3 -From cale TT.

Mass: A body of matter with no definite shape. We use m to denote it.

Density: The degree of compactness of a substance. We use p to denote it.
Center of Mass: The point on which a thin plate balances horizontally.

The Law of the Lever: Suppose masses m, and m, are attached to a rod of negligible mass. The rod

will balance if: mdy = myd,

™ 4 m;

Now suppose that the rod lies

along the x-axis, m, is at x;, & x Xz
. (’ f” L—‘—-—F'—_—J'} = ey & "\

m, is at x,, and center of mass ™ - E—x m

isat x .

Then: milx — I1) = mg(xz —-7%)

mx + mpx = mx; + maxy

Xy + MaXa

Lo
—

my + ne

Moments: A turning effect produced by a force acting at a distance on an object. The numbers m,x,

and m,x, are called the moments of the particles with masses m, and m, with respect to the origin.
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In general, if we have a system of n particles with masses m,,m,,...,m, located at the points

X,,X,,..., X, ON the x-axis, the center of mass of the system is located at:

n
m.x,

!
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m
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Where m is the total mass of the system and M is the moment of the system about the origin.

X =

System in two dimensions, made out of a countable number of particles

X, = disvarce
The moment of the system about the y-axis measures the tendency Fb - H:\e_ gv‘fbﬂf
®

of the system to rotate about the y-axis:
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The moment of the system about the x-axis measures the tendency oo t v, X

of the system to rotate about the x-axis: . (/_\/_\N“/‘ P
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The coordinates of the center of mass are given by (x,y) =

s
m m

System in two dimensions, made out of non-countable number of particles

Consider a flat plate with uniform density p. The plate is made out of infinitely many particles. To find

its center of mass (or centroid) we need to divide the plate into very small rectangles (particle size!),
find the center of mass (or centroid) of each rectangle, and add them all together. The center of mass is
called the centroid. Note: The centroid of a rectangular plate with uniform density is its center (where

the diagonals meet).

Let’s find the moments and center of mass of the region under the curve

f(x) from a to b. The i subinterval has: 3 (.. fi 3}-
X, +X a Q{"‘u Fi% S‘l)
Midpoint: X, = M Center (centroid): C,| X, iy f(x )j fﬁ\ ey
2 | jia
Area: f(X,)Ax Mass: pf(X,)Ax i ; . |
| - i
The moment of the region about y-axis: — =1 25 S ‘ = L
¢ apy S b
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Moment of the region about x-axis:

m= lim 3 p AL GIP Ax = p [ LFCIF e

- — M M
Since the centroid is (x,y) = (_y: x) and mass of the plate is the product of its density and its
m  m

b
area, m=pA= p'[ f (x) dx , the coordinates of the centroid of the region or center of the mass of

the plate can be expressed as:

< [U@Pes

E ]

|

I

- L
g
alt
[~
p)
|

f
:als-

If the region lies between two curves, the coordinates of the centroid of the region or center of the
mass of the plate: G'e.
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There is a surprising connection between centroids and volumes of revolution:

’ Theorem of Pappus Let % be a plane region that lies entirely on one side of a
' line [ in the plane. If 2R is rotated about /, then the volume of the resulting solid is
\ the product of the area A of & and the distance d traveled by the centroid of 9.
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2. Density and Mass in non-uniform objects

To begin, let’s consider an idealized flat object that is sufficiently thin that it can be viewed as two-
dimensional. Such an object is called Lamina. A lamina is called homogeneous if its composition and

structure are uniform throughout.

In calculus Il we saw that the density of a homogeneous lamina is a constant and defined to be its mass

per unit area:

P =% which gives m= pA

Now we will look at lamina with a variable density (that means the composition (density) may vary from
point to point). To define a function for this variable density, consider the lamina to be on the xy-plane

and the point (x,y) to be on the lamina. Construct a small rectangle centered at (x,y), with mass

Am
Am and area AA. If the ratio ZA’?— approaches a limiting value as the

dimensions (and hence the area) of the rectangle approaches zero, then this

limit is considered to be the density of lamina at (x,y) . o
. Am
p(x,y)= ,}!,Toﬂ N I -

From this relationship we obtain the approximation Am = p(x,y)AA

As the dimensions of the rectangle tends to zero, the error to this approximation tends to zero as well.
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Exl: A triangular lamina with vertices (0,0),(0,1) and (1,0) has density function ,O(x,y) =xy . Find
its total mass.

i %5 =2l- X
fl—e,’? { Peraw o pie f_? - g [‘-‘i'xkbl d x
\/\” o 07'60
] -1 |
Y X ~ S Lox(-xY Jdx

4 w— X
|‘d

L[L R SIRVE S SV
step 2! set-op & Ol : 2

(!

é.Vel vate ar ;Pregfal,

- i+ _zZ T.L\
ove = [[ plepds AERERE
B = A
i Lﬂ.:—l»—)( lq
1 e
o \1:-&

Physicists also consider other types of density that can be treated in the same manner.
For example, if an electric charge is distributed over a region D and the charge density

(in units of charge per unit area) is given by o (x, y) at a point (x, ¥) in D, then the total
charge Q is given by

0= fJ o(x, y) dA

D

3. Moments and Center of Mass

The moment of a particle about an axis can be found as the product of its mass and its directed distance

from the axis. To approximate the total moment of a lamina we divide the lamina into small rectangles
and add their moments together.

Hi n

About x-axis: M = ZZy;.p(x;,y;)AA

i=1 j=1
nt n

About y-axis: M, = ZZx;p(x;,y;)AA

i=l j=l
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As the number of rectangles approaches o we can find the total moment of the lamina
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P rMept—

About the y-axis:

M= lim > 3 y§p(xf, y§) AA = fj yp(x, y) dA
My 200 p e |
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A lamina balances horizontally when supported at its center of mass

Hence:

m m
x = m" = “,%;!JJ vp(x, y) dA y = *%‘ = “L.U-yp(e\, y) dA

=¥\ reviFind the center of mass of a triangular lamina in example |
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Ex2: Consider a lamina that occupies the region bounded by the parabola x =1—y~ and the
Qpes

coordinate a¥s in the first quadrant with density function p(x,y) =y.

a} Find the mass of the lamina.
P,‘C_ Step 2 sa—up a;po' integrate. ‘
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b} Find the center of mass.
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covdosion: the centrvid is @ (3!7;\
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4. Moments and Center of Mass in 3D

We can use the same reasoning to find the mass, moments, and centroid in three dimensions.

z
e My .
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This leads to the following formulas (analogs to our work in 2D)

Center of Mass in Three Dimensions
Let p be an integrable densitv function on a closed bounded region Din R® The coordinates of the center of

mazs of the region are
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whers 7 — }{ ; [ pix, ¥, o @V is the mass, and 3., My, and My, are the moments with respect to the
¥ o
coordmate planes.
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Ex3: Find the center of mass of the interior of the hemisphere D of radius a with its base on the xy-

plane. The density is f(p,¢, 6?) —2-£ (heavy near the center and light near the outer surface);
a
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