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Polar Coordinates

We've been using the Cartesian (rectangular) coordinate system to graph. Another useful coordinate
system is the polar coordinate system which uses distance and direction to specify the location of a
point in the plane. The system is based on a point, called the pole (or origin) and a ray drawn in the

direction of the x-axis, called the polar axis. P(x,y
L
A EP r,0
ris the distance from O to P.
—_— r
8 'is the angle between the polar axis and the segment OP . LY
> X
Ol x

@ is positive if measures in a counterclockwise direction from
the polar axis or negative if measured in a clockwise direction. If r is

negative, then P is the point that is |r| units from the pole in the direction opposite to that given by 8.
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Note: The coordinates (r,¢9) and (—r,6’+7l') represent the same point. Also keep in mind that

because of the coterminal angles, each point has infinitely many representations. P ( F,H) is the same as:
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Ex2: G

raph Q( I ’ i”?:ind two other polar coordinate representations with » >0, and two with » <0.
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RELATIONSHIP BETWEEN POLAR AND RECTANGULAR COORDINATES

1. To change from polar to rectangular coordinates, use the formulas
x=rcost and y=rsind

2. To change from rectangular to polar coordinates, use the formulas

rt=x+y*  and taﬂﬁ=§ {x # Q)

Note: These equations do not uniquely determine » or &. Check to make sure you are in the correct
quadrant.
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Ex3: Find the rectangular coordinates of the point —-4,7 . e
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Ex4: Find the polar coordinates of the point (—l,- 7)) Q32
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Ex5: Express the following equations in polar coordinates.
a) x=2
7. = (FecPs 48
= r= Lsecd
by x*+3°=9
r‘l =9
=2r = 3%
Ex6: Express the following equations in rectangular coordinates.
4 ; C A
a)r_1+sinl9 o [“7 (Lj" "’32 L"P)
r= = | 2
-+ - » '7;-937 +]6 = 1
“* 2
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r=+9

Page 3 of 8



Calculus in Polar Curves

Math 264
b) tan@ =1
€arw 8 = |\
< 4 = |
4
= 4 =X

« Polar Curves

The graph of a polar equation r = f(), or more generally F(r, §) = 0, consists of all
points P that have at least one polar representation (7, §) whose coordinates satisfy the
equation.

SOME COMMON POLAR CURVES

Circles and Spiral
= (DN T =
|
F=q r=gqgsind r=qcos@ r=qal
circle circle circle spiral
Limagons ! ]
r=atbsing
r=ag*bcosd -
(@>0,b>0) g " "
Orientation depend a<h =bh a>b a=2b
the u'igox?:my:g:n fjn{;nﬁﬂn limagon with cardioid dimpled limagon convex limagon
(sine or cosine) and the sign of . inner loop
Roses
F = agin nd
- - - JE——.
r= gcos nd
n-leaved if » is odd
2n-leaved if i is even r= g cos 20 r=acos 3¢ r =g cos 4f £ = g cos 5t}
4-leaved rose 3-leaved rose 8-teaved rose S-leaved rose
Lemniscates | ;
Figure-eight-shaped
. clo
| |
= a?sin 20 = q’cos 20
lemniscate lemniscate
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% Tangents to Polar Curves

To find a tangent line to a polar curve r = f(8), we regard ¢ as a parameter and write its "~~~
parametric equations as Tf Giver (xdw, '-j‘*‘ﬁ

: =4
= rcos 8 = f(#) cosd y = rsind = f(#)sin Hep ._d_!;., ot
abo dx oﬂ.x

Then §_5ﬂm method for finding slopes of parametnc curves (f-mm cule T ) and the I+

fProduct Rule| we have u v oy u v’
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& d8 de(rsme) —aésin0+rcos0

2 5); dde(rcose) j—;cosﬁ—rsinﬁ
Note: dy;édf
dx dé

Notice that if we are looking for tangent lines at the pole, then r = 0 =»d  +hjs
Formola simplifies 1ol
dy . dr
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Ex9: find the slope of the tangent line to ¥ =1—cos@ at 4.
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< Area in Polar Coordinates Fy +he 0',':3“ oF o check ovt
°° ,f 4\\ circ.le. . MQH:PJb‘*Q
+he 1 ) i1, 26
Recall area of a sector: 4= Er e
Now suppose that we want to find the area of the shaded region on the given {
. - . TN = 1)
graph where f is positive and continuous and 0 <b—a <27. A S
o=b] R N
Divide [a,b] into subintervals of equal width A@. Then: I,v‘:\l: ‘_..?,-':‘;
H ,I_\-"'I:
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P ag & AA= £ 1700 with
: E[f(g):l Ad r replaced by 4:(6:‘3

R

A= L"—;ﬂde

This is often written as:

Ex|0: Find the area of the region in the plane enclosed by the P&bm raesd = 7 sl
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Ex| I: Find the area of the region that lies inside the circle » =1 and outside the cardioid » =1+ cos@.

sf\"e.E 1. skerch +he f‘eﬁfbr' 5+¢-E ) set-op +He

)'J«}’L?ra ) am~d H-l—-a.%m-‘l‘ﬁ.
|+ca56

WA

T S -'2-_ Uteos O D

= 5 -
5
T
- 1T ,LX \q-‘lcose#cos@o\e
EE T
+ < ‘"
Step 20 Houd e imirs z
o y T
°oF “gronor =T I+ cas?6
ST T3l tr2eeso &
s0lve | = )1 0350 7-5 -
. _ =T ) ; i
2 0 = wsh 'T-:[%@ 41508 +smze]
= = I 4
a8 = + ey _ T (3 ) ;Z”r
— =\ = -
4 8
Soluve. QO = |4+ ¢os 8 _
5L = - T
D= s © ZA ! g
- T
wp Az T - - check vt
Maw:'pulaﬂ"e_
% Length of the Polar Curves 1% . Yo

To find the lengih of a polar curve 7 = f{#), a < # < b, we regard @ as a parameter and NPT
wirite the parametric equations]of the curve as o o p O T¢ 5 ey (x(_«) 'y w»

& 74 2]
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( from cale ﬂ)
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Using the Product Rule and differentiating with respect to #, we obtain

dx?ﬁme)—r:smH dy ﬁsmb‘-l-rt.msﬂ
dp dd dg de
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AN AR A o
— + — = || e m g —_ o aia . + 2‘ 2
(dﬂ) (dﬂ) (da) cos — 2~y cos® sinfl + r'sin’p

ar\® . 5 dr . ,
+ (?;-’) sin’y + 2r—a_—; sinf cosg + r? cos?y
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Assuming that f' is continuous, we can use sur HMeorem from cale T o whte -
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Therefore the length of a curve with polar equation 7 = f(8), a < ¢ < b, is
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Ex|2: Find the length of the cardioid » =14 cos@.
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