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Sequences
A sequence can be thought of as a list of numbers written in a definite order:
ai, Gz, a3, A4, ..., Qp, ...

The number a, is called the first term, a, is the second term, and in general a, is the nth term.
We will deal exclusively with infinite sequences and so each term a, will have a succes-
SOT. Qyt1.

Notice that for every positive integer n there is a corresponding number a, and so a
sequence can be defined as a function whose domain is the set of positive integers. But we
usually write a, instead of the function notation f(n) for the value of the function at the
number 7.

NOTATION The sequence {4y, a2, as, . . .} is also denoted by

{an} or {an :=1

When g, is given by a formula we refer to it as the general term of a sequence.

<+ Arithmetic Sequences L (v vea f.\
A sequence is arithmetic if there is a common difference, d , between two consecutive terms so

an = an—l + d *

Exl: 2, 5, &,

a) Whatis d? d =3 (fﬂc,r‘ease.s b\a 3 )
b) Whatis a,? CL’-:. 2

¢) What is the 4t term of this sequence? a g = U

» The nt term of an arithmetic sequence is given by: a, = q, +(n—1)d
d) What is the 20t term of this sequence?

Aao = 1T+ (20"\(33 = {CI\

% Geometric Sequences ( aX pe MeNha ()
A sequence is geometric if there is a common ratio, r, between two consecutive terms so £ 4
s

O
Ex2 3, 6, 12, ¥

a) Whatisr? ("= 2

b) Whatis a,? &""3
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c) What is the 4t term of this sequence? A Y = Y

» The nt term of a geometric sequence is given by: a, = ar™”

d) What is the 20t term of this sequence?
14

Qge = 3T = 15328LY

Ex3: Determine whether each sequence is arithmetic or geometric. Find the next term.

) 1, 3, 5 .. Andimebc a = F (=2 )

b) 2, 4, 8 .. Gesmedfric. Aq=ld (r=7)

0 6, 3, 15 .. Gesmeirc Oty = &35 LM";_S
d) 12, 7, 2, 3, .. Arnthrere 64= "8 (d=-5)

e) 3, -30, 300, -3000, ... G@M'H‘;c. 4\9 =+ 39,006 (f\: -:o)

-lklu]

1 3
Ex4: What is the general term of the sequence {Z —2— E }7 How else can you present this

sequence?

3
4’
Arsthmetic &, = -lq vd d= ‘L';

ar':'—,:t‘l‘-‘q(v—-'i\ oL, -1

Ex5: Write out the first few terms of the sequence {(—1)" \/;r
n=3

-3, 2, -VE VG,

1
Y

Not all sequences are generated by a formula. For instance the sequence {3,1,4,1,5,9, 2,6,...} is the

digits of 77, and there is no formula for the nt digit of 7.
e

A very famous sequence 1is called & Fibonacci sequence. Can

you come up with its pattern? {1,1,2,3,5,8,13,21,...}
recursive  formuig enplicit Co rmola

£, = \
= - 1 {_ﬂ { -5
L b (- (5))
?‘p - '(:,s_, -+ f,,_z Page 2 of 10
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This sequence is defined recursively. This means the first one or two terms may be given and other
terms are found by a pattern applied to the preceding terms.

This sequence arose when the |3t-centry Italian mathematician SR o No-ojpars:
keown-as Fibonacci;foohe,dfa problem concerning the breeding of ) @J 51\3 1
rabbits. This particular sequence appears in a surprisingly wide oy

variety of situations, particularly in nature. For instance, the ? ﬁ%@ ﬁ,i& ’
number of spiral armsdn a sunflower almost always turns out to ¢ f&'ﬁ @5‘} db&% ?

be a number from this sequence. 5 Mfﬁ M(ﬂ; é}b‘f 5

) ah
Now consider the sequence a, = N and picture it two ways:
n+
1f— .
a, . 13
a a;asf . | 7
: A ——> ar=3
|
O -; 1 Il 4 I } I ] || .
0 153456 - n
1234567
Jr’;‘%v re | Page 3 of 10
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Note that, since a sequence is a function whose domain is the set of positive integers, its
graph consists of isolated points with coordinates

(1, a1) 2, az) (3, as) . (n, a,)

From Figure 1 or Figure 2 it appears that the terms of the sequence a, = n/(n + 1) are
approaching 1 as n becomes large. In fact, the difference

n_ 1
n+1 n+1

1 =
can be made as small as we like by taking » sufficiently large. We indicate this by writing

lim L =1
n—we p + 1

In general, the notation
lima,=1L
means that the terms of the sequence {a,} approach L as n becomes large. Notice that the
following definition of the limit of a sequence is very similar to the definition of a limit of
a function at infinity given in Section 2.6.

m Definition A sequence {a,} has the limit L and we write

ma, =L or a,— L as n—

n—ax
if we can make the terms a, as close to L as we like by taking » sufficiently large.
If lim,—... a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).

vesc.
x6: Find lim(n+1)= oo (diverges )

n—roo
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The following are examples of two sequences that converge to L:

ayh

L : - o i bts L . M - e gt ;
i . 51Mp|¢°_ | v
: . (wwu'ﬁul Ham

_0| 0 " \M\J
z

-

ay¥

! o
@i Theorem If lim. .. f(x) = L and f(n) = a, when n is an integer, then
lim, .-a, = L.

4 y=fx)

ene T,
In particular, since we know that lim, __ ., (1/x") = 0 when r > 0 CFheoren2:65), we

have 1 0 ~ M.quu.,s X
o
fim-— =0 ifr>0 o°

@ tim

If @, becomes large as n becomes large, we use the notation i, &, = .
If limy—w a, = %, then the sequence {a,} is divergent but in a special way. We say that

{a.} diverges to . sale T
The Limit Laws given in Sectief2:3 also hold for the limits of sequences and their proofs
are similar.

f {a.} and {b,} are convergent sequences and ¢ is a constant, then

lim (g, + b,) = lim aq, + lim b,

N

lim (@, — b,) = lim @, — lim b,

n—s>®@
lim ca, = ¢ lim a, limec=c
>0 n—sw n—

lim {a.b,) = lim a, - lim b,

2 lim a,
— =-L=2=— if limb, # 0
n-s= by, hm by n—se

n—»oc

lim af = [lima,,]P if p>0anda,>0

n-—>0
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Ex7: Find the following limits.

a) lim(—l)" 'D;‘vef%s, ‘T],,L ;a’,qeﬂu_ is" --(JII—-I1 1=,

n—oo

{+ =%
. r
b lim™ 2 = 1'm = |
n—e 41 ey 0 |+ \
P
9 limn+1nn \; X + 1/X | Hosplal s GCVD\
e WEPY X?_. 1\4.7\/7‘/‘2-9 &&Nva#»@;
@ ard thus wwﬁﬂwusw
. J_ o
_ bim b+ & w7 —
X - 60
Ly
= O
A
The Squeeze Theorem can also be adapted for sequences as follows . Cn
. ".:::;‘,-5"““
If a, < b, < c,for n = no and lim a, = lim ¢, = L, then lim b, = L. b"::i"'
‘a,
0 71
[6] Theorem If lim |a,| = 0, then lim a, = 0.
Proof _
'yd,’lf‘ Ay, £ ‘Qpl For aoll M. {

3

"‘L =

Mod im i _
M3 00 ‘la"i T paeo -r[a,.,[ =9 chede oot
f’]a”f{:uia‘}’e‘

Thvs tim g, = 0 imé +he Squeeze +hm, 1014

o 200
KRED
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Theorem If lim a, = L and the function f is continuous at L, then

n—>rx

lim f(@,) = f(L)

Ex8: Find the following limits.

3V
lim et s v
a) lime™ — P
)n—>oo - -Q
b
= €

b) nm,f—”“ - f[fm Ml
n—oo n ’)’?m PJ

[l
e
) g
T
-
“
wl-
x

0 if =1<r<l

. 1 if r=1
Note: lim#»" = v
n—ee oo lf r>1 - B
DNE if r<-1

a4 ayh
P &
l"?‘!‘ P
[ 4
» ‘ 17 1, "1‘€f‘<0
1 . ¢ : r=1 0 - ‘ g 4 'ﬂ
s -7 ]
__0_ : e L. . "*‘l . e, .
! n -t =
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Definition A sequence {a,} is called increasing if a, < a,+ foralln = 1,
that is, a; < a; < @3 < - - -. It is called decreasing if a,, > a,+; foralln = 1.
A sequence is monotonic if it is either increasing or decreasing.

IE Definition A sequence {a,} is bounded above if there is a number M such that
a =M foralln = 1

It is bounded below if there is a number m such that
m = a, foralln =1

If it is bounded above and below, then {a,} is a bounded sequence.

For instance, the sequence a, = n is bounded below (a, > 0) but not above. The
sequence a, = n/(n + 1) is bounded because 0 < a, < 1 for all .
We know that not every bounded sequence is convergent [for instance, the sequence
a, = (—1)" satisfies —1 < q,, < 1 but is divergent from Example 7a and not every mono-

tonic sequence is convergent (g, = n —> ). But if a sequence is both bounded and

monotonic, then it must be convergent. Jntuitively
M

you can understand why it is true by looking at +1« pi< If {a,}is increasing and @, <
for all n, then the terms are forced to crowd together and approach some number L.

aua
M —
0123
chack ovr
map; £Vt
\041«‘

[12] Monotonic Sequence Theorem Every bounded, monotonic sequence is
convergent.
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Ex9: Verify that a, =vn+1 —n is decreasing and bounded below. Does lim a, exist?

n—eo

Wwe cav Ste Vpa1 —Jrg 70 so the Segerce.
is bouwded oloi.

Lo vy e FOO = Vxard ._.\)—Y_

- £'ye ——— -
AL TN 2%

\B( — X+
2V xa1 VX

—
—

< Q

So $(xY s Ms;’dﬁ o XS0
& A +hus Ap = 1(‘*("-’) is dé_de.qsf‘pa_

v Mea 441&. S‘ﬂ-a/u@_pg,a s Louvrdad Lelow
wwd  decronsing, it Copoiges oy vhe morotsic

éa.c;u epcé WMN_M
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Ex|0: Show that the-fo Iowmg sequence’is béunded-and increasing. Ther prove that L )rn a, exists
H—e0
1 't o P4
ompute’its value: M'w ate, ' G

a, =\/5$, a, =\/2\/m,...

Loy e

i 2 ) i 0

%— L i =L—-

o,= N2 =2 ErET T
S
< 2 Y g

\L_%i (,Jq&c&, oV
- Mawipolare
&p - 1- (oA
A
f— 2¥ biv (L —-L'p\
Avd  lim e ” ‘
G =7 = 2 =2
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