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[4] THEOREM Suppose F is a vector field that is continuous on an open connecied
region D. If | F - dr is independent of path in D, then F is a conservative vector
field on D: that is, there ekists a function f such that Vi = F.

e : PROOF Let A(a, b) be a fixed point in D. We construct the desired potential function f by
j defining

E%)

floyy= "8 dr

{a, b)

for any point (x, y) in D. Since {_F - dr is independent of path, it does not matter
which path € from (a, b} to (x, y) is used to evaluate f(x, y). Since D is open, there
exists a disk contained in D with center (x, v). Choose any point (xy, y) in the disk with
x, < x and let C consist of any path C; from {a. b) to (x;, y) followed by the horizontal
line segment C from (x5, ¥) 0 (x, v). (See Figure%{lr.“):i‘heé]

FIGURE 4 Fx v = L;F vt [CF dr m:v((a,b:

Notice that the first of these integrals does not depend on x, s¢

ke, o 2o =0+-=[ Fea
e, - Lo 378% Poy g ax’ I ax J‘Cz r

p——

G TV & If we write ¥ = Pi+ Q] then

LF cdr = Lpdx + Qdy
,."ﬁ:gﬁ |

On C,, y is constant, so dy = 0. Using ¢ as the parameter, where x, < ¢ =< x, we have

9 9 ¢ LR
—— flx, ) == | Pdx+ Qdy=— = P(;
) = | Pdx+ Qdy == [ "Pl.y) di = Plx.y)

by Part 1 of the Fundamental Theorem of Calcuius (see Section 5.3). A similar argu-
ment, using a vertical line segment {see Figure 5}, shows that

8 . a 6 'y
Ty fE = | Pdrt 0dy =5 | 000 dr = O ))

Thus FmPi+Qjmm%i+ﬁ£j:ﬁVf
ax gy

which says that F is conservative. ' 0
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