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On the Solutions of Linear Systems; Matrix Algebra

In this final section of Chapter 1, we will discuss two rather unrelated topics:

e First, we will examine how many solutions a system of linear equations can
possibly have.

e Then, we will present some definitions and rules of matrix algebra.

The Number of Solutions of a Linear System

EXAMPLE |  The reduced row-echelon forms of the augmented matrices of three systems are
given. How many solutions are there in each case?

(1,5(1’58 1 2 041 10 01
a0 0 ol1 b. [0 0 1i2 c. (01 02

0 0 0lo 0 0 0/0 0 0 13
Solution

a. The third row represents the equation 0 = 1, so that there are no solutions.
‘We say that this system is inconsistent.

b. The given anugmented matrix represents the system

x1 + 2xp =1
x3=2

x1=1-—2x
X3 =2

I

‘We can assign an arbitrary value, ¢, to the free variable x5, so that the system
has infinitely many solutions,

X1 1-—-2¢
x| = t , where ¢ is an arbitrary constant.
X3 2

¢. Here there are no free variables, so that we have only one solution, x; = 1,
Xy =2,x3=73. E

We can generalize our findings:!®

Theorem 1.3.1 Number of solutions of a linear system

A system of equations is said to be consistent if there is at least one solution; it
is inconsistent if there are no solutions.

A linear system is inconsistent if (and only if) the reduced row-echelon form
of its augmented matrix contains the row [O 0 --- 0 1] , representing the
equation 0 = 1.

If a linear system is consistent, then it has either

e infinitely many solutions (if there is at least one free variable), or
“e exactly one solution (if all the variables are leading).

1681arting in this section, we will number the definitions we give and the theorems we derive. The nth
theorem stated in Section p.q is labeled as Theorem p.gq.n.
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Example 1 illustrates what the number of leading 1’s in the echelon fo
us about the number of solutions of a linear system. This observation motiv
following definition:

Definition .32  The rank of a matrix'’
The rank of a matrix A is the number of leading 1’s in rref(A), denoted ra

1 2 3 1 23 @ o -1
EXAMPLE2 rank |4 5 6| =2,sinceref (4 5 6| =|0 O 2
7 8 9 7 8 9 00 O

Note that we have defined the rank of a matrix rather than the rank of
system. When relating the concept of rank to a linear system, we must be
to specify whether we consider the coefficient matrix or the augmented n

the system.

EXAMPLE 3 Consider a system of n linear equations with m variables, which has a co
matrix A of size n x m. Show that )
a. The inequalities rank(A) < n and rank(A) < m hold.
b. If the system is inconsistent, then rank(A) < n.
c. If the system has exactly one solution, then rank(A) = m.
d. If the system has infinitely many solutions, then rank(A) < m.

Solution
a. By definition of the reduced row-echelon form, there is at most onc
1 in each of the n rows and in each of the m columns of rref(A).

b. If the system is inconsistent, then the rref of the augmented matrix *
tain a row of the form [0 0... 0 1], so that rref(A) will contain .
zeros. Since there is no leading 1 in that row, we find that rank(A)
claimed.

c. For parts ¢ and d, it is worth noting that
number of \  [total number) number of —
free variables / =\ of variables leading variables /
If the system has exactly one solution, then there are no free varia

Theorem 1.3.1), so that m — rank(A) = 0 and rank(A) = m as clai

d. If the system has infinitely many solutions, then there is at least
variable, so that m — rank(A) > 0 and rank(A) < m, as claimed.

EXAMPLE 4 1t is useful to think about the contrapositives of the statements in parts b t
of Example 3.!8

17This is a preliminary, rather technical definition. In Chapter 3, we will gain a better conce

3
i
s E understanding of the rank.
i 18The contrapositive of the statement “if p then ¢” is “if not-g then not-p.” A statement an
: 2 contrapositive are logically equivalent. For example, the contrapositive of “If you live in Ne
! City, then you live in the Unites States” is “If you don’t live in the United States, then you ¢
! d New York City.” Here is a more convoluted example: On the service truck of a plumbing cc
“’i read, “If we can’t fix it, then it ain’t broken.” The contrapositive of this claim is, “If it is brc
i
]
1

we can fix it” (not quite as catchy!).
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Theorem 1.3.3

EXAMPLE 5
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b. If rank(A) = n, then the system is consistent.
¢. Ifrank(A) < m, then the system has no solution or infinitely many solutions.
d. If rank(A) = m, then the system has no solution or exactly one solution. &

In Theorems 1.3.3 and 1.3.4, we will discuss two important special cases of
Example 3.

Number of equations vs. number of unknowns

a. If a linear system has exactly one solution, then there must be at least
as many equations as there are variables (m < n with the notation from
Example 3).

Equivalently, we can formulate the contrapositive:

b. A linear system with fewer equations than unknowns (» < m) has either
no solutions or infinitely many solutions.

The proof of part (a) is based on parts (a) and (c) of Example 3: m = rank(A) <
n, so that m < n as claimed.

To illustrate part b of Theorem 1.3.3, consider two linear equations in three
variables, with each equation defining a plane. Two different planes in space either
intersect in a line or are parallel (see Figure 1), but they will never intersect at a
point! This means that a system of two linear equations with three unknowns cannot
have a unique solution.

i

(a) (b

Figure | (a) Two planes intersect in a line. (b) Two parallel planes.

Consider a linear system of n equations with n variables. When does this system
have exactly one solution? Give your answer in terms of the rank of the coefficient
matrix A.

Solution

If the system has exactly one solution, then rank(A) = m = n by Example 3c.
Conversely, if rank(A) = n, then there will be a leading 1 in each row and in
each column, and these leading 1’s will be lined up along the diagonal:

10 ... 0
e 01 ... 0
mref(A) =
0 0 ... 1
This system will have exactly one solution. B
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Theorem 1.3.4

Definition 1.3.5

EXAMPLE 6

EXAMPLE 7

Linear Equations

Systems of r equations in n variables

A linear system of 7 equations in # variables has a unique solution if (anc
if) the rank of its coefficient matrix A is . In this case,

100 -0
010 -0
ef(A) = |0 0 1 - O
000 --- 1

the n x n matrix with 1’s along the diagonal and 0’s everywhere else.

Matrix Algebra

We will now introduce some basic definitions and rules of matrix algebra. ¢
sentation will be somewhat lacking in motivation at first, but it will be gooc
these tools available when we need them in Chapter 2.

Sums and scalar multiples of matrices are defined entry by entry, as for
See Definition A.1 in the Appendix.

Sums of matrices

The sum of two matrices of the same size is defined entry by entry:
b bim

+ | - =
bnl bnm

an

Am ain + bn Am + b

anl Qnm Gn1 + b1 Anm + b,

Scalar multiples of matrices
The product of a scalar with a matrix is defined entry by entry:

aii Q1im kay kam

anl Anm kanl ka,,m

1 23] 73 1]_[85 4
45 6/7|53 1] 9 8 5

o[-

The definition of the product of matrices is less straightforward; we
the general definition later in Section 2.3.

Because vectors are special matrices (with only one row or only one
it makes sense to start with a discussion of products of vectors. The reads
familiar with the dot product of vectors.




ive

n),
be

Definition 1.3.6

EXAMPLE 8

Definition 1.3.7

EXAMPLE 9

EXAMPLE 10

EXAMPLE 11
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Dot product of vectors

Consider two vectors ¥ and @ with components vy, . .., v, and wy, ..., Wy, re-
spectively. Here ¢ and i may be column or row vectors, and the two vectors
need not be of the same type. The dot product of ¥ and i is defined to be the
scalar

17-1'1)=v1w1+---+v,,w,,.

Note that our definition of the dot product isn’t row-column-sensitive. The dot
product does not distinguish between row and column vectors.

(1 2 3] =1:34+42-1+3-2=11

N =W

Now we are ready to define the product AX, where A is a matrix and ¥ is a
vector, in terms of the dot product.

The product AX
If A is an n x m matrix with row vectors w1, ..., W,, and X is a vector in R™,
then
3 — =
- w - w; X
AX = =
- - -
— Wy — Wy - X

In words, the ith component of AX is the dot product of the ith row of A with X.
Note that A% is a column vector with n components, that is, a vector in R”.

(1 2 3 i’ [ 1-342-143-2 ] J11]
1 0 -1 5 T 134014 (=D)-2] " |1
_1 00 xl_ -xl Fxl_
0 1 0] |x|=x for all vectors x| in R3
_0 0 1 x3J _JC3 _)C3_

Note that the product AX is defined only if the number of columns of matrix A
matches the number of components of vector ¥:
nxm mxl
e Rata
A x .
S’

nxl

1 2 33
1 0 —14|1
of matrix A fails to match the number of components of vector xX.

The product AX = ] is undefined, because the number of columns

In Definition 1.3.7, we express the product AX in terms of the rows of the matrix
A. Alternatively, the product can be expressed in terms of the columns.
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Theorem 1.3.8

Let’s take another look at Example 9:

[1 2 3] 3 _[ 1.3+2.1+3.2}

AX=11 o0 —1 ; 1.340-1+(=1)-2
1-3 2.1 3.2 1 2 3
'[1-3]+[0-1]+[<—1>-2}‘SHH[O]”[—I
. . 1 2 3.
We recognize that the expression 3 1 +1 0 +2 1 involves the vect
1] - 2| o 3
1 02 = () U3 = |y , the columns of A, and the scalars x; = 3.
x3 = 2, the components of x. Thus, we can write
[ X1
AX = 1_51 Ua U3 X2 =X151+X252+X3173.
[ x3

We can generalize:

The product A% in terms of the columns of A

If the column vectors of an # x m matrix A are v, ..., U, and ¥isav
R™ with components xi, ..., Xn, then

| | 1
Ax = |1 ... Ui =X161+---+xm6m.

| ] |

Proof As usual, we denote the rows of A by w1, ..., Wy and the entries by a;;.

EXAMPLE 12

to show that the ith component of AX is equal to the ith component of xq1
X Um, fori = 1,...n. Now

(ith component of AX) Wi - X =aix1+ - AimXm

-
step 1
= x; (ith component of ¥3) + - - -
+x,, (ith component of Ty, )
= ith component of x1%1 + -« * + Xm?,
step 4
In Step 1 we are using Definition 1.3.7, and in step 4 we are using th
vector addition and scalar multiplication are defined component by comg

2 3

1 2 3 1
Ax= 1|4 5 6| |—4| =24+ |5 +2|6
7 8 9 7 8 9

2 8 6 0
8] — 20|+ |12] = |O
14 32 18 0
Note that something remarkable is happening here: Although A isn

matrix and X isn’t the zero vector, the product AX is the zero vector. (B
the product of any two nonzero scalars is nonzero.)
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The formula for the product A¥ in Theorem 1.3.8 involves the expression
X101+« -+ X, Uy, Where ¥, . .., U, are vectors in R”, and xq, . . ., x,, are scalars.
Such expressions come up very frequently in linear algebra; they deserve a name.

Definition 1.3.9 Linear combinations

A vector b in R” is called a linear combination of the vectors ¥y, . .., U, in R”
if there exist scalars xi, . .., X,z such that

-

= b=x1f51+---+xmz7m.

1, 1 1
EXAMPLE |3 Is the vector 5 = | 1| a linear combination of the vectors v = |2 | and
1 3
4
W= |5]|?
6
Solution
According to Definition 1.3.9, we need to see whether we can find scalars x and y
1 1 4 x+4y
n suichthat [1] =x {2 +y|5| = |2x+4+ 5y |. We need to solve the linear
1 3 6 3x 4 6y
x+4y=1 141
system | 2x + 5y = 1|, with augmented matrix M = (2 5 1| and rref(M) =
3x+6y=1 361
10 -1/3
- 01 1/3
ces 00 0
1 It turns out that the system is consistent, with x = —1/3 and y = 1/3. The
vector b is indeed a linear combination of ¥ and @, with b = —%5 + %17), E
Note that the product AX is the linear combination of the columns of A with
the components of X as the coefficients:
| | *1
AX = |01 ... OUnm =x101 4+ XU
| 1] |,
that Take a good look at this equation, because it is the most frequently used for-
" mula in this text. Particularly in theoretical work, it will often be useful to write the
product AX as the linear combination x; Uy + - - - + X, Un,. Conversely, when dealing
with a linear combination x;9; + - - + X Up, it will often be helpful to introduce
the matrix
I | x1
|
i © A= 1V ... Unp and the vector X=
i l | Xm
ZEero } and then write x1171 R o xmﬁm = AX.

rast, Next we present two rules concerning the product AX. In Chapter 2 we will see
i that these rules play a central role in linear algebra.
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Theorem 1.3.10 | Algebraic rules for AX

If A is an n x m matrix, ¥ and y are vectors in R™, and k is a scalar, the:
a. A(X +y) = AX + Ay, and
b. A(kX) = k(AX).

We will prove the first equation, leaving the second as Exercise 45.
Denote the ith row of A by w;. Then

step 2
(ith component of A (¥ +H)) =W G+ =i - X+ W)
= (ith component of A¥) + (ith component of AY)
= (ith component of AX + AY).

In step 2 we are using a rule for dot products stated in Theorem A.5b, i
pendix.

Our new tools of matrix algebra allow us to see linear systems in a 1
as illustrated in the next example. The definition of the product AX and th
of a linear combination will be particularly helpful.

EXAMPLE 14 Consider the linear system

3x1+ xp=7

3 117
x1+2x; =4 :

, with augmented matrix [1 214

We can interpret the solution of this system as the intersection of two li
x1xp-plane, as illustrated in Figure 2.

X 1
3x1 +Xxp= 7
X+ ZXz =4 - (2 1)
A To— ;1
Figure 2

Alternatively, we can write the system in vector form, as
3x1+x2| |7 3x1 x| |7 3 1
Yo [xl +2x2] = [4] o [ xl] + [sz = 4| OF g TR,

: . . . 7
We see that solving this system amounts to writing the vector [ 4] asal

bination of the vectors [ﬂ and B] . See Definition 1.3.9. The vector eq
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o i +=fe] = 1

and its solution can be represented geometrically, as shown in Figure 3. The prob-

lem amounts to resolving the vector [7] into two vectors parallel to [ﬂ and [1] ,

4 2
respectively, by means of a parallelogram.

Figure 3

‘We can go further and write the linear combination
3 1 3 1) ix
afileall = 3]
so that the linear system
3 1y |7 3 1 (x| |7
ol on[]-[] e [ 5] <[}

the matrix form of the linear system.
Note that we started out with the augmented matrix

ai8)=[7 514

and we ended up writing the system as

3 1 X1 _ 7 s __ 7
R A
N — N~

-
X

m<

We can generalize:

Theorem 1.3.11 Matrix form of a linear system

We can write the linear system with augmented matrix [A | b] in matrix form
as

A% = b.

3

Note that the ith component of AX is @;1X1 + - - + + @imXm, by Definition 1.3.7.
Thus, the ith component of the equation AX = b is

. ainXxi + -+ + Gimxm = bi;

this is the ith equation of the system with augmented matrix [A i l;] .
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Solving the linear system A% = b amounts to expressing vector b as
combination of the column vectors of matrix A.

EXAMPLE |5 Write the system
2x; — 3%+ 5x3 =17
_9x1 + 4xy — 6x3 = 8

in matrix form.
Solution
. .. 2 =3 5 > 7 )
The coefficient matrix is A = ,andb = . The matrix fo
9 4 -6 8
X1
- g 2 '_‘3 5 7
Ax=b, or [9 4 —6] x| = [8]

Now that we can write a linear system as a single equation, A% = b, rat
a list of simultaneous equations, we can think about it in new ways.

For example, if we have an equation ax = b of numbers, we can div
sides by a to find the solution x:
b
| a
| It is natural to ask whether we can take an analogous approach in the cas

equation AX = b. Can we “divide by A in some sense, and write

=a b (ifa#0).

X =

s z; g
F=—=A"'p?
A
This issue of the invertibility of a matrix will be one of the main th
Chapter 2.
EXERCISES 1.3
GOAL Use the reduced row-echelon form of the aug- 5. a. Write the system
| mented matrix to find the number of solutions of a linear
| system. Apply the definition of the rank of a matrix. Com- x+2y= 7’
pute the product AX in terms of the rows or the columns 3+ y=11
of A. Represent a linear system in vector or mattix in vector form
orm. )
F b. Use your answer in part () to represent 1
1. The reduced row-echelon forms of the augmented geometrically. Solve the system and ref
matrices of three systems are given here. How many so- solution geometrically. '
lutions does each system have? . o s .o
6. Consider the vectors 91, U3, U3 in R” (sketc
1 0 210 . : 5 5
01 30 b 1 0 | 5 accompanying figure). Vectors v; and v &
a. ! “lo 1!6 How many solutions x, y does the system
0 0 011
. [0 1 0! 2} x171 + y1—52 = 173
c. i
0 0 13 have? Argue geometrically.
Find the rank of the matrices in Exercises 2 through 4. .

0

1
0 0 1 1 1

U3 N
1 2 3 11 1 1 4 7 L'/UZ
2. ol 3|11 1] 4258 -
1 3 6 9
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7. Consider the vectors 71, U2, 93 in R? shown in the ac-
companying sketch. How many solutions x, y does the

system
xU1 + yvz = Us
have? Argue geometrically.
Uy

8. Consider the vectors ¥1, 92, U3, U4 in R? shown in the
accompanying sketch. Arguing geometrically, find two
solutions x, y, z of the linear system

xV1 + yip + zi3 = Us.

How do you know that this system has, in fact, infinitely
many solutions?

9. Write the system

x+2y+3z=1
4x +5y + 6z =4
Tx +8y+9z=9

in matrix form.

Compute the dot products in Exercises 10 through 12
(if the products are defined).

1 1 6
10. |2} -2 1. [1 9 9 7] |6
3 1 6

5

2.1 2 3 4]-3

8

Compute the products A% in Exercises 13 through 15 us-
ing paper and pencil. In each case, compute the product
two ways: in terms of the columns of A (Theorem 1.3.8)
and in terms of the rows of A (Definition 1.3.7).

SN

2 3 4
15. [1 2 3 4

—

o~ N W
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Cofnpute the products AX in Exercises 16 through 19
using paper and pencil (if the products are defined).

RSN

1 2 1 1 1 -1} 41
3 4 [2] 19. |-5 1 1] 12
5 6 1 -5 3 [3
2 3 7 5
20. a. Find |4 5| + |3 1.
6 7 0 -1
) 1 -1 2
b. Find 9 [3 4 5],
21. Use technology to compute the product
1 7 8 9] 1
1 2 9 1|19
1 51 5|5
1 6 4 8] [6

22. Consider a linear system of three equations with three
unknowns. We are told that the system has a unique so-
lution. What does the reduced row-echelon form of the
coefficient matrix of this system look like? Explain your
answer.

23. Consider a linear system of four equations with three
unknowns. We are told that the system has a unique so-
lution. What does the reduced row-echelon form of the
coefficient matrix of this system look like? Explain your
answer.

24. Let A be a 4 x 4 matrix, and let  and & be two vec-
tors in R4, We are told that the system AX = b has a
unique solution. What can you say about the number of
solutions of the system AX = ¢?

25. Let A be a4 x4 matrix, and let band & be two vectors in
R*. We are told that the system AZ = b is inconsistent.
What can you say about the number of solutions of the
system AX = &7

26. Let A be a 4 x 3 matrix, and let b and ¢ be two vec-
tors in R*. We are told that the system A¥ = b has a
unique solution. What can you say about the number of
solutions of the system AX = ¢?

27. If the rank of a 4 x 4 matrix A is 4, what is rref(A)?
28. If the rank of a 5'x 3 matrix A is 3, what is rref(A)?

5] .. 2
In Problems 29 through 32,let¥ = | 3| andy = |0].
-9 1

-

29. Find a diagonal matrix A such that AX = y.

-

30. Find a matrix A of rank 1 such that A¥ = ¥.

31. Find an upper triangular matrix A such that A¥Y = ¥,
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where all the entries of A on and above the diagonal are
nonzero.

32. Find a matrix A with all nonzero entries such that
AX =7.
33. Let A be the n x n matrix with all I’s on the dlagonal

and all 0’s above and below the diagonal. What is AX,
where ¥ is a vector in R"?

(@ We define the vectors
1 0

0
21-— 0 s €2 = 1 ’ -é'_’,= 0
0 0 1
in R3.
a. For
a b ¢
A=|d e f]|,
g h k

compute Aéj, Aé, and Aés.
b. If B is an n X 3 matrix with columns 91, ¥2, and ¥3,
what are Bé1, Bé,, and Bé3?

35. In R™, we define

oo
I—

¢ =
g 1| < ithcomponent.

B

If A is an n x m matrix, whatis A&;?

36. Find a 3 x 3 matrix A such that

1 1 0 4
Aol =[2], Al1|=1[5],
0 3 0 6

0 7
and A 0| = (8
1 9

7. Find all vectors X such'that AX = b, where

1 2 0 2
A=|0 0 1 and b= |1
0 00 0

38. a. Using technology, generate a random 3 X 3 matrix
A. (The entries may be either single-digit integers
or numbers between 0 and 1, depending on the tech-
nology you are using.) Find rref(A). Repeat this ex-
periment a few times.

b. What does the reduced row-echelon form of most
3 x 3 matrices look like? Explain.

39.
40.
41.

42.

43.

44.

Repeat Exercise 38 for 3 x 4 matrices.
Repeat Exercise 38 for 4 x 3 matrices.

How many solutions do most systems of th
equations with three unknowns have? Explail
of your work in Exercise 38.

How many solutions do most systems of th
equations with four unknowns have? Explai1
of your work in Exercise 39.

How many solutions do most systems of f
equations with three unknowns have? Explai
of your work in Exercise 40.

Consider an n x m matrix A with more
columns (n > m). Show that there is a vect:
such that the system AX = b is inconsistent.

@Consider an n X m matrix A, a vector ¥ in

46.

47.

48.

scalar k. Show that

A(kZ) = k(AZ).

Find the rank of the matrix
a b ¢
0 d e},
00 f

where a, d, and f are nonzero, and b, ¢, and
trary numbers.

A linear system of the form
AZ=0

is called homogeneous. Justify the following

a. All homogeneous systems are consistent

b. A homogeneous system with fewer equ
unknowns has infinitely many solutions.

¢. If #; and X, are solutions of the homog
tem A% = 0, then ¥1 + X7 is a solution ¢

d. If ¥ is a solution of the homogene
AZX = 0 and k is an arbitrary consta
is a solution as well.

Consider a solution Xj of the linear syster
Justify the facts stated in parts (a) and (b):
a. If Xj 1s a solution of the system AX
X1 + X¥p is a solution of the system AX
b. If X3 1s another solution of the system A
Xg — %1 is a solution of the system AX :
¢. Now suppose A is a2 x 2 matrix. A sol
#; of the system AX = b is shown'in
panying figure. We are told that the soh
system AX = 0 form the line shown it
Draw the line consisting of all solution
tem AX = b.
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49.

50.

51.

52,

53.

solutions of A% =0

If you are puzzled by the generality of this problem,
think about an example first:

1 2 > 3 - 1
a=ly 5] B=[3] me m=[i]:

Consider the accompanying table. For some linear sys-
tems AX = b, you are given either the rank of the co-
efﬁcieqnt matrix A, or the rank of the augmented matrix
[A i b]. In each case, state whether the system could
have no solution, one solution, or infinitely many solu-
tions. There may be more than one possibility for some
systems. Justify your answers.

Number of Number of Rank Rank
Equations Unknowns ofA  of [A § E]

a 3 4 — 2
b 4 3 3 —
c 4 3 — 4
d 3 4 3 —
Consider a linear system AX = 5, where Aisa4 x 3

matrix. We are told that rank [A | E] = 4, How many
solutions does this system have?

Consider an n X m matrix A, an r X s matrix B, and a
vector X in RP. For which values of n, m, r, 5, and p is
the product

A(BX)
defined?

Consider the matrices

1 0 0 -1
R

Can you find a 2 x 2 matrix C such that
A(BX) = C%,
for all vectors ¥ in R%? :
If A and B are two n x m matrices, is
(A+ B)X = AX + B*

for all ¥ in R™?

-
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54. Consider two vectors 91 and ¥ in R> that are not paral-

5S.

56.

57.

lel. Which vectors in R3 are linear combinations of 7
and ¥27 Describe the set of these vectors geometrically.
Include a sketch in your answer. ‘

7
Is the vector | 8| a linear combination of
9
1 4
2 and 517
3 6
Is the vector
30
-1
38
56
62
a linear combination of
1 5 9 -2
7 6 2 -5
1|, 3, 3], 4(?
9 2 5 7
4 8 2 9

Express the vector as the sum of a vector on thé

i1
line y = 3x and a vector on the line y = x /2.

y=3x

4]

y=x/2

58. For which values of the constants b and c is the vector

3 1 2 -1
b | alinear combinationof }3|, |6|,and | —-3]?
c 2 4 -2
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5
59, For which values of the constants ¢ and d is Z- alin-
d
1 1
. 1 2
ear combination of 1 and 3 ?
1 4
a
60. For which values of the constants a, b, ¢, and d is lc’
d
0 1 (2
0 0 0
. . 9
a linear combination of 3" |4l and 5|
0 0 L6
61. For which values of the constant cis | ¢ | a linear
LCZ
1 1
combination of {2] and {3}?
4 9
1
@ For which values of the constant ¢ is | ¢ | a linear
2
c
1 1
combination of | @ | and | & |, where a and b are
a? b2

arbitrary constants?

In Exercises 63 through 68, consider the vectors b and
in the accompanying figure.

63.

64.

67.

68.

69.

70.

538

A1

Give a geometrical description of the set of a
of the form ¥ -+ cib, where c is an arbitrary rea

Give a geometrical description of the set of &
of the form ¥ + ¢, where 0 < ¢ < 1.

Give a geometrical description of the set of ¢
of the form a¥ + b, where 0 < a2 < 1and0

Give a geometrical description of the set of :
of the form a@ + b, wherea + b = 1.

Give a geometrical description of the set of :
of the form g3+-bib, where 0 < a,0 < b, and

Give a geometrical description of the set of :
7 in R? such thatii - ¥ = it - W.

Solve the linear system
y+z=a
x +z=>5j,
x+y =c

where a, b, and ¢ are arbitrary constants.

Let A be the # x n matrix with 0’s on the ir
nal, and 1’s everywhere else. For an arbitras
in R", solve the linear system AX = b, exp
components X1, .. -, Xn of ¥ in terms of the ¢
of b. See Exercise 69 for the case n = 3.

Chapter One Exercises

TRUE OR FALSE?"’
Determine whether the statements that follow are true or

false, and justify your answer.

1. If Ais an n x n matrix and ¥ is a vector in R”, then the
product A% is a linear combination of the columns of
matrix A.

19 will conclude each chapter (except for Chapter 9) with some
true—false questions, over 400 in all. We will start with a group of
about 10 straightforward statements that refer directly to definitions
and theorems given in the chapter. Then there may be some
computational exercises, and the remaining ones are more
conceptual, calling for independent reasoning. In some chapters, a
few of the problems toward the end can be quite challenging. Don’t
expect a balanced coverage of all the topics; some concepts are
better suited for this kind of questioning than others.

2.

If vector i is a linear combination of vec
i, then we can write ¥ = a¥ + b for sc
a and b.

1 20
Matrix |0 0 1] is in reduced row-echel
0 0 0

A system of four linear equations in three u
always inconsistent.

. There exists a 3 x 4 matrix with rank 4.

If A is a3 x 4 matrix and vector ¥ is in R,
ABis in R3.

. If the 4 x 4 matrix A has rank 4, then any li

with coefficient matrix A will have 2 uniqu




