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CHAPTER 10 REVIEW 708

Concept Check

T

(a) What is a paramefric curve?
{b) How do you sketch a parametric curve?

. {a} How do you find the slope of a tangent to a parametric

curve?
{b) How do yon find the area under a parametric curve?

. Write an expression for each of the following:

{a) The length of a parametric curve
() The area of the surface obtained by rotating a parametric
curve ahout the x-axis

. (a) Use a diagram to explain the meaning of the polar coordi-

nates {r, 6} of a point.

(b} Write equations that express the Cartesian coordinates
{x. y} of a point in terms of the polar coordinates.

(¢} What equations would you use to find the polar coordinates
of a point if you knew the Cartesian coordinates?

. (a) How do you find the slope of a tangent line to a polar

curve?

(b) How do you find the area of a region bounded by a polar
curve?

(cy How do you find the length of a polar curve?

. (a) Give a geometric definition of a parabola.

(b) Write an equation of a parabola with focus {0, p) and dirce-
trix y = —p. What if the focus is (p, 0} and the directrix
isx= —p?

. (a) Give a definition of an ellipse in terms of foci.

(b) Write an equation for the ellipse with foci (e, 0) and
vertices (+a, 0).

. (a) Give a definition of 2 hyperbola in terms of foci.

{b) Write an equation for the hyperbola with foci (*e, 0) and
vertices (=a, ).

(¢} Write equations for the asymptotes of the hyperboia in
part (b).

. (a) What is the eccentricity of 4 conic section?

(b) What can you say about the eccentricity if the conic section
is an ellipse? A hyperbola? A parabola?

(c) Write a polar equation for a conic section with eccentricity
¢ and directrix x = 4. What if the directrix is x = —d?
ye=dly= —d?

True-False Quiz

Determine whether the statement is frue or false. If it is true, sxplain why.
If it is false, exphain why or give an example that disproves the statement.

1.

Z

3.

4.

If the parametric curve x = f(), y = g(r) satisfies g'(1} = 0,

then it has a horizontal tangent when £ = 1.
I x = f{r) and y = g(1) are twice differentiable, then
dy  d’yjdr’

et d%/dr?
The length of the curve x = f{z), y = gle),a = t=bis
VPP + g 0] ar.
It a point is represented by {x, y) in Cartesian coordinates
{where x ¢ 0} and (r, 8) in polar coordinates, then
# = tan '(¥/x).

10.

. The polar curves r = 1 — sin 20 and r = gin 28 — 1 have the

same graph.

. The equations 7 = 2, x> + y*> = 4, and x = 2 sin 3¢,

y =2 cos 3t (0 = ¢ < 27} all have the same graph.

. The paramelric equations x = ¢%, y = 1" have the same graph

as x = %, y = 1%,

. The graph of y* = 2y + 3x is a parabola.

. A tangent line to a parabola intersects the parabola only once.

A hyperbola never intersects its direcirix.
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Exercises

-8 Skeich the parametric curve and eliminate the parameter (o

find the Cartesian equation of the curve.
1ox =1+ 4, y=2-1 —d=ss=]
x=1+e% y=¢

x=cosf, y=sect 0=6<a/2

o

x=2cosf, y=1+sind

5. Write three different sets of parametric equations for the
curve y = /x,

6. Use the graphs of x = f{z} and y = g(r} to sketch the para-

‘mettic curve x = f(i), y = g(¢}. Indicate with arrows the
direction in which the curve is traced as 7 increases.

1

1. (a) Piot the point with polar coordinates (4, 27/3). Then find

its Cartesian coordinates.

{b) The Cartesian coordinates of a point are (=3, 3). Find two

sets of polar coordinates for the point.

8. Sketch the region consisting of points whase polar coor-
dinates satisfy 1 <t r < 2 and 7/6 = 6 < 57/6.

2-16 Sketch the polar curve.

9 r=1-—cosf 10, 7 = sin 48

11 r = cos 38 12, r =3 + cos 36

13 r =1+ cos 28 4. 5 =2 cos(6/2)
3 3

L p e —— 16,y = e

Bor 1+ 286 B Z—2cosf

¥ 27, Use s grapl to estimate the coordinates of the lowest point o

17-18 Find a potar equation for the curve represented by the
given Cartesian equation.

W x+y=2 18 x>+ yi=2

A 19, The curve with polar equation r = (sin #)/6 is called a
cochleoid. Use a graph of r as a function of # in Cartesian
coordinates to sketch the cochleoid by hand, Then graph it
with a machine to check your sketch.

7 28 Graph the ellipse r = 2/{4 ~ 3 cos §) and its directrix,
Also graph the ellipse obtained by rotation about the origin
through an angle 27/3,

% “Graphing-calculator or.computerrequired

21-24 Find the slope of the tangent line to the given curve at the ;
point corresponding to the specified value of the parameter,

. x=Ins, y=1+3% =1
Rox=¢ + 60+ 1, y=2r—1% = —1
Br=¢" =7

24 r== 3+ cos 36, B= m/2

2528 Find dy/dx and dy/dx*.
25 x=1+s&nt y=t-—cost

2. x=1+7, wve=r—1

the curve x = r* — 317,y = ¢* + ¢ + 1. Then use calculus @
find the exact coordinates, :

28. Find the area enclosed by the loop of the curve in Exercise 27,
29. At what points does the curve ‘
x=20qc08t— @cosy = 2as8int — a sin 27

have vertical or horizontal tangents? Use this information to
help sketch the curve,

30. Find the area enclosed by the curve in Exercige 29,
31. Find the area enclosed by the curve r? = 9 cos 56.

32. Find the area enclosed by the inner loop of the curve
r=1—=73sinéf.

33. Find the points of intersection of the curves r = 2 and
r =4 cos 8

34. Find the points of intersection of the curves r = cot @ and
re=3 cos b

35. Find the area of the region that lies inside both of the circles
r== 2 singand r=sin @ 4+ cos g

3. Find the area of the region that Jies inside the curve
v =2 + cos 28 but outside the curve r = 2 + sin 6.

37-48 Find the length of the curve.

I ox=3:% y=28 O=sr=2

B r=2+31 y=cosh3 05¢s]
B r=1/0 w=6=27

4. r

ff

sin*(§/3), O0=<é6=<gqx

@i ‘Computer algebra system required



4142 Find the area of the surface obtained by rotating the given
curve about the x-axis.

I3
B, x = 441, y o=
r=aty 3 2

2. x=2+ 3, y=cosh3r, 0=r=1

[ 43. The curves defined by the parametric equations

- e
P+l

y
241 !

are called strophoids (from a Greek word meaning “to torn
or twist”), Investigate how these curves vary as ¢ varies.

£ 4. A family of curves has polar equations r* = | sin 26 where

« s & positive number. Investigate how the curves change as
a changes.

#4548 Find the foci and vertices and sketch the graph.
86, 4x* — vy =16

47, 6y> + x = 36y + 55 =10
48. 25x + 4y? + 50x — 16y = 59

439, Find an equation of the ellipse with foci {4, 0} and vertices
(x5, 0.

50. Find an equation of the parabola with focus (2, 1) and direc-
rix x = —4,

51, Find an equation of the hyperbola with foci (0, =4} and
asymptotes y == =3k

52. Find an equation of the ellipse with foci (3, *=2) and major
axis with [ength 8.

55,

56,

57.
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. Find an equation for the ellipse that shares a vertex and a

focus with the parsbola x* + y = 100 and that has its other
focus at the origin.

. Show that if m is any real number, then there are exactly

two lines of slope m that are tangent to the ellipse

x¥a® + yz/blf | and their equations are

Vo= omy atm? 4 bt

Find a polar equation for the eflipse with focus at the origin,
eccentricity 5, and direcerix with equation r = 4 sec 6.

Show that the angles between the polar axis and the
asymptotes of the hyperbola r = ed/{] — ¢ cos @), e > [,
are given by cos™ (£ 1/e).

A curve called the folium of Descartes is defined by the
parametric equations
3 e
TAES R )

{ay Show that it (g, b) lies on the curve, then so does (b, a);
that is, the curve is symmetric with respect to the line
y = x. Where does the curve intersect this line?

{b) Find the poinis on the curve where the tangent lines are
horizontal or vertical,

(¢} Show that the line y = —x — 1 i3 a slant asymptote.

(d) Sketch the curve.

(e} Show that a Cartesian equation of this curve is
iyt =3y,

(f) Show that the polar equationt can be written in the form

Jsecftand
i+ tan’s

(g} Find the area enclosed by the loop of this curve.

(h}y Show that the area of the loop is the same as the area that
lies between the asymptote and the infinite branches of
the curve, (Use a compuler algebra system to evaluate
the integral.)




CHAPTER 10 REVIEW = PAGE 703

True-False Quiz

1. False 3. False 5 True
Exercises
Tx=y"— 8+ 12 3.y
06Lr=—4

i (5. 8),

; =1

| |

| e

B x=1y= \/;; =1y =%
e=tan*n, vy =tanr, 0 = 1 << 7/2

7 {(a)

7

7. False 8. True
= 1/x
¥
L1, 8=1
J .

| (b) {342, 3u/4),
(—342, 77/4)

b3
i2, 77]/_\
\_
6.5

13. i 15,

"=
’ cos § -+ sin 6 1

- 075
2t 2 23 —1
25 P+sins 1 +cost+sins P
P+cost™ (1 + coss) 7 {50
29, Vertical tangent at ¥

(fa. ={v3 a), (—3a, 0) =

horizontal tangent at
i 3 iz
(0. 0), (~ia, +i5a) =3, 0) @0
{—3a, A las O
i x

D

N1 32 w3 B oHw— 1
37. 2{5.5 ~ 1)
2T~ A e | (27r + A 1
- -
a4 w4 ]

39.

2ar
4. 471,2957/1024

43, All curves have the vertical asymptote x = 1, For ¢ < 1, the
curve buiges to the right. At ¢ = —1, the curve s the line x = 1.

For —1 < ¢ < 0, it bulges to the feft. At ¢ = O there is a cusp at
(0, 0). For ¢ == 0, there is a loop.

15, (1.0}, (+3,0) . (—%2,30, (-1, 3

"o 1
i 232 ;

e 2\."5 Oi x
x? yl y'Z x2
9 S+ =1 EL -
" 2509 72/5 85
p 2 ay - 309 2 4
S S Rl A S .
25 160,801 34+ cos d

57. (a) AL(0,0)and {2,1)
{i) Horizontal tangents at (0, 0) and (32, 44%
verrical tangents at (0, 0) and (¥4, 32)

{d) .\’T (@ 3




