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Chapter 5, Problem Plus, page 413 

1. If ݔ sin ሺݔߨሻ ൌ ׬  ݂ሺݐሻ ݀ݐ௫మ

଴ , where f is a continuous function, find f(4). 

Solve: 

One approach to solve this problem is to use the Fundamental Theorem of Calculus Part I* 
(FToCp1). Since this is not in the usual form of the integral ׬ ݂ሺݔሻ݀ݔ௫

௔ , we cannot apply the 
theorem. However, what we can do is to transform the integral itself. 

So, letting ݃ሺݔሻ ൌ ׬  ݂ሺݐሻ݀ݐ௫
଴ , by the FToCp1, we have  

݃ᇱሺݔሻ ൌ  ݂ሺݔሻ 

And ݃ሺݔଶሻ ൌ ׬  ݂ሺݐሻ݀ݐ௫మ

଴ . 

Our target is to solve for f(4). In order to do that, we have to know what is f(x), or ݃ᇱሺݔሻ. 

Let’s make an investigation. 

Our only clue is ݃ᇱሺݔሻ ൌ  ݂ሺݔሻ. So, how do we find the derivative of g(x)? The only “relative” of 
g(x) here is ݃ሺݔଶሻ, so let’s see what is the derivative of ݃ሺݔଶሻ, since we are looking for the 
derivative of g(x). 

By the chain rule, 

݀
ݔ݀

݃ሺݔଶሻ ൌ  ଶሻሻݔሺ݃ᇱሺ ݔ2 

Amazing, Amazing, Amazing! 

Did you see the connection? Here we have f(x) in the disguise of ݃ᇱሺݔሻ. The derivative of ݃ሺݔଶሻ 
is 2ݔ ሺ݃ᇱሺݔଶሻሻ. SO,  

If  
݃ᇱሺݔሻ ൌ  ݂ሺݔሻ 

Then 

݃ᇱሺݔଶሻ ൌ  ݂ሺݔଶሻ 



And do you know what else? The derivative of ݃ሺݔଶሻ is the derivative of ݊݅ݏݔሺݔߨሻ. (Re-look at 
the original question.) In another words, if you differentiate both sides of the expression, you will 
come up to the same result. Check for yourself. 

Anyway, if we can find the derivative of ݊݅ݏݔሺݔߨሻ, then we will be done. How? Am I too fast? Let 
us gather all the clues one more time.  We know that  

݃ᇱሺݔሻ ൌ  ݂ሺݔሻ, so ݃ᇱሺݔଶሻ ൌ  ݂ሺݔଶሻ 

And  

݀
ݔ݀

݃ሺݔଶሻ ൌ  ଶሻሻݔሺ݃ᇱሺ ݔ2 

Also, 

݀
ݔ݀

ሻݔߨሺ݊݅ݏݔ ൌ  
݀

ݔ݀
 න ݂ሺݐሻ݀ݐ

௫మ

଴
ൌ  

݀
ݔ݀

 ݃ሺݔଶሻ 

What else? By the chain rule, 

݀
ݔ݀

ሻݔߨሺ݊݅ݏݔ ൌ sinሺݔߨሻ ൅  ሻݔߨcos ሺ ߨݔ 

Thus,  

ଶሻݔሺ݂ ݔ2 ൌ sinሺݔߨሻ ൅  ሻݔߨcos ሺ ߨݔ 

Or,  

݂ሺݔଶሻ ൌ
sinሺݔߨሻ ൅ ሻݔߨcos ሺ ߨݔ 

ݔ2
 

This is not f(x); nevertheless, it works. 

Remember that our target is f(4). So, if ݔଶ = 4, then ݔ must be 2**. Therefore, our last technique 
to use in this problem is substitution. 

Substitute x = 2 into ݂ሺݔଶሻ, we get  

݂ሺ4ሻ ൌ
sinሺ2ߨሻ ൅ ሻߨcos ሺ2 ߨ2 

2ሺ2ሻ
ൌ  

ߨ2
4

ൌ  
ߨ
2

 

Hence, I conclude that our target, namely f(4), is 
గ
ଶ
. My work here is done. 

** Actually ݔ can be negative 2 also. But it wouldn’t change the result. Check for yourself. 

* Check Glossary in the end for the Fundamental Theorem of Calculus, Part I.  



 

Ready for some more? Here is another case, only more challenging, nevertheless, more 
interesting. 

5. If ݂ሺݔሻ ൌ ׬  ଵ
ඥଵା௧య

௚ሺ௫ሻݐ݀
଴ , where ݃ሺݔሻ ൌ ׬  ሾ1 ൅ sinሺݐଶሻሿ݀ݐ,ୡ୭ୱ ሺ௫ሻ

଴  find ݂ᇱሺగ
ଶ

ሻ. 

We will use the same approach: the Fundamental Theorem of Calculus, Part 1. 

By the look of this scenario, I say we should divide the task into two small sections. 

Section 1: Find the derivative of ݂ሺݔሻ ൌ ׬  ଵ
ඥଵା௧య

௚ሺ௫ሻݐ݀
଴  

Let ݉ሺݔሻ ൌ ׬ ଵ
√ଵା௧య ௫ݐ݀

଴  , thus ݉ᇱሺݔሻ ൌ  ଵ
√ଵା௫య 

So,  

݉൫݃ሺݔሻ൯ ൌ  න
1

√1 ൅ ଷݐ
ݐ݀

௚ሺ௫ሻ

଴
ൌ ݂ሺݔሻ  

Our target is ݂ᇱሺగ
ଶ

ሻ. So we should look for something ݂ᇱሺݔሻ-like. 

This should be obvious, 

݂ᇱሺݔሻ ൌ  
݀

ݔ݀  ݉൫݃ሺݔሻ൯ ൌ  ݃ᇱሺݔሻሺ݉ᇱሾ݃ሺݔሻሿሻ 

And since ݉ᇱሺݔሻ ൌ  ଵ
√ଵା௫య, ሺ݉ᇱሾ݃ሺݔሻሿሻ ൌ  ଵ

ඥଵାሾ௚ሺ௫ሻሿయ, we have 

݂ᇱሺݔሻ ൌ  ݃ᇱሺݔሻሺ݉ᇱሾ݃ሺݔሻሿሻ ൌ ݃ᇱሺݔሻ
1

ඥ1 ൅ ሾ݃ሺݔሻሿଷ
   ሺ1ሻ 

Now, here is the problem. What is the derivative of g(x)? 

Don’t panic! We still have another section to investigate. 

Section 2: ݃ሺݔሻ ൌ ׬  ሾ1 ൅ sinሺݐଶሻሿ݀ݐୡ୭ୱ ሺ௫ሻ
଴  

Let ݄ሺݔሻ ൌ ׬  ሾ1 ൅ sinሺݐଶሻሿ݀ݐ,௫
଴  thus ݄ᇱሺݔሻ ൌ  1 ൅ sin ሺݔଶሻ. 

So, 



݄ሺܿݔݏ݋ሻ ൌ  න ሾ1 ൅ sinሺݐଶሻሿ݀ݐ ൌ ݃ሺݔሻ
௖௢௦௫

଴
 

Now, what we want is g’(x), thus, 

݃ᇱሺݔሻ ൌ ݄ᇱሺcosሺݔሻሻ ൌ  െሺsinሺݔሻሻሺ݄ᇱሾcosሺݔሻሿሻ 

Since ݄ᇱሺݔሻ ൌ  1 ൅ sin ሺݔଶሻ, ݄ᇱሺܿݔݏ݋ሻ ൌ  1 ൅ sin ሺሾcosሺݔሻሿଶሻ. 

So,  

݃ᇱሺݔሻ ൌ  െሺsinሺݔሻሻሺ1 ൅ sin ሺሾcos ሺxሻሿଶሻሻ 

That is a relief. Now that we have g’(x), we can substitute it back into @, and find f’(x). 

From (1), 

݂ᇱሺݔሻ ൌ ݃Ԣሺݔሻ
1

ඥ1 ൅ ሾ݃ሺݔሻሿଷ
 

Now, let me remind you that the problem asks us to find ݂ᇱ ቀగ
ଶ

ቁ. 

So, with  

݃ᇱ ቀ
ߨ
2

ቁ ൌ  െ ቀsin ቀ
ߨ
2

ቁቁ ሺ1 ൅ sin ቆቂܿݏ݋ ሺ
ߨ
2

ሻሿଶቁቇ ൌ  െ1  

And, 

݃ ቀ
ߨ
2

ቁ ൌ  න ሾ1 ൅ sinሺݐଶሻሿ݀ݐ ൌ  න ሾ1 ൅ sinሺݐଶሻሿ݀ݐ ൌ 0 
଴

଴

ୡ୭ୱ ሺగ
ଶሻ

଴
 

We have, 

݂ᇱ ቀ
ߨ
2

ቁ ൌ
݃Ԣ ቀߨ

2ቁ

ට1 ൅ ቂ݃ ቀߨ
2ቁቃ

ଷ
 ൌ

ሺെ1ሻ
1

ൌ െ1 

So, once again, by using the FToCp1, I just solved the case.  

݂ᇱ ቀ
ߨ
2

ቁ ൌ  െ1 

 



7. Evaluate L ൌ lim௫՜଴
ଵ
௫ ׬ ሺ1 െ tanሺ2ݐሻሻ

1
ݐ ݔݐ݀

0   

We have, 

ܮ ൌ lim
௫՜଴

1
ݔ

න ሺ1 െ tanሺ2ݐሻ
1
ݐ ሻ݀ݐ

ݔ

0
ൌ  lim

௫՜଴

׬ ሺ1 െ tanሺ2xሻሻ
1
ݐ ݔݐ݀

0
ݔ

ሺൌሻlim
௫՜଴

0
0

 

This limit is an indeterminant form. So, in order to solve for this limit, we have to use L’Hospital’s 
Rule. 

ܮ ൌ lim
௫՜଴

 
׬ ሺ1 െ tanሺ2ݐሻሻ

ଵ
௧ ௫ݐ݀

଴
ݔ ൌ lim

௫՜଴

݀
ݔ݀ ׬ ሺ1 െ tanሺ2ݐሻሻ

ଵ
௧ ௫ݐ݀

଴

1 ൌ lim
௫՜଴

݀
ݔ݀ න ሺ1 െ tanሺ2ݐሻሻ

ଵ
௧ ݐ݀

௫

଴
 

Let find the derivative of the integral first. By the FToCp1, 

݀
ݔ݀

න ሺݐ െ tanሺ2ݐሻሻଵ/௧݀ݐ ൌ 1 െ tan ሺ2ݔሻଵ/௫
௫

଴
 

Therefore,  

ܮ ൌ  lim
௫՜଴

݀
ݔ݀

න ሺ1 െ tanሺ2ݐሻሻ
ଵ
௧ ݐ݀

௫

଴
ൌ lim

௫՜଴
ሺ1 െ tanሺ2xሻሻ

ଵ
୶ ሺൌሻ1ஶ 

This limit is also in-determinant. But there is a way to do it. 

ܮ ൌ lim
௫՜଴

ሺ1 െ tanሺ2xሻሻ
భ
౮ ൌ ݁୪୧୫ೣ՜బቀభ

ೣቁሺ௟௡ሺଵି୲ୟ୬ሺଶ୶ሻሻሺൌሻ݁଴.ஶ 

You gave it up already, didn’t you? Well, you shouldn’t have because there really is a way to do 
it: use L’Hosp1tal’s Rule again. 

ܮ ൌ ݁ ୪୧୫
ೣ՜బ

ቀଵ
௫ቁሺ௟௡ሺଵି୲ୟ୬ሺଶ୶ሻሻ ൌ ݁ ୪୧୫

ೣ՜బ
ሺ௟௡ሺଵି୲ୟ୬ሺଶ୶ሻሻ

௫ ൌ ݁ ୪୧୫
ೣ՜బ

ௗ
ௗ௫ሺ୪୬ሺଵି୲ୟ୬ሺଶ௫ሻሻሻ 

And, 
ௗ

ௗ௫
ሺlnሺ1 െ tanሺ2ݔሻሻ ൌ ିଶሺୱୣୡ ሺଶ୶ሻሻమ

ଵି୲ୟ୬ ሺଶ௫ሻ
 

Thus,  

ܮ ൌ ݁୪୧୫
ೣ՜బ

ௗ
ௗ௫ሺ୪୬ሺଵି୲ୟ୬ሺଶ௫ሻሻሻ ൌ  ݁୪୧୫

ೣ՜బ
ିଶሺୱୣୡ ሺଶ୶ሻሻమ

ଵି୲ୟ୬ ሺଶ௫ሻ ൌ ݁ିଶ ൌ ሺ1/݁ሻଶ 



Chapter 7, Problem Plus, page 522 

7. A function f is defined by 

݂ሺݔሻ ൌ  න cosሺݐሻ cosሺݔ െ ሻݐ 0               ݐ݀ ൑ ݔ ൑ ߨ2
గ

଴
 

Find the minimum value of ݂. 

Solve: 

Using the Trigonometry Identity for the Product of Cosines:  

2 cos(A) cos(B) = cos(A+B) + cos(A-B) 

We have, 

݂ሺݔሻ ൌ න cosሺݐሻ cosሺݔ െ ሻݐ  ݐ݀
గ

଴
ൌ

1
2

න ሺcosሺݔሻ ൅
గ

଴
cos ሺ2ݐ െ   ݐሻሻ݀ݔ

ൌ
1
2

න cosሺݔሻ ݐ݀ ൅
గ

଴

1
2

න cos ሺ2ݐ െ ݐሻ݀ݔ
గ

଴
 

Now, be careful here, you are integrating the two integral with respect to t, not x. So, for the first 
integral, we have 

1
2

න cosሺݔሻ ݐ݀
గ

଴
ൌ

1
2

cosሺݔሻ ሺߨ െ 0ሻ ൌ
ߨ
2

cos ሺݔሻ 

And for the second integral, we use substitution. 

With ݑ ൌ ݐ2 െ ,ݔ ݑ݀ ൌ  ݐ2݀

1
2

න cos ሺ2ݐ െ ݐሻ݀ݔ
గ

଴
ൌ

1
4

න cos ሺݑሻ݀ݑ
గ

଴
ൌ

1
4

ሺsinሺ2ߨ െ xሻ െ sin ሺെxሻሻ

ൌ
1
4

ሺsinሺxሻ െ sinሺxሻሻ ൌ 0 

So,  

݂ሺݔሻ ൌ න cosሺݐሻ cosሺݔ െ ሻݐ  ݐ݀
గ

଴
ൌ  

ߨ
2

cosሺݔሻ ൅ 0 ൌ
ߨ
2

cosሺݔሻ 

 



Thus, 

݂ᇱሺݔሻ ൌ െ
ߨ
2

sinሺݔሻ 

In order to find the minimum of f(x), we have to find where f’(x) is equal to 0. (f’(x) is always 
defined in the interval  0 ൑ ݔ ൑  (ߨ2

݂ᇱሺݔሻ ൌ 0
଴ஸ௫ஸଶగ
ሯልልልሰ െ

ߨ
2

sinሺݔሻ ൌ 0
଴ஸ௫ஸଶగ
ሯልልልሰ ݔ ൌ 0, ,ߨ  ߨ2 ݎ݋

               
            
     

 and ,[ߨ ,0] is decreasing on ݔ We see that  ߨ 2  ߨ  0

      increasing on [ߨ 2 ,ߨ]. Thus, f(x) will have a min 

      value at ݔ ൌ  .ߨ 

Hence, the minimum value of f(x) is 

݂ሺߨሻ ൌ  
ߨ
2

cosሺߨሻ ൌ െ
ߨ
2

 

 

 

 

*Glossary 

 

*Here is The Fundamental Theorem of Calculus, Part 1for those who don’t know 
what it is. 

If f is continuous on [a, b], then the function g defined by 

݃ሺݔሻ ൌ න ݂ሺݐሻ݀ݐ             ܽ ൑ ݔ ൑ ܾ
௫

௔
 

is continuous on [a, b] and differentiable on (a, b), and g’(x) = f(x). 


