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A THE LANGUAGE
OF MATHEMATICS

One of the challenges in learning calculus is growing accustomed 1o its precise language
and terminology, especially in the statements of theorems. In this section, we analyze a
few details of logic that are helpful, and indeed essential, in understanding and applying
theorems propexly. .

Many theorems in mathematics involve an implication. If A and B are statements,
then the implication A == B is the assertion that A implies B:

A== B: If A is true, then B is true.

Statement A is called the hypothesis (or premise) and statement B the conciusion of the
implication. Here is an example: If m and n are even integers, then m 4+ n is an even
integer. This statement may be divided into a hypothesis and conciusion:

m and 1 are even integers == m +nisaneven integer

A B

In everyday speech, implications are often used in a less precise way. An example is: If
vou work hard, then you will succeed. Furthermore, some statemnents that do not initially
have the form A = B may be restated as implications. For example, the statement “Cats
are mammals” can be rephrased as follows:

Let X be an animal, Xisacat == X is a mammal
v e [
A B
When we say that an implication A = B is true, we do not claim that A or B is
necessarily true. Rather, we are making the conditional statement that if A happens to be
true, ther B is also true. In the above, if X does not happen o be a cat, the implication
teils us nothing.
The negation of a statement A is the assertion that A is false and is denoted —A.

'

Statement A Negation —A

‘X lives in California. "X does not live in California.
AABC is a right triangle. AABCisnota right triangle.

The negation of the negation is the original statement: —(—A) = A. To say that X does

- not not live in California is the same as saying that X lives in California.

# EXAMPLE 1 State the negation of each statement.

{a) The door is open and the dog is barking,
{(b) The door is open of the dog is barking (or both).

Solution

(a) The first statement is true if two conditions are satisfied (door open and dog barking),
and it is false if at least one of these conditions is not satisfied. So the negation is

Either the door is not open OR the dog is not barking (or both).

M
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! Keep in mind that when we form the

| contrapositive, we reverse the order of A
and B. The contrapositive of A == B Is
NOT —A = —B.

The fact that A == B is equivalent lo ifs
contrapositive ~B = —A is a general
rule of logic that does not depend on what
A and B happen to mean. This rule
belongs to the subject of “formal fogic,”
which deals with logical refations betweern
statements without concern for the actual
content of these statements.

(b) The second statementis true if at leastone of the conditions (door open or dog b‘drkz'ng)

is satisfied, and it is false if neither condition is satisfied. So the negation is

The door is not open AND the dog is not barking. . . A C";’;
| satistl
Srponch

1 oE

Gantrapnsitive and Donverse

‘Two important operations are the formation of the contrapositive and the formation of (e israten
converse of a statement. The contrapositive of A ==> B is the staternent “If B s fulge Hexami
then A is false™ : .

The contrapositive of A == B is =B ==> 24

Here are some examples:

Statement Contraposiiive 7 fRURE
if X isacat, If X is not a marnmal,

then X is a mammal. then X 1s not a cat.

H you work hard, If you did not succeed,

then you will succeed. then you did not work hard.

If m and n are both even, If m —+ » is not even, then
thenm + n is even. m and r are not both even.

A key ohservation i this:
The contrapositive and the original implication are equivaleni.

In other words, if an impiication is true, then its contrapositive is automatically trae, and
vice versa, In essence, an implication and its contrapositive are two ways of saying the
same thing. For example, the contrapositive “I X is not a mammal, then X is nota cat”
is a roundabout way of saying that cats are mammals.

The converse of A ==> B is the reverse implication B ==> A:

Implication: A == B | Converse B == A

IfA is true, then B is true. | If B is wue, then A is true.

The converse plays a very different role than the conirapositive because the converse s
NOT equivalent to the original implication. The converse may be true or false, even ifthe
original implication is true. Here are some examples:

True Statement Converse Converse True or Faisg?
If X is a cat, If X is a mammal, False ‘

then X is a mammal. then X is a cat.

If m is even, 1f m? is even, Tree

ther m? is even, then m is even.
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& EXAMPLE 2 Ay Examgle Whers the Converse iz False Show that the converse of “If
m and » are even, then m + 1 is even” is false,

Selution The converse is “If m + p ig evern, then m and n are even.” To show that the
converse is false, we display a counterexample. Take m = 1 and 5 — 3 (or any other pair
of odd numbers). The sum is even (since ! + 3 — 4) but neither 1 nor 3 is even. Therefore,
the converse is false, I

® EXAMPLE 3 An Example Where the Converse s True State the confrapositive and
converse of the Pythagorean Theorem. Are either or both of these truc?

Solution Consider triangle with sides 4, b, and ¢, and let 8 be the angle opposite the
side of length ¢ as in Figure 1. The Pythagorean Theorem states that if @ = 90°, thep
a2 +b? = o2, Here are the contrapositive and converse:

. e

Contrapositive @t b? £ 2 ey #90°  Automaticaily
trire
Converse a4 p? =2 ==b O = G(}° True (but not

automatic

nonright triangle that satisfies a2 + p? = 2. However, the converse of the Pythagorean
Theorem is, in fact, true, This follows from the Law of Cosines (see Exercise 38). 2

When both a statement A == B and it converse B === A are frue, we write A <=
B.In this case, 4 and B are equivalent. We often express this with the phrase

Ae= B A ls troe if angd only if B is true.

For example,

4= ifand onlyif g =ogge

It is morning if' and only if the sun is rising.

COMEe across:

Staternent Is Another Way of Saying

Als true if B is e,

A is true only if B is trye. A ==> B (A cannot be true

uniess B is also true, )

For A to be true, it is necessary that £ be trye, A == B (A cannot be true
L Teesaly

unless B is also troe.)
For A to be true, it is sufficient that B be true, B 4

For A to be true, it is necessary and sufficient B = 4
— 0 2T stlhcent

that B be true,
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Maximum value

a

b

FIGURE 2 A continnous function on a closed
interval [ = [a, b} has & maximum value.

Analyzing a Thecrem

To see how these rules of logic arise in calculus, consider the following resyy fm
Section 4.2

THEQREM 1 Existence of a Maximum on a Closed interval If f(x) is 4 continygy
function on a closed (bounded) interval { = [q, b}, then F(x) takes on a maleum-
value on [ (Figure 2). '

To analyze this theorem, let’s write out the hypotheses and conclusion separately:

Hypotheses A: f{x) is continuous and I is closed.

Conclusion 8: [ (x) takes on a maximum value on /.

A first question to ask is: “Are the hypotheses necessary?” Is the conclusion still trye i e
drop one or both assumptions? To show that both hypotheses are necessary, we prov;de
counterexamples:

» The continuity of f(x) isa necessary hypothesis. Figure 3(A) shows the graph :
of a function on a closed interval [a, b} that is not continuous. This function hag o
maximum vahue on [a, b], which shows that the conclusion may fail if the contlnmty '
hypothesis is not satisfied. ;

* The hypethesis that I is closed is necessary. Figure 3(B) shows the graph of"'a )
continuous function on an open interval (a, b}, This function has no maximum
value, which shows that the conclusion may fail if the interval is not closed. . °

We see that both hypotheses in Theorem 1 are necessary. In stating this, we do not ci;iii;n
that the conclusion always fails when one or both of the hypotheses are not satisfied. We
claim only that the conclusion may fail when the hypotheses are not satisfied. Next, iets
analyze the contrapositive and converse;

* Contrapositive =B ==+ — A4 (automatically true): If f(x) does not have a max
imum value on /, then either f(x) is not continuous or I is not closed (or both).
» Converse B == A (in this case, false): If f(x) has a maximum value on ],
then f(x) is continutous and [ is closed. We prove this statement false with. 4
counterexample [Figure 3(C)].
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(B} The function is continuous
but the interval is open. The
function has no maximum value.

{A) The interval is closed
but the function is not
continaous, The function
has ro maximum value.

FIGURE 3

(C) This function is not continues
and the interval is not closed,
but the function does have &
maximum value,




e technique of proof by contradiction /s
. known by jts Latin name reductio ad
urdum or “reduction to the absurd.”
e.ancient Greek mathematicians used

of by contradiction as early as the fifth
tury B¢, and Euclid (325-265 Bc)
iployed it in his classic treatise on

metry entitled The Elements. A famous
mple is the proof that 2 is irrational in
mple 4. The philosopher Plalo

7-347 Bc) wrote: “He is unworthy of
 name of marn who is ignorant of the fact
t-the diagonal of a square is
ommensurable with its side,”

RE 4 The diagonal of the unit square
length /2.

e of the most famous problems in
thematics is known as “Fermat’s Last
eorem. ” It states that the equation

%" +yn =Z,”

j_m solutions in posftive integers if
3. In a marginal note written around
30, Fermat claimed to have a proof, and
r the centuries, that assertion was
ified for marty values of the exponent n,
ever, only in 1994 did the British-
erican mathematician Andrew Wiles,
king at Princeton University, find a
plete proof.

AFPENDIX A i THE LANGUAGE OF MATHEMATICS 45

As we know, the contrapositive is merely a way of restating the theorem, so it is automat-
ically true, The converse is not automatically true, and in fact, in this case it is false. The
function in Figure 3(C) provides a counterexample to the converse: f{x) has a maximum
value on I = (a, b}, but f{x) is not continuous and [ is not closed.

Mathematicians have devised various general strategies and methods for proving
theorems. The method of proof by induction is discussed in Appendix C. Apother important
method is proof by contradiction, also called indirect proof. Suppose our goal is to prove
staternent A. In a proof by contradiction, we start by assuming that A is false, and then show
that this leads to a contradiction. Therefore, A must be true (ko avoid the contradiction).

W EXAMPLE 4 Proof by Contradiction The number +/2 is irrational {Figure 4).

Selutien Assume that the theorem is false, namely that /2 = p/g, where p and g are
whole numbers. We may assume that p/qg is in lowest terms, and therefore, at most one
of p and g is even. Note that if the square m? of a whole number is even, then m itself
must be even.
The relation +/2 = p/g implies that 2 = p?/g” or p* = 2¢*. This shows that p must
be even. Butif p is even, then p = 2m for some whole number m, and p> = 4m?. Because
% == 2¢?, we obtain 4m? = 242, or g% = 2m?. This shows that g is also even. But we
chose p and g so that at most one of them is even. This confradiction shows that our
original assumption, that V2 = p/q, must be false. Therefore, ﬁ is irrational. ]

A. SUMMARY

= The imphlication A = B is the assertion “If A is true, then B is true.”

= The contrapositive of A == B is the implication ~B == —A, which says “If B is
false, then A is false.” An implication and its contrapositive are equivalent (one is true if
and only if the other is true).

* The converse of A == B is B == A. An implication and its converse are not neces-
sarily equivalent. One may be true and the other false.

* A and B are equivalent if A = B and B = A are both true.
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¢ In a proof by contradiction (in which the goal is to prove statement A), we sty by
assuming that A is false and show that this assumption leads to a contradiction.

A EXERCISES:

Pretiminary Guestions
1. Which is the contrapositive of A == B?

(a) B= A (b =B — A
{c) =B == -4 {d) -A = —=B

2. Which of the choices in Question 1 is the converse of A = B?

3. Suppose that A == B is true. Which is then automaticaliy (e
the converse or the confrapositive? ’

4. Restate as an implication: “A triangle is a polyzon,”

Exercises
1. Which 15 the negation of the staternent “The car and the shirt are
both blue”? *

{a) Neither the car nor the shixt is blue.
() The car is not blue and/or the shirt is not blue.

2. Which is the contrapositive of the implication “If the car has gas,
then it will ren™? '
(ay If the car has no gas, then it wili not ran.

(b} If the car will not run, then it has no gas.

In Exercises 3-8, state the negation.
3. The time is 4 o’clock.
4. AABC is an isosceles triangle.
5. m and n are odd integers.
6. Either m is odd or n is odd.
7. x is a real number and y is an integer.
8. f(x)isalinear f;lnction.
In Exercises 9-14, stare the contrapositive and converse.
9. If » and n are odd integers, then mn is odd.
10. If today is Tuesday, then we are in Belgium.
11. If today is Tuesday, then we are not in Belgium.
12. Ifx > 4, then x% > 16,
13. If m? is divisible by 3, then m is divisible by 3.

14. If x% = 2, then x is irrational.

In Exercise 1518, give a counterexample 1o show that the converse of

the statement is false.

15, 1f m is odd, then 2m + 1 is also odd.

16. If AABC is eguilateral, then it is an isosceles triangle.
17. 1 m is divisible by 9 and 4, thesn m is divisible by 12.

18. If m is odd, then m® — m is divisible by 3.

In Exercise 19-22, determine whether the converse of the statemeny is
Jalse.

19, fx>4andy > 4, thenx + v > 8.
20. ¥ x > 4, then x2 > 16,
25 If (x| > 4, then x2 > 16.

22. ¥ m and »n are even, then mn is even.

In Exercises 23 and 24, state the contrapositive and converse (it is no
necessary to know what these statements mean).

23. ¥ f(x} and gix} are differentiable, then F{x)g(x) is differen-
fiable.

24. Ifthe force field is radial and decreases as the inverse square of the
distance, then ali closed orbits are eliipses.

In Exercises 25-28, the inverse of A == B is the implication —A ==
- B.

25. Which of the foltowing is the inverse of the implication “If she
jumped in the lake, then she got wet”?

{a} If she did not get wet, then she did not jump in the Jake.

{b} If she did not jump in the lake, then she did rot get wet.

Is the inverse true?

26. State the inverses of these implications:

{a} If X is a mouse, then X is a rodent.

(b} 1f you sleep late, you will miss class.

(¢} If a star revolves around the sun, then it’s a planet.

Explain why the inverse is equivalent to the converse.

State the inverse of the Pythagorean Theorem. Is it true?

29. Theorem 1 in Section 2.4 states the following: “If f (x} and g (x)are
continuous functions, then f(x) + g(x) is continnous,” Does it follow
fogically that if f{x) and g{x) are not continuens, then f(x) + glx}is
not continuous?

30. Write out a proof by contradiction for this fact: There is no smalfes!
paositive rational number. Base your proof on the fact that if r > O, then
O<r/2<r.

31. Use proof by contradiction to prove that if x + y > 2, thenx > !
ory = 1 {or both).
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%, An isosceles triangle is a triangle with two equal sides. The fol-
qiwing theorem holds: If A is a triangle with two equal angles, then 4

Exercises 3233, use proof by contradiction to show that the niimber
irrational.

33, 3 34, 2 35 Y11

% an isosceles miangle.

“J) What is the hypothesis?
ib) Show by providing a counterexample that the hypothesis is neces-
.
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(¢} What is the contrapositive?

(d} What is the converse? Is it true?

37. Consider the following theorem: Let f(x) be a guadratic polyno-
miaf with a positive leading coefficient. Then f(x) has a minimum
vajue.

(a) What are the hypotheses?
(h) What is the contrapositive?

{c) What is the converse? Is it true?

ja:further Insights and Challenges

8. Let a, b, and ¢ be the sides of a friangie and let @ be the angle op-
:szOSite c. Use the Law of Cosines (Theorem 1 in Section 1.4} to prove
iie converse of the Pythagorean Theorem,

, Carry out the details of the following proof by contradiction that
Af1ig irrational {This proof is due to R. Palajs), If /2 is rational, then
w21 a whole number for seme whole number n. Let 1 be the smallest
sech whole number and let m = n2 - n.

) Prove thatm < n.

) Prove that m+/2 is a whole number.

plain why (a) and {b) imply that +/2 Is irrational.

i, Generalize the argument of Exercise 39 to prove that /4 is irra-
Jonal if A is 2 whole number but not a perfect square. Hint: Clicose n

as before and let m = n/A — a[/A], where [x] is the greatest integer
function.

41. Generalize further and show that for any whole number r, the rth
root +/ A is irrational unless A is an rth power. Hint: Let x = /A, Show
that if x is rational, ther we may choose a smaliest whole number n
such that rx/ is a whole number for j =1, ..., — 1. Then consider
m = nx — n|x] as before.

Given a finite list of primie numbers py1,..., py, let
M = p; - pa--- py + 1. Show that M is not divisible by any of the
primes py, ..., pp. Usethis and the fact that every number has a prime
factorization to prove that there exist infinifely many prime numbers.
This argument was advanced by Euclid in The Elements.




