Section 9.3

Rates of Change: The Derivative

I Part 1: Average Rates of Change (ROC)
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Example 1: Find the average ROC of f(x} = ¥* on the intervals
a.)[2, 5] g
15 A o
= ,....J.. -~ 3
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b.) [2, 4] e
b -4 2.
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c.)[2, 3]
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d) [2, 2+h]
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Definition: Average Rate of Change (ROC)

The average ROC of f(x) on [a, b] provided that fis continuous on the interval is:

gdﬂ\* ?Czﬂ
b-1q

As the interval ia, b] becomes smaller, (that is, as (b~ a) - 0), the average ROC approaches the instantaneous
ROC.
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I Part 2: Instantaneous Rates of Change

Example 2: Find the instantaneous ROC of f(x) = x* at x=2. Let hrepresent

the change in x. 4 ‘.a-;;("‘-
1st: Avérage ROC (and picture) /T O
FeHh) '
A TENIAN ?QZ& |
x 1
N ‘P&B ._v,/ 1 + =K
A 1+h

Definition: The Difference Quotient (I call it
HDOH)

DQ — f{X+hf)]wf(X)

Example 2 continued:

L
2nd: Find f(2 + h) - £(2) (-MJL\) - 7_1

= dedh LTy
= ¢hp L

3rd: Form the difference quotient. (I have this as a seperate step because | find
students struggle with step 2).

TR
h

4th: Find the instantaneous ROC of fat x = 2 by evaluating the limit of the DQ.

TP (Y 411) _:(_}‘

hoe

= 44l
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I Part 3: The Derivative

Definition: The Derivative -
If fis a function defined by y = f(x}, then the derivative of f(x) at any value x,
denoted ' (X), is

(%) =limp g
if the limit exists. If f'(¢) exists, we say that fis differentiable at c.
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Exampie 3: Find ' (x) if f{(x) =3 X - x. i’" 1, 3 .
~ P - - ""X
}:M ‘F'(..x +l\\ ) $(_3{5 . }“‘1 L_:.’a{.}(#ﬂ (J!.-}-Z'IB E A ‘]
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= hso by
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= Jim X 3, -] = X~

Example 4 (for groups): Find g' (x; for g(x) = ?) - X

o= i G Z g

e
b C3-aoerh) = (3%
- e A
- lim ,3/—-%-—?.1\—-:{5‘
e ]n
o Wm
= 4 2
= -

The derivative gives the slope at a point (remember, the average ROC gave the slope of a secant line and the

tnstantaneous ROC will give the slope at a point).
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For some problems, it can be beneficial to recall the point-slope form for the-equation of a line with slope m
and that includes the point (xy, y{). The formula is: y — vy = m{x — x1).

Example 5: Find the tangent line 1o f(X) = 3 x¥* — x when x = -3 {use the result of
example 3). ‘F[QXB‘:—%X—] = ng_B\; ~19
is che Slofe of che Corgenrt
Hﬁa ‘t\'\m Q" 3 | 303 ard
3- 20=—]9(¥+3\ s <he
@“i’t ogz —tLva an—-‘taczr‘t };aJE .

In chapter 1, marginal cost MC was defined as the slope of the cost function. marginal revenue and profit were
similarly defined.

Example 6: Suppose the cost to produce x items is modeled by
Cix) = 25 x+ 1000.

Review: What does the "+1000" represent in the context of the problem?

"F?X-e.J ca>3hs

a.) Find the marginal cost.

AT = 2% QS’IOPQS

b.) Interpret the result from part (a.).

Tors cach addicior]  tem
?mAM( ceost ;wquas ‘IDB ﬂzf:
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Whereas in chapter 1, it was simple to find the slope because we need only determine the slope of a line, now
we will find the slope at a point using calculus and the derivative.

Example 7: Suppose the profit from the sale of x cars (ir$+-060'%) is given by
P(x) =500 x - x> -~ 100

a.) Find VP |
th(ﬁbo@(d\x QHLE WIDC‘B "(.900 % x'l__po)
>(x) < ),\
. ]}M ﬁ‘o}gxg_g%)a ).9(1\ le‘#};ﬁ(c -%ow 4}-‘7( -NQCD
hoe 1,\
J;M 52)01"\ - 15( 1/’\
- e N
L-\-)o

— S — LY
b.) Find and interpret MP(20)
S f .
™ P L?.o) = P(.QQB = Y40

Ttvz:, '-Pﬂb{—;;c* %»M ft)n-fa, %C‘JQ 0’?"
PR 2;5‘!” e 1S ﬁa“féowﬁ@

c.} Find and interpret MP(300)
P Qeeyz —loo,

Yoo will lese ﬁ}oo@w ors The
cale ofF e ‘3%"1" e,
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I Part 4: Graphical Derivative

Remember that the derivative at a point represents the slope of the tangent at that point.

Example 8: For the given graph, order ' (a), f'(b), ... %N
Y &
7
T 1 t ¥ —““3 ><‘
o b C d e d
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Example 9: For the given graph, what can be said about g" at g, b, ...
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