16 |_SAMPLE EXAM SOLUTIONS

I. Conservative; piecewise smooth; path independent; conservative; simple; curl; divergence; flux;

irrotational

2. (a) C is the circle of radius 2 centered at the origin in the xy-plane. It has positive orientation if it 18
parametrized in the counterclockwisc direction as viewed [rom above.

(b) If 8 is the disk of radius 2 centered at the origin with upward normal, then C = 25 with the same
orientation.

{¢) By Stokes® Theorem, [f;curl F - oS = $opg F-dr= -'ﬁc.‘=a.h‘| F.dr= H?l curlF - J8. Sincez =0

&

i i k
on 8, F=(x=3Mi+ @ +2x)j+ 0k n=k and cwrlF = g/éx @/ay o/oz | =|3k| =5.
x=3y y+2x 0

Sa ffg curlF-d8 =3 (area of disk x* + y° < 4) = 20,

3. r(¢h. 8) = 3sin¢pcosBi+ Isingpsin@j+ dcospk

2

¥ . . .
4. (a) x> + T = 1 can he parametrized counterclockwise by F (1) = {cost, 2sinz), 0 £ ¢ < 2,

(b) Note that if F = 0i +x7yj, then 8Q/dx — 2P /0y = 3x?y. So

g 2 : - — 2T opgd 3 N
1 £ ¥l 3xydd = jhmm,‘wf’ dx — Qdy = [, cos’ 2 4 2sins (Zcostdr)
= 4]“2” cos” tsinsdi  (Letu = cost, dn = —sini df)
= —4-'|]1|zf"' du =0

This can also be found dirgetly, as follows:

! ':3‘\,f|--.\'j 1 AT3 5 1 QJT:\T
o j—z\/ﬁ?hm-}]d}" dx = [y [ﬁx JPLQ s dx =0
™ - _..' - X -
5. B0 =i+ e kzk.

(@) r{t) = (cosr,sins, 03,0 < ¢ = 2.

g F-dr= ‘['O:ﬂ (—sint,cost, 0) - {(—sinr, cost, M) et = L[g*” ldt = 2o

i 2 3
‘ Vo= x T —x
(h) enrlF(x,y,z) = <O -0, 0 — 0, = ad 5 — i 2> = (0,0, 0} everywhere except the z-

axis (where F is undefined).
994



0CT-01-2008 WED 08:31 AM HCC BLDG. 15 FAX NO. 206 870 4803 P. 03/04

CHAPTER 16 SAMPLE EXAM SGLLUITIONS

{¢) Since F is not defined along the z-axis, we cannot {ind a surface such that €' i3 its boundary and F is

defined everywhere on the surface.

" 3 2
V- aF P o

Another reason: If P = ————=,then = ——— which does not have a limit at (0, 0) and
S e oy (x4 )

is discontinuous there.

6. (2) I we assume an outward normal, then by the Divergence Theorem,
JIeF-dS = [[[,divF-dV = [[f, dV (since divF = 1), which is simply the volume of 5.
(b) Parametrize the sphere by ~ (8, @) = {cos @ sin ¢, sin @ sin ¢b, cos ¢b). Then
ra x rg = (sin” ¢reos ), sin” ¢sin B, — sin ¢ cos ¢b), which points outward, and
I (r (8, ¢)) = (cosBsineg, 0, 0), s0
[foF-dS=fT [7™cos* Osin’ pdbdep = [;™ cos? BB []7 sin® pdp = 3.
(c) divF =12,50 [[F-d8 =12 Volume(8) = 16.

7. Using Green’s Theorem with P = sinx + xyp*and 0 = ¢ + %xz, we get

' ' o0 op byl
Work = / Pdv+Qdy=2 / (£ - —-) dgd =2 / / (x — 2xW)ydx dy
SO J Square ox 2y JO J0

sl ez [ ()=o) -
B. (a) curlF =0
() Let £ (x,v.2) = x>+ 3> +3°, Then F = V f and by the Fundamental Theorem for line integrals,
feFodr=fla)— f(0) =aj+as+af=a-a
9. (a)l G = Pi+ Qj, then computation gives

curl G = (f).,Q_. — E) k= l:(y —3) —(x =2y (=3 ~@x=2)y

éx v/ -2+ (=3¢ (x-27 4+ (-3
Or: curl G = 0 since the vector field G is just F translated to the right 2 units and up 3 uniis,

:I k = 0 for {x, ¥) 7= (2. 3).

(b) F + G is defined at all points except (0, 0) and (2, 3), since F is not defined at (0, 0) and G is not
defined at (2, 3). At all other points, curl (F + G) = curl F -+ curl G = 0, and F + G is irrotational.
10. (a) |

(b) % ([pydx —xdy) =area(R) = - 48 =27 17 = 4w
(c) "é' (-];.?RI ydx —x dy) = 0, since the two smaller circles have equal areas and opposite orientations.
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CHAPTER 16 VECTOR CALCULUS
Bl Ifx =2cosrsing, y = gint sins, z = T}g cos 8, then
732 + 17 = L (4cog? 1 sin” 5) + sin? 7 sint s = sin’ s (cnsz 7+ sin? ) = sin® 5, and so
$x? + 7 + 222 = sin’ 5 + 2 (\—'f,,n coss)é = si 5 42 (% cos” .9) = sin’s + cost s = 1.
12. (a) Since F points in almost the same direction as vectors tangent to the path from 4 to B, F (1) (1) > 0
everywhere along the path, and hence the line integral [ F - dr = 0.

(b) Since F is perpendicular to the path from C to D at every point, we have F(7) - 1/ () = 0 everywhere
along the path, and hence the line integral [F . dr = 0.
13. y
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14. (a) Whenu =%, x =0,y =2 +sinp,and 2z = 7 -+ cos u, so the center is (O, 2, ~3_{~) and the radius iz 1,

(b) The nermal vector at P (0, 3, §) is 3j.

I5. (8) x =1,y = +/1 — 2 gins,andz = +/1 — t* coss givetv.yz+..2 =1—t2=| —xz,:)r;wc3+ju3-|—::2 =1
a sphere of radivs |.

1

(0 x = y=x% andz =5+ =y +x,x > 0,y > 0, part of a plane above the first quadrant.

V6. Ifz =0, thenx =rcos@.y =rsinB,z =0 and R (-, 8) = F cos O i+r sm@j+0k,r=>0,0<8 <27
is a parametrization.

I7. Both surfaces have the same boundary curve C: x2 + 32 = 9, z = 0, By Stokes” Theorem,
Jfs cwlF-dS= [ F-dr= [[, curlF .48,

1. Flu.0)={u+wv,u—v,2u+3n) = F,=1{1,1,2),F, =(1,—1,3}, and F, xF, ={5,—1, -2},

—_— o ol . _oplopl :

Thus the surface arca is [y [y IFy x Fy|dudv = f [ +/30dudv = +/30.
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