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CONCEFT CHECK

2

. See Definitions 1 and 2 in Section 17.1 { ET 16.1], A veetor field can represent, for exumple, the wind velocity at any locition

in space, the speed and direction of the ocean current at any lovation, or the force vectars of Farll's pravittonal el at o
location in space.
{a) A conscrvative vector field ' is a vector field which is the gradient of some sealar fanction [,

{b) The function f in par (a) is called a potential function for F, that is, F = V.

. (a) See Definition 17.2.2 [ET 16.2.2].

(b) We normally evaluate the line integral using Formula 1723 [ET 16.2.3).

{(¢) The mass ism = [, p(w,9) ds, and the center of mass is (7, F) where F— L [ onp eyl don T = L (0 s b,y os,
[ P { [

i Mo
(d) See (5) and (6) in Section 17.2 [ ET 16.2} fur plane curves: we have sinilar definitions when €/ is o SIS LTV
{see tho equation preceding (10 in Section 17.2 [ BT 16.2]).
(&) For planc curves, see Equalions 7.2.7 [ ET 16.2.7|, We have similar results for space curves

(e the equation preceding (10) in Section 17.2 [ ET |6.2]).

. () Ser Definftion 17,213 [ET [6.2.13].

() I1'F is o force field, [, F - dr represents the work done by F in moving a purticle along the curve ¢,

(c) fr‘*F vdr = [ Pde 4 Qdy 4 Rdz

. Boe Theorem 17.3.2 [ET 1632,

. (a) .L; ¥ - dr is independent of path if the line integral has the same value for suy two curves that have the same inifial aod

terminal poinia.

(b) Ses Theorem 17,34 [ ET 16.3.4].

- See the statement of Green's Theorem on page 1001 [ ET 1055].

. Bee Bquations 17.4.5 [ET 16.4.5].

. (a) curl F' = (i—?ﬁ_ - BQ) i+ (r'_?F' aH)j—% (ﬂ- . E).P) k=V =« F

dy Bz B Bz by By
\ _ 8P a4 | 88 -
(h)dwF—E-l~E+E—V‘]T‘

{c} For entl F, see the discussion accompanying Figure | on page 1100 [ET 1064] us well as Figure 6 and the nesimpany g
discussion on page 1132 [ET 1096}, For civ F, see the digeussion tollewing Exarnple 5 on page 1102 | T [066] 5 well

as the discugsion preceding (8) on page 1139 [T 1103].
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10, See Theorem 17.3.6 [ ET 16.3.6); see Theorem 17.54 [ET 16.5.41,

1. (a) Sea (1) and (2) and the accompanying discussion in Scction 17.6 [ET 16.6] ; See Figure 4 and the accompanying
discussion on page 1107 [ET 1071] .

(b} See Definition 17.6.6 [ET 16.6.6].
(c) See Bquation 17.6.9 [ET 16.6.9].

12. (%) See (1) in Section 17.7 [ET 16.71.
(b) W normally evaluate the surlace integral using Formula 17.7.2 [ ET 16.72).
(£) Ses Formula 17‘7..4'[15'_[' 16.7.4].

() The mass is m = Ifg o,y z)dS and the center of mass is (Z,7,E) where T = L ffqzplz,u. =) dS,

| 7=+ [[uplz.v,7)d5,F= L [f, zplz v, 2) dS.
i 13, (a) See Figures 6 and 7 and the accompanying discussion in Section 17.7 [ET 16.7). A M&bius strip is u nenonientable
surface; see Figures 4 and 5 and the accompanyng discussion on page 1121 [ET 1083).
: (b} See Definition 17.7.8 [ET 16.7.8).
(¢) Sec Formula 17.7.9 [ET 16.7.9].
(d) See Formuig 17.7.10 {ET 16.7.10].
14. See the statement of Siokes’ Theorern on page 1129 [ET 1093.].
15. See the sratement of the Divergence Theorem on page 1135 [ET 1099].

t 16. in cuch theorem, we have an integral of a “derivative™ over a regjon on the left side, while the ght side involves the values of

the original function only on the boundary of the region.

:  TRUE-FALSE QUIZ

1. Falae; div I is a scalar feld,

2. True. {See Definition 17.5.1 [ET 16.5.11)

3. True, by Theorem 17.5.3 [ET 16.5.3) and the fact that divo =0.
4. True, by Theorem 17.3.2 [ ET 16.3.2].

5. False. See Exercise 17.3.33 [ET 16.3.33]. (But the assertion is true if D is simply-connected; see Theorem 17.3.6
[ET 16.3.6].) '

6. False, See the discussion accompanying Figure 8 on page 1075 [ET 10391,
7. True. Apply the Divergence Theorem and use the fact that divF = 0.

B. False by Theorem 17.5.11 [ ET 16.5.11]; because if it were rug, then diveurl F =3 # 0.
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EXERCISES

1. (a) Vectors starting on €' point in roughly the direction opposite to €, so the langential component F' - T is negative.

Thus [ F - dr = [, F - T ds is nogative,
53 (b} The vectors that end near P are shorter than the vectors that seart near P, so the net fiow is outward near P and
iy div ¥ (P) is positive.
2. We can parametrize Cbyz = z,y =z, 0 £z < lso
fowds = o/ TF @R de = &1+ 429 = & (V5 -1).
3 [oyzcoszds = [ (Bcost) (Buint)costif(1)* + (—3sint)® + (Beost)? dt = Jo (9cos® £ win £)4/10dt
= 910 (~} cos®t)]; = —3v/10(-2) = 610
4 z=23cost = dr= —3fintdl,y=2sint = dy=2costdt0=!=2x 50
Jovdz+ (z+ %) dy = fngﬂ [(2gint)(—3sint) + (3cost + 4 sin® £)(2 cos )] di

= {27 (~Gein®t + Bcos?t + Bsin’t cost) dt = 77 [B(cos” t — ein® #) - Bain® ¢t cost] dt

”(ﬁcos"t +Bein’ b cost)dt = Sain 2t + 8 5 sin t} =)

Or: Notice that '5% (N =1=Z (z+1°),50F (z,y) = {y, =+ ") is a conservative vector field, Since €' is a closed

curve, [ Fodr = foyde+ (2+1y") dy = 0.

5. fovide-ratdy = [ -2 + Q- dy = [1 (- - 2" + 1) dy
=[-hf-df+y) =t it -i+1= 5
6 [ Vaudo +eVdy+ozdz = ) (VBT 48 et 2ttt £ 31:"‘") it = FHad 2t +31%) dt
= [47+¢" + l'int“‘”] g}
T.Cia=1+2% = de=2df,y=4t = dy=ddiz==1+3H = dz=3di,0<t=<1
Jozyde + 37 dy +yzdz = fol[(l + 2)(42)(2) + (44)*(4) 4+ (48)(—1 4 3t)(3)] dt
= [1(1166% — de)dt = [UEf° — 267]} = HE 2= L0
8 F(r(t)) = (sint)(1 + )i+ {sin® )L, ' (#) = costi+ jand
[ F-dr= [T((1+t)sintcost+ain®t)dt = [ (3(1+1t)sin2t - sin® t) i
= [3 (1 £) (=% con2t) 4 £ sin2¢) + 52— ;ain 2] = T

9 Flr{t)=eti4- (=) j+ (2 + )1 v'(t) = %i+ 37 ] —k and

[oFode= fl(2te™ =365 — (2 +19))dt = [-2te™ — 20 — 145 — L1® — 147]) = 1L — 2,
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10. (2) h r=3—3ty= %t,z——-ﬁt,ﬂgﬁﬁl. Then
W= [ Feodr=f; (3634 (3 = 8) i + §1Kk] - [-3i+ 55+ 3K] dt= [y [0+ 3] dt = §(8m = 9).

W= f,F-dr= “"*(3amn+1msz,1+zk) (—8sinti+j+ Jcostk)dt
= _fuw/a(—%!im2 £+ 3cont - Atcost) dt = [—E{t —sintcost) + 3ant + 3(tsint 4 con t)};"‘:
=—n;r+3-l—§§~—3=—H—4’|—'l '

A

Mo [(1+ my)e™] = 22" + 3 Byemt = ATt + o™ and the domain of F is R, 50 F is conservative, Thus there

exists a funcilon f such tha

Fulm, ) = zyet? & + g'(8) = (14 2y)e™ + ' (2). But fu(z,v) = (1+ oyl s0g'(2) =0 = glz)=K
Thus F (e, ) = e¥ 4 ze™ + K is a potential function for F.

-4

F = F. Then fy(z,3) = ¥ + o™ implies f(z,y) = e¥ + ze™ + g(z) and then

L T Hl

12. F is defined on all of B3, its components have continuous partial derivatives, and
curl F = (0—0)i=(0—0)j{cosy —cosp) k=0,50 F 15 conservative by Theorem 17.5.4 [ ET 16.5.4], Thus there
exists 8 function J such that ¥V f = F. Then f, (z,y, =) = siny implics fla, gy 2) = mainy + gly, ) and then
fylz, . 2) = moosy -+ gy, 2)- But fyle, z)=meoay, sogy(y2) =0 = gl z) = h(z). Then
Fla, py 2) = meiny + h(z) implies f2 (%, 4, 2) = W (2). But fo(z,y, #) = —sin z, 50 h(z) = cosz + K. Thus a porential
finction for F is fz, v, 2) = zeiny +eosz + K,

13

Sinco 4 tiw 0 (4y%)R — 2y = Bty — Bzt = 45 20ty — 3z2y? + 4y”) and the domain of F is R¥, F' i5 conscrvative.
" Furthermore F(z,y) = 2%y — zy® +y* is & potential function for F. £ = 0 corresponds to the point (0,1} and ¢ = 1
corresponds to (1,1),s0 [, F-dr = f(1,1} - flo,y=1-1=0

14, Hero curl F = 0, the domain of I¥ is R?, and the components of F have continuous partial derivatives, so F is conscrvative.
D

Furthermore f{, %, 2) = we¥ + ye* i a potential function for I, Then fo Fodr=f(4,0,8) - f(0,2,0)=4-2=

15, Che(t) =i+ 2], -1 <t< L
Chir(l)=—ti+j.-1=t=1
Then

Lo 2y do — aiydy = [1, (85 — 26%) it - T2, tdt
= [, + 3]0, =

Using Green’s Theorem, we have

. . e . ) . 4 pl
] 2y dp — oy dy = // [% (—z"w) — Bi (my‘)] dA = ]f {—2zy — 2ny) dA = j / —dzy dy dr
c H D -1 J a2

—f1|—2:cy] ‘a‘mﬁ-]11(29:5—2m)d,:z:—Pms—-r'lﬂ—D

di'u

16 J, VT do+ 2y dy = [fp [ (ov) — & (VIFaT)] dd = [ [y — O)dyde = f 9o do = 85°] =3

17 [ &ty dw — zy* dy _... fg [ET'T (wr2y?) — 4o (: 1;)J dA = ff (—y* =2} dA [“ﬂf 3 grdfl = —8n

=4 ¢ 4y A
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18, curl P = (0 — e"¥cosz)i— (¢7% cosw — 0Y§ - (0 — e~ " cony) ke = —e™" coszi—e Tconm)— e T couple
divF = =" giny — e~Vainz — e "sing '

19, Tf we nssnme there is such a vector field G, then div(curl G) = 2 4= 3z — Zpz. Bul div(curl F) = 0 for all vector figlds F.
Thus such & G cannof exist.

20 letF=R i+ i+t MkmdG= i+ Qg j+ Rl be veetor ficlds whose first partials exist and are continuous. Then

Ao G divE = 4P _5@2 BRﬂ .y 5@2 _Qﬂ) . (DP~_ Qe OB
T div G del"—-[ﬂ(am - By -l \ +QL( -+ By + 5 - By T - By + o k

o | 0gh | O\ Op, 86y | OR1
[Pl(c).::-I_ c)_; r_"iz)l_‘ Qg(d.r-k dy t c)"f)

and
. AP AP AP a 80, 801 .
(G-VIF-(F-V)G= [(Pﬂ a;'i'Q.!—i'W RQ_L)H (Pﬂ Ejil'!-Qn-a%]-ﬁ-Rg%)‘]
(R0 2 s 2]
By )
—[(JZ‘I@-I'QL -I—RL%—)i%-( li@--l—@ aQ*_Fp %‘)l
P (n 2o e )
Hence

Fdiv@ —GdivF+(G - 7)F —(F- V)G

[(r 0 ) (-0 %)
- rf’y
~( d§‘+Rla;) (Pld—R‘*-wm %f:—‘)]i

+ }-(Q OR; + Ra a‘f]) (Qz @ - Ay dg?)

[E19] P BQ aF;
(F'l B Ba-)_i—( 1+Q 5.7:)]‘]

~[(p 2y p B0 p %% . g, O
dx & -

, a Ax
Atz 80y 8Ry | o 0@
(Ql s ) + (Q» My R )]k

= [{-% (P2 — Patth) — % (PaRy — P]RB)-J i
+[2 (@iRe - @eRi) — £ (P2 — P 3
Pz 1t adll 5:::12 ‘JL)J

+ [% (PaR, — PJ.RQ) (Ql i — Qe ﬁ’l}]

=cur] (F x @)
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21. For any piecewise-smooth simple closed plane curve C' bounding a region £, we can apply Green's Theorem to

Flz,y) = Fle)i+ o(u)jw ger [, F(z) dr + glv) dy = [f {% aly) — & f{m)} dA = [[50dA =0,

& (fa)
s

_ o (o o8g\, 0 (of .89\, 98 (O .0« |
oz (amg X Ba:)+8y (ay“g +f 5y ) T B \ 829 f5; ) [Product Rule]

a;(_f;q) 4 Bf(J;g)
i’ 4

2. V¥{(fg) = +

_&r Bf g oo &F af dg
T et +Qﬁﬁ+‘fc3md Ea +26ydy
W]
+ 7 g 74 0 f +2c3f dg + f{)wﬂ [Product Rule]

- (% &g 8*f  &F  &J of of r3f> 8q 8¢ 9y
f(812+ * )+g(5‘m~+5y* T )+2<B:‘L By = <B; By’ dx
= fVig+ gV [+ 2Vf Vg

Another method: Using the rules in Bxercises 15.6.37(b) [ET 14.6.37(b)] and 17.5.25 [ ET 16,5.25], we have
V=V - V(f) =V (gVf+IVyy=Vg -V +gV -Vf+Vf - Vg+fV-Vg

=gVif+ Vg4 2V)- Vg

o° a
23, V°f= 7 j: + 3 J: =0, Now if F = f, 1 — fzjand € is any closed path in L, then applying Green’s

Theorem, we el
Jc F.dr= f.;:' fudx — fody = ffp ['.F% (=fa) — .;_;, (fw):‘ dA = — ffw(fmm + fun) dA = - .”u 0dA =0

Therefore the line integral is indepetident of path, by Theorem 17.3.3 [ET 16.3.3].

2. (3) o + ° = cos® t + sin®t = 1, so C' lies on the circular cylinder z* + 4 = 1.
But also y = z, 50 C' liss on the plane y = ». Thus €' is the inlersection of the
plane y = = und the cylinder eyt =L

(b) Apply Stokes™ Theorer, [, F - dr = ff, cwrlF - dS:

i j K
el F = | 8/8z 8/ 8y ajgr | ={-2yeusc®z — (~2ycsc® £),0, dwe™ — dze) =0
2xe® Qa”e® 4 Bycotz —y cac’s
Therefore . F-de = ff,0.d5=0.
25 5= flzy)=u" -\-‘Uwithn =< 1,0<y < 2o, Thus

AlE) = [fD\/l-i—cin: +4dd = ]‘l_fgr\/J-legdydr—[D 22 /B - dz0 dip = 5 - 4:3)3/3] %(27’—5\/5.

'
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26 (A ry = —vj+2ulk v, =20i—ujand (h) l

ry % Py, = 2u% 1 4+ dunj + 207 k. Since the point {4, —2, 1)
comesponddlou = 1, v =2 (orwu= —1,v=—2bhutr, x ry
is the same for both), 4 normal vecror w the surface at (4, —2, 1)
‘ ig 214 8+ 81 and an equation of the tangent plane is

b ' qr+8y+82=00rz+4y+42 =10,

b {c} By Definition 17.6.6 [ ET 16.6.6] , the area of & is given by
A8y = 212, /2 £ 4wy + (202)2 dv du = 2 f3 05 VAT Fdutr F ot dude, !

o (d) By Equation 17.7.9 [ ET 16,7.9], the surface integral is

y | [ra=[] (x -(:fff”lJr((z):u)ﬂ’ (-?E::gd“> (2w, 207) v
|
|
|
|

‘ : Jrsu® 2t ‘
: _ A f (1 T T + “d) dw du 7 1524.0190

M= fle, )=+  witho =< =% + y” Z4sow, ¥y, = —22i— 2y j + k (using upward orientation). Then

HyzdS = J[ (" + %) VT T2y 4+ TdA = [7" [20°V/TTF I drdf = (302 T7 + 1)

22y L e
{Rubstitute w = 1 <4~ 4r” and use wables.)
- Bz=flz,y)=4-a+ywith0=< e +7" <dsor, x ry = —i—j+ k. Then
. [z +*dS= [ (@ +1)4+z+9)vEda

i+ i ad
fa vl {4-\-rr.,ﬂa£‘+rsm&)dﬂdr“—_[n B'Ir\/§r dr = 32m /3
28. Since the sphere bounds 4 simple solid region, the Divergence Theorem applies and
S[gF dB = [f[o(z—2)dV = [ gzdV < 2f[f dV =m=z —2(3x2%) = —&r,

Altarnate solution: F(r(q;&, 8)) = dsing coad conpi— dsing sindj + Gsin g cos bk,

ry X ¥y = dsin® ¢ cond i+ 4ein? ¢ sinfj + 4sin ¢ con ks, and
F (rg % 15) = 16uin” ¢ cos® 6 cos ¢ — 16sin® ¢ win® 0 + 24sin” ¢ cos b cos 8. Then

o d8 =[5 [T(16uin® ¢ cos b cos® ¢ — 18 sin® b gin® ¢ + 243in” ¢ con p cos8) dep b
E w Jo

= D"w 3(—16sin?8) 48 = —&ir

M. 2= fz,y) =z° + 4°, v ® 1y = —221 — 2y j + k (because of upward orientation) and

F(r(z, )} (rz * 1) = =22 — 22" + 2* 4- 4", Then

JIeFd8= ] (-2¢" - 23 +2" 4 %) dA
:ﬂ:“+y:I =1
= [ [2(—2r%cos? 8 ~ 2r¥ cos § sin® @ 4 1 Nrdrdf = [i r®(2r) dr = z

. Bince curl F = 0, ffg(curl ) - dS = 0. We parametrize € r(t) = cos ri +aing} 0 < ¢ < 2o and

FoF-dr= [7(—cos®t sint + sin® ¢ cost)dt = feos®t+ fain® ]2 = 0. |
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32 .”S curlF - 48 = fr* F - drwhere O r{t) = 2costi+ 2eintj+k, 0= ¢ < 2m,s0r'(t) = —2ainti - Zeoat],
F(r(t)) =8cos*tsinti+ 2sintj+ > i and F(r(¢)) - v'(t) = —16 cos® tain® t + 4sin £ cosf. Thus

J ar

ch‘-d,rz.fgﬂ(_lﬁcugﬂtsinzt-[-élsint cost)dt = [—16{—7 sint cos® ¢ + g5 sin 2 4 £2) + 2sin® 4] " = —47.

33 Thesurfaceis givenbyxty-r2=lorze=l-ao—y 05w % 1,i _&:yii.—mmdrmxr,,=i-i—j+k."i“nr:.n

foF de=fl.onwdF-d8= [ (—yi—2j—xk)-(i+j+k)dA= [[(-1}dA= (ar‘caofb)=—%.
4, [[oF-dS = [[[ (2% + 12 + 20 dV = f77 [ [2(30 4 32" vz dr df = 27 [J(6r® +8r)dr = 117

. [[f, divFdV = .. ﬂ;f . 3dV = 3(volume of sphere) = 4. Then
CLE T L o L |

F(r(¢,8)) - (r4 x re) = sin® ¢ cos® f + ain® ¢ sin” H 4 sing cos® = sing and
JI ¥ dS = 7 [Teinddpdf = (2m)(2) = 4.
36. Herc we must use Equation 17.9.7 [ BT 16.9.7] since I is not defined al the origin, Let 51 be the sphere of radius 1 with center

#t the origin and outer umit normal ;. Let Sa be the surface of the &llipaoid with outer unit normal na and let E be the solid
region between 51 and Sz, Then the outward flux of F through the ellipsoid is given by

[Ie,F-nadS=— [, F:(~m)d§ + [[f,divFdV. But F =r/|r|% s0

divE = V. (l|r|"'“r) = |r

RAATIES S (V]e|™®) = 17|72 (8) +r - (=3 |r| ™) (r [r|™) = 0. [Here we have used
FooT

Exercises 17.5.30u) [ ET 16.5.30(a)] and 17.5.31(a) [ ET 16.5.31(2)].] And F -1y = e
! r

= |e)7% = 1 on 8.

Thus [fg, F-nadS = ffo dS+ [ff 04V = (surface ares of the unit sphere) = dw(1)* = 4r.
37, Becavse curl F = 0, F is conservative, and if f{z, y, 2) = w¥yz — 3oy -+ 27, then VF = P, Hence
JoFode= [V dr=7{0,3,0)— F(0,0,2) = 0— 1= —4

38. Let ¢ be the circle with center at the origin and radius o as in the figure.

¥y
[
Let D be the region bounded by & and &' Then Is positively oriented
boundary is €' U (—€"}. Hence by Gireen’s Theorem Jdnts
L/ x
g a@ aP ;
F.dr+ F-dr= . dd = 050
o J—c

JoFrdr=—f  F-dr= [G,r d'r-fg"F () - ¥ (t) dt

_ -/'2” {Ea* cog® £ + 20® cost sin® ¢ — 2asint (—asint) + 20 gin’ 4 o 20® cos” ¢ sin f 4 2acost
o

a? ol
2 ga’ﬂ
= f — dt = 47
0 @

38, By the Divergence Theorem, [, F-ndS = [[f _divFdV = 3(volume of E) = 3(8 — 1) = 21.

(@ oy t)} dt

40. The stated conditions aliow us to use the Divergence Theorem. Hence [ curl F - dS = [” divicurl ) dV =0

since div(rurl F) = 0,

H LetF=axr={a.az,08) % (2,0 %) = (m07 — qay, aak — a2, a3 — aax). Then eurl F = {4a:, 260, 203) = 24,

and ff 2 -dS = [fyewlF . dS = [ F.dr= [_(axr) drby Stokes’ Theorem.




