16 Review . ' ET 15
CONCERT CHECK

T n
1. (a) A double Riemamn sum of f iz 3 3 F(x5i.ol;} AA, where AA is the area of cach subrectangle and (w3, u5y) isa
1

i=1i=
sample point in each subrectangle, If f(x, ) 2 0, this sum represents an approximation to the volume of the solid that lies
above the rectangle & and below the graph of f.

TH

O [lofmu)da= lm 55 3 f(ehu5) A4

pon 2 g
(€) If f(z,u) = O, ff; F(2, ) dA represents the volume of the solid that lies above the rectangle R and below the surface
£ = f(z,y). If f tskes on both positive and negative values, [, f(#, y) dA is the difference of the volume above A but
below the surface z = f{z, ) and the volume below R but above the surface z = f(z, y).
() We usually evaluate [, f(x, ) dA as an iterated integral according to Fubini’s Theorem (see Theorem 16.2.4
[ET 15.2.4]).

(&) The Midpoint Rule for Double Tntegrals says that we approximate the double integral [, f(z, ) dA by the double

™m L3
Wemannsum Y 5 f ('f-ngj) A A wherte the sample points (Z:, E) are the centers of the subrectangles.
imli=1

() fore = "A"ST) f A (. y) dA where A (R) is the arag of R,

2, (a) See (1) and (2) and the secompanying discussion io Section 16.3 [ET 15.3].
{b) See (3) and the accornpahying discussion in Section 16.3 [ET 15.3].
(c) See (5) and the preceding discussion in Section 16.3 [ET 15.3],
(d) See (6)=(11) in Section 16.3 [ET 15.3].

3. We may want to chanpe from rectangular to polar coardinates in & double integral if the region R of integrarion is more 2asily
desicribed in polar coordinates, To accomplish this, we wse [f, f{z,y)dA = jf j’: Flrooz @, rein8) v dr df where R is
givenbyO0<a=<r<bago<i :
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4 (&) m= [l plz.y)dA
) M = Jfpyo(z,w) dA My = [[p zp(z,y) d4

(c) The center of mass is (%, 7) where ¥ = -H”- md§ =

@ In = [f, 1°p@¥)dA = [Ip P plz,y) dA, To = [[p & + v v} dA
5 (@) Ple< X ShesY Sd)= [P 1% fla,y) dy d=
(b) Flz,y) 2 Oand [fya [(my) dA =1 |
(¢} The cxpected valus of Xispy = [fre2f (z,y) dA; the expected valug of ¥ is pa = [ s ¥F (@ Y dA,
3 MmN
6 (@) [[[p flmyz)dV = Tm 2 jgl kz_l £ (e Wi 2} BV
() We usually evaluate [ff, F(Z.0, z)dV asan itcrated integral according to Tubini’s Theorem for Triple Integrals
(sce Theorem 16.6.4 [ET 15.6.4)).
(c) See the paragraph following Example 16.6.1 [ET 15.6.11.
{d) See (5} and {6) and the accompanying discuission in Section 16.6 [ET 15.6].
(e) Sec (10) and the accompanying discussion in Section 16.6 [ET 15.6].
(£) See (11) and the preceding discussion in Section 16.6 [ET 15.6].

7. @) m = [[[yolmy,2)dV

() Myz = f[[g =l th zydV, Mz = [[Ig uplz, 4 z)dV, Moy = Jff g znlz v z) dV.

_ My Mas M
) The center ol 8 (Z,7,% here T = —¥E G = =, el E = .
( ) & center fmass1 ( y 1 )w 7l B M m

@ I, = [[[s@? +#alzy 2 dVs Iy = [ffs(a® -+ (@4, 2) AV, T = ([l +yP)plz.y, =) dV-
8. (a) See Formula 16.7.4 [BET 15.7.4] and the accompanying discussion.

(1) See Formula 16.8.3 [ET 15.8.3] and the accompenying discussion.

(¢) We may want to change fram rectangular to eylindrical or spherical coordinates in a triple integral if the region Eof
integration is more casily described in cylindrical or spherical coordinates or if the triple integral is eagier to cvaluats naing
gylindrical of spherical coordinates.

Bz/Ou Bxfdv
By/bu By/du

gz 8y Oz 0y

= Budv  Oudu

8z
8. (a) B (u,u)

(1) See (9) and the accompanying discussion in Section 16.9 [ET 15.5].

{c) Sce (13) and the accompanying diseussion in Seetion 16.9 [ET 15.9],
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TRUE-FALSE QUIZ

. This is tme by Fubini’s Theorem.

. False. f[,l f,f V= - y? dy de deseribes the region of integration as a Type | region, To reverse the order of integration, we

must consider the region a8 a Type Il region: fi f' /z + 3 da dy.

3. True by Equation 16,2.5 [ET 15.2.5].

4. jl 0.1 e TV gin gy dz dy = ( ”1 @ d:l.) (ﬂl e six;ydy) ™ (fo d:c) {0) = 0, since et giny iz an odd funetion.
Thersfore ihe stalement is true

5 True:  ffy /4 — 2% — y? dA = the volume under the surfuce 7° + % + 22 = 4 zmcl above the my-plane

= % (thc volume of the sphere a2 e yﬂ 4ozt e 4[) = ( 2)3 = _:3,

. This statement ts true because in the given region, (+* + /7 ) sin(z®y®) < (1 + 2){1) = 3, s0

(" /@) sin(zty Ndedy < [} 3dA = 3A(D) = 3(3) =9 .

. The volume encloged by the cone =2 = +/z* + y* and the plane z = 3 is, in cylindrical coordinates,

V= fuz”ﬁf_];_z 1 clz oy i 3£ ]:J"'”ju"f;' dx dr df, so the assertion is false.

. True. The marment of inertia about the z-axis of a solid &£ with conatant density & is

L= [, & + v )p(mu, z) @V = [ff, (ke*)rdzdrdd = [[[, kr® dzdr df.

EXERCISES

1,

As shown in the eontour map, we divide R into 9 equally sized subsquares, cach with area A4 = 1, Then we approximate

Sf g f(,y) dA by a Riemann sum with m. = n = 3 and the sample points the upper right comers of each square, so

H

Ifnfmn)dan 3 flay) Ad

AP+ AL 2) + F(L3) + F(2, 1) + F(2.2) + £(2,3) + F(3,1) + £(3,2) + £(3,3)]

Using the contour lines to estimate the function values, we have

JIa Fw,y) dA = 1[27 4+ 4.7 4 B0 - 4.7 + 6.7 + 10.0 -+ 6.7 + &.6 ++ 11.9] ~ 64.0

- Adin Bxercige 1, we have m = 1 = 3 and AA = 1. Using the confour map to estimate the value of f af the center of each

subsauare, we have
. 1 & e -
f_{ﬂ Jr(w! 1’) dA == 121 J>_"£ f(wivyj) AA
= AA[f(0.5,0.5) + (0.5, 1.5) 4 (0.5,2.5) + (1.5,0.8) 4 F(1.5,1.5)

+ f(1.5,2.5) + (2.5,0.5) + f(2.5,1.5) + f(2.5,2.5)] !
A 112425480432 45+7.1+5.2+4 6.5+ 9.0) = 44.2
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3 (vt 2me) dedy = [ oy +2%¥)270 dy =[R2y 4 4eY) dy = [P + 4e]°
=44 4e® — 1 — de = ¢¢* —4e+3

4 f3 f ve™ dwdy = [} [*]™=) gy = Jo (¥ ~ D dy = [e¥ Yi=e—2

=0

5. f, fo vos(z®) dydx = f [cos(e®)y) V=" dz = Ji zeos(z®)dz = & sin(a*)]} = Leinl

=0

N=m

=e T ! L.y i i frin
6 [ f Sz dyde = f} [20®] P22 dat = [} (265% = ) dz = 1re®™)|) w [l LeS0 gy [%ms]; [?; ﬁ::'a:ﬂz::s]

w11 : ]
1 :-.l.r] _%=EEH_

&l

SN

70 fu "y inT de dy de = Jo Jy [(ysinz)z 2T 1 e = I fn‘l v/ 1 — ¥y sinedyde
2

= fy [—%(1 —yg)n/lainm]y de = [T lainade = w3 Ycosx]y = 2

O I} Gxyedzdrdy = oy [Baryx® ]E_( drdy = [ f¥ (3zy — 32%y) d dy
=fo B — "0 v =fy (3v° - 3 dy = [§0 — 0¥t = 2
9. The region R is more easily described by polar coordinates: B = {(r,8) |27 <4,0< 6 < x}. Thus
[le fl2,y)dA = [T [ f(rcos 6, 7sin @) r dr db.
10, The region R is a type 1T region that can be deseribed as the region enclosed by the lines y = 4~ 3, y = 4 + 2,
#nd the «-axis. So using rectangular coordinates, we can say R = {(2, ) ly—4£2<4—y 0=5y=4}

aud ffp flw, y)dA = fnf"“‘ (z,y) dx dy.

M, The region whose area is given by f“/z 5in 36 dr df is
{(r8) |00 Z,0=r<sin 26}, which is the region contained in the

loay in the first quadrant of the four-leaved rose r = gin 26,

12. The solidis { (0.8, 4) | 1< p<2,020< 20 ¢ < % } which is the region in the first octant on or betwsen the two
sphetes p= land p = 2.

1a. + £ Ji eos(y®) dyde = [ Y cos(y?) de dy

= f7 cos(u) (2|27 dy = [} ycontu?) dy

= [} Eln('yz:}:{; = %sinl
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14, y 3 a3 2

1 e A F . a
< — ie . g 1, 2 ="
L ff sy Lh Bwas= [ Bl e

|

15 [foue™ dA = 3 J2 geV dndy = |2 [e‘“‘J::ﬁ dy = [~ Vydy = [36% — )8 = 3t 23— } = 4eb = ]

16, [f, zydA = [} [%F* gy do dy

Ja Jyd 4

3 ,y o1 o .H 1 1 VI_'
dAE/ = = - 1,51 .
/fnl-i-ﬂ!“ [ T Lt B

/ 1+£_ [—In(l—&-m)} =21ln2

}..I-'

" 1 1o vl
18, //——m—rm /f dyd [ A=z s 1 __ =
Jp 1422 S A :r:2 1‘—“’ de o 1+af de o \142* 142f oz

= [tan™ 2 = § In(1 + 2%)], =tan~" 1 — 1In2 - (tan~1 0 — $ln1)=%—ln2

ol
18. Jip wdA =‘]'D2 ffg Y ydrdy
| B z . n
= Il‘l [ J:rm-yﬂu dy:'f[) 'H(S—?jd—y"]dy
= fo By —2°)dy = [4° — 1%)7 = 8
0. ¥
1 y= =y o) H 1
K f = [
N 15.524 33+ '
=1 : = [34° —y]
Ty |15.624, 25,3450
a1 % . - 1) =4
15.7 12, 27 «
2 .1581 4,10,17,21, [/ /2, .
IR a—— / (Y%7 dr dg
L] ) 3
=f de/ r dr—[e|’““[ E]
]
_ Ej__ _ Blx
“3F " &

1

R [f, vdd = fﬂg (rcos8)rdrdl = [7/* cosf db inﬁ ridr = [sing] anm [37°] .
=1.%(23/Q )=_é'(23/ﬂ .I.)
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3. fffD zydV = [7 [7 [= 2y de dy e = "fu;”:::y[ 3 =Yy de = I S oyl + y) dy d -
=I5 S @y + )y dyde = [P [t2%" + soy®|ioy da = [ (Aot + dat) do

= § 7 o= [jo) = § = 03

M [ffp aydv = f”d A Yoy dzdyde = er"Dl_am:ry(l—:i:{:—y)dydm

1/8 p1—3;
=.o/ E(J'J 3%y — wy”) dy de
— L/ 2 4,0 [ =1-3
=l [3o0® = §070° — fuy®]P T T de

* [Aa(1 - 30)* — $23(1 = 30)° — Lu(1 — 32)%] a

a

— {1/32 3.2, 0.8 B4y 4

! =L (fe— 32 + go' — 2z%) diw
— i.8 1.3 0 4 g 5]4/8 1
T =g kg — 52| = @

i 3,z 1 -t -2t LT ;
B [ffofdv =7 j\/l_y'a[;-" V-2t 2t e ds dg__] f\/\l/_u_uzI VPR~ — %) dr dy
: =
= [a" fo (r* cos® 8)(r® sin B)(1 ~ Y rdr d6 = ST I 4 sin® 20(e% — 7Y dr dff
2
TE (- condd)[1rf - 2r¥TZ dg = L[5 - mamaa]ﬂ“ =k =L
‘i . ET 1 1—g2 o, 1 pafl—y™ ]
| B [[fgzaV = IV TV [ 2dodedy = [V (2 y)adzdy = [P 2@ )1 1) di
' =L a0 —y—2 )y =1
A e @ 7,
A fflpyzdv = 2, (V4 [¥yededyde = [2, IS "”15 fdyds = [ [* 2e%(5in® 6) v dr df
=5 [y sin®0d6 = 2 [—cosf + 1 cos® g, =4
| B[] 2B+ F AV = [ [T 03 cos® i) p(p? sin ) dp dep d
2 TR
= fETdl 7% cos® ¢sin ¢ dib [ P dp = 2 [—1 cos rf}w' (3) ==&

- n 3 u=
| 2. V= ["f"(«*+ 4 ) dydr = _]: [y + &ya] :='11 de = fog (3z® + 84) dz = 176

| & V= f f:r-lgy fom ! dz de dy = -ﬂn f;—;lgy a?y dee dy
| = i 31— 2%y ~ (y + 1Y% dy
= J 3y By -1 Ty = (LS - D =
| 3.

V= R dededy = FER (1= ) dwdy

=fo (= 3" dy =32
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2V = [T r dedrdf = 373 (39 = sinb) drdd = [7 [6— $6in6] dB = 60137 1+ 0 = 127

33. Using the wedge abave the planc 2 = 0 and below the plane » = mr and noting that we have the same volume for m < 0 as

for . > 0 (s0 use m = 0Q), we have

Vo 2‘[;;“/3_]'0" W0z drdy =2 2% tm(a® — 9y ) dy = m m[a’y — 3y 1"“ =m(5a® ~ %a"} = Ema®

34. The paraboloid and the half-cone intersect when 2® 4 4 = | /2% + 2, that is when 22 - y? = 1arl So

Ve J __[V_iu;" dedA = f;“fofzrdn.drdﬂ_[ [ =¥y dr g = |7 (3 - Lyl = h(2m) ==

w2y
'R i
Bo@m=[f5 i7" pdvdy =} y—y*)dy=}-1=4
(by M, = [+ [} - wydedy = [ $u(1 -y dy = —4(1 = 'UB)H] = %
4

Mz = [} [ -y v dody = [ (4 =y dy = & Hence (7,7) = (3.3

@h=ﬁﬁ¢fm@=ﬁw—ﬁ@=ﬁ

3. () m = IwKa® where K is constant,

My = [[ ooy pzne KodA = K [T [2rconfdrdf = LKa® [T/ cos ol = 2a° K, and
M.=K ['W" “r2aind drd = $6°K  [by symmetry M, = M,].
Henee the centroid is (T, 7) = (¢&n, sa).
by m = fi7* fi' r* cos @ win? 8 drdf = [ sin 67 (20%) = LaP,
My = ﬂ"/: 3 7" cos? Bsin® B drdff = %[9 -1 5“140]#/2 ($af) = sma’, and

M, = U"/2 o 7 cosfsin Adrdf = [Lsin ‘), /2 (3a%) = Fa®. Henco (2,7) = (S na, §a).

37. The equation of the cone with the suggested orientation is (b — B =4/z 2 0<z< h ThenV = Fma’h is the
volume of one frustum of a cone; by symmetry M,,. = M,. = 0; and

‘ ) h—(h/aly/zd+u3 Zm pa plh/e)fa—r) a2 .
Mo, = // / . 2dzdd = f / / rrdzdrdd = / r— (a—r¥dr
Ja o Jo Jo Jo @

wibySZal

- 'ﬂ'hg

2 Pl 4 2,2
/(ﬂ-r—Ear +r)dr*—ﬂ-h( Za a.)zﬂ'h-a,

a 12

2 3 T4

Henee the centroid is (T,7, %) = (0,0, 1h).

ar po plh/a)(a—v) a a 5 [H i1
18. L,:/ ff radzdrclﬂzﬂvrf E(a.w-s—r“)czr=ﬂ(“——“—)=””‘ i
Jo Jo Jo o & a 4 5 10

P. 02/05
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9. -/- f g—zd ﬂ—‘l“n
(7 + dydz‘—-—/ / * 4y dy de
Y \/'?--:r“-

—jfﬁg f (rcos@Y(r®) rdr d8

r'1!"_2 A ogn o prdod .
= [} /zcos8df firtdr

= [sin 0]"/% [1r¥]) = 2- 1(243) = 48 —g7.2

40. The region of integration is the solid hemisphere 22 + 32 + 22 < 4,2 = 0.
p2 pofIopE  pfimE eyl
Joshy
= ffﬁz Iy fu pain ¢ sin 6)° (\/_) peeingdpdddd = [“'7/52 sin®0do [T sin pdgp {7 pPdp
= (46— $sin20]"7, [~4(2 +sin ) con g [36%]5 = (3) (3 + §)(§) = §n

¥+ y% + 2t dr da dy

41. From the graph, it appears that 1 — = = e® al @ &= —0.71 and at 1.25
T =0, withl 3" > ¢* on (—0.71,0). So the desired integral is

ffoPdA= [_D " —at Y ‘dyd:n

= %.[_a.'n (1= %) = & d -1 0.25
=tz —a®+ 32® — 12" - %63"’}?_0'71 /e 0.0512 —0.25

42. Lei the tetrahedron be called T'. The front face of 7 is given by the plane z + fy+ $2 = Lorz = 8 = 3z — &y,

which intersecrs the wy-plane in the line y = 2 = 2z, So the total mass is
m= [ffrplzyz)dV = 32752 (23m0-0008 020 2N de dyde = Z. The center of mass is

(T,7,%) = (m 1fffr To(T, ¥, 2) dV,m” fffr upE, v, ~) av,m™ ”JTZP Y *)dV) = (..17 I 7)

43. (a) f(w, ) 18 & joint density fimetion, so we know that Jipa Jlz,u) dA = L. Since f(z,y) = O outside the rectangle

[0,3] » [0, 2], we can say

Jhea flmv)dA= [7[70 fle,y)dydr = [ [2 Oz + y)dy da
eln [:cy + 59700, do = O[3 (2 + 2) dz = C[2® -+ 24) ) = 16C

Then 160 =1 = =4,

B PE2Y 21 =2, [* flew)dyds = [§ 7 k(o) dyds = 3 f7 [oy + 39°]'2 do

= fy (z+3) do = [fa®+ da] = 4
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(€} P(X +¥ £1) = P((X,Y) € D) where D is the triangular region shown in ¥
the figure. Thus ‘
BX+Y<1)= ffD Flao)dd = 727 Lie 4 y) dy dee

T a [oy o b0, de

1]_5 r:; [5-"(1 —m) + 21~ m)u] .

wfo (b —a)de=g5[o— o]} =

0 ift=0
ft) =
ape M iftzn

IFX, Y, and Z are the |ifetimes of the individual bulbs, then X, Y, and Z are independent, so the joint denstty function is the

1

4. Each lamp has exponential density function

product of the individual density funetions: -

Lo~ letpta)/a0n .
flz 4y, 2) Bnn.sf" [ if 220,y>0,220
0 otherwise
The probability that ali three bulbs fail within a total of 1000 hows ig P(X +Y + Z < 1000), or equivalently
P{(X.Y, Z) € E) where £ is the solid region in the first aetant hounded by the coordinate planes and the plane
%+ ¥+ &= 1000. The plane z + y + £ = 1000 meets the xy-plane in the line £ 4 y = 1000, so we have

P(X- +Y+Z< 1000 Jff.k ,f(-f‘,ﬂ,rv dV = flnm) +1000—a niDrJf.l—u:—a'r E‘%ﬂ_e—(m+y-l~1)/50n dz n!;y el

= = =3l 000—o—y
A J-mnn f 1000 - —800 [E—[m-inyﬂ-z]/ljugJ - dy
=1 1000 plonh— " _
s S =B _ gzl /800 g g
rrines Yl —m
= g5 Jo ™" {E'E’ Ty 4 800.3—(“H"u}/800] ) i
=

m]w j'lUﬂﬂ[ —Ef‘l(]aoo _ m) _ 800‘3—31/'801]] dx

1000

= T [—%6‘5"‘(1800 —z)% SDD:E-m;aun]D

= gair [—%ﬁ"“’ #(800)? 4+ 800%e5/* 4 Le—5/4(1800) — ann”]

=1— e 2 01315

P. 04/05
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i f_ fm- TV fe,y, x) dedydz = rn f(’-’f‘ y, %) dar dy dz

1]

[=]
s+
"

NPT T | . - "
fDBJEIy I fleyu2)dedady = fff Flmy,z)dV where B = {(z,9,2) |0y < 2,002, 0<z < ¥}
i If Dy, Dy, and Dy are the projections of E on the zy~, y=-, and wz-planes, then
Di={lz,) |02y=202 02y} = {(z, 0} | 05228 ¥FE<y <2},
‘ Dr={{2) | 02254 vesy=2={(12) |02y 220222, Dam{(z,2) [ 0S2<8 0334}
Therefore we have
ERR- B - . LI
T S Fey ) dzdady = [§[on [V fle,y, 2)dzdyde = [ {2 [V flz,y,2) dody de
4oy e,
=L L ey dededy
.1::""3 3 " 2
=Sy [ Flouz) dydzda + i [aa [T £ (@, 2) dy dz dic

58 '
= .fn rn fj; 1y:~)d?fdﬂ'du+fof A0 fe,—f(.’l‘ i, 5) dy dr dz

4. Sinccu=z—yandv=x4y,z=z{utv)andy = 1(v - u).

Blew) | 12 12| _ _y 4 1 dv
Thus i) = 12 12 and /f Ty dA = [ / (-2-) oy = —/ =—In2
5 ) 2u 0O O
Mz, 2) e
B Blu, v, w) 0 2v 0= B8uvw s
0 0 2w

Vo [[fgdV = fo [0 7" 3" Suvw duw du du = S L dun(1 — u = 0)® du
_ ful J:--u [4»“(1 — )y - Bl — whe® + 4'u.'u3i] s el
= fnl [2a(] — w)* — Ju(l — )" 4 u{l — u)'] du = ﬂ-,] Full — uydu

=L 30— - Q- wTdu= 3 [-A -+ - = (b ) = &
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9 Letu=y—zadv=y+zsor=y—-u=(n—-z)—u = z= %f’u—’LL)alld;[IEU—%('lJ—u):%{‘u-f—u).

g((_;';i’; = %:-% — g%% =|{—3(3) — 3(3)| = |-1| = &. B is the image under this transformation of the square

with vertices (u, v) = (0,0), {(—2,0}, (0, 2), and (-2, 2). So

2

. 2 0 0 2
— U v i 1 IR w
/[ Tydd = f / 24— (%) dudv =4 [ [otu— 1)Y= gy =L 2 - Yy = s[5 = B3] =0
J I 0 Juz ¢ =
This result could have been anticipated by symmetry, since the integrand is an odd function of y and & ig symmetric sbout
the T-axis,

50. By the Extreme Value Theorem (15,75 [ET 14.7.8]), f has an absolute minimum value 1. and an absolute maximum value M

in I, Then by Properly 16.3.11 [ET 15.3.11], mA(D) £ [f, f(x,¥) dA < MA(D). Dividing through by the pogilive
number A(D), we get m. < ﬁ}—)— ././u J (2, y) dA < M. This says that the aversge value af f over I? liea between m and
M. But f is continuous on I and takes on the values m and A7, und so by the Intmmedialtc Value Theorem must take on all
velues between m and A, Specifically, thers exists g point (20, v) in D such that f (zn, 1) = Tli’:’)" / /u Fla,yidd or
squivalently ff F(z, ) dA = f{zo, yo) A(D).

51. For each r such that Dy lies- within the domain, A(Dr) = mr*, and by the Mean Value Theorem for Double Integrals there

exists (zr, #r-) in Dy such that f (zr, ) = —J~— // flmy)dA. Bat Bm (z,,y.) = (a,b),
™ g, Dy r—0+
. 1 . . . , oo
0 Tl_l.nn:gl_ - /‘Lr Sl yydA = FE’T‘;]_F F@e 1r) = fla. b) by the continuity of f.

5 d 1 ir plt 1 e 1en
.(a)‘/fp e d.r.l-——l; f —{ﬁ)mmz.da=zwjr £ g

L r 2 q—n Rpl if |
Gt J__'-_n(R - il

2w In{R/r) ifn=2

(b) The integral in part {a) has a limit as r — 0 for all values of n suchthat2 = n >0 < p<o

1 ) i pw pByr 1 . B .
© f/fﬁ(_WW *.[ f / Gy singdbdidp = 2w 7 [ 0~ sin g dg dp

dr R_ dar S—n o 8-ny e s
e ] —-a_n(R S T ¥ W

4min{R/) itn=a

(d) Asr — 07, the above intepral has a limit, provided that 5 —n > 0 <« 5 < 3.
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1. ¥
51
B
ERA _\‘E.Rq_\‘
k]
ar R
&’
a2t &
4 XtTy=3
ol 1 2 1 x
2. ¥
R
R
0 ¥

= ‘[;]] tcos(t?) dt =

Ji om0} dy e = [l o g = gr, om0 da [, ettt aa

% sin(tz)]; = %sin 1

et R= L_,I':= 1 Ry, where

Ri={{my) |e+yzitdrt+y=i+il2s<3 22y}

[fale+ 1A= 3 [fy [o+uldA= STa-+ 4l [y, dd, since
[ = y| = constant = ¢ + 2 for (=, ¥) € R Therefors
ffale -yl da = S0, (4 2) [A(R)]

f= ATy
A1 AL

N AAd Al
kL) T -“-U-l*L'UT

{ a
1 {1 &
=3(4) +4(4) +5() -+ 6(3) +7(3) =80

Let R={{z,) |0 <z, y £ 1}. Fore,y € R, max {2® 3%} =2 ifa 2 4,

and max {z*,3*} = 3" il < y. Therefore we divide R into two regions:

R=HR URpwhere By ={(z,) |0=2<1,0< ¢y < z}and
={{my)|0Ey=1l,0=2 <yl Nuwmax{a:z,y"'} =z for

{x,y) € Ry, and max {a”,3°} = y* for (z,y) € Rz =

1
= Jnly & " dyda + Il e da dy = Iy = “d o oy et dy = e ]n

b 11
A fow = -b—l—af floyde = l_ili[; [ﬁ cos(t") dt] dx

= [} [} cos(t*) dtdz = l(u Jocos() drdt  [changing the order of intsgration]

=e—1

4 Letw=a -r,v=b.r,w=c-r,wherea = (g, as,o3), b = (b1, ba, b3}, € = {r1, ¢z, ca}. Under this change of variables,

E corresponds to the rectangularbox 0 € ¢ < o, 0 £ v £ 4,0 < w £ . S0, by Formula 16.9.13 [ET 15.9.13],

[ e [ ool 3

Bu, v, w)|
az,u,2) |

25}
Y

cy,

dV. B

as a3
bz ba =|la-b><c} =

€2 Oy

//_/ {a-r)(b-ri(e-r)dV = I hxc\_/_/ j i du dv duw

- (5)(5)(5) -5t

349
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1
5. Bince |zy| < 1, except at (1, 1), the formula for the sum of o Eeomerric series gives T = 2 ()t so

—T¥  s=n

foli Ze dady= [} S (my) dway = Z BB dedy = § [ " da] [ " dy]

=il

d
o

e R o S R R Ytk

-

€ Lot = -—\/? and i = Ei— We ]muw the region of integration in the Zy-plane, so to find its image in the uv-plane we per

vE
L= U -

wand v in terms of z and ¥ and then use the methods of Section 16,9 [ET15.9], 2y = + —

\/_ vz

lisgivenbyy =0,0 < ¢ % 1, 50 from the equations derived Above, the image of §,

2y, 50

m i r -
U= '_y’ and n1m}]ﬂ-]y v =

is 8 us= ;,-;r = —75;'. 0<z<1, thatis, v = —u, 0 <y = 7,-. Bimilarly, the image of S iy Shiv=u—/3,
{M‘:\/-ﬂ"lt‘lm&’eﬂfsqlﬁsq v=T_,y 1 = u 2 /2, and the image of 8, js & Spiv—w0<y gL
7“ £ VI v

¥ ) "
(@, 1) p— et (1L, 1)

S.; Slxe=) A——

. dz/0u Oz /b or —om
The Jacobian of the transformation s M / /, &5 Vi = 1. From the diagram,
Au,v) By/du  By/du 71_ ?}E
we see that we must evaluate rwo inteprals: one over the Tegion { (o) |0 su< &5, — oy u} and the other

D"er{(’”ﬂ‘)fﬁgiuﬂf, —\/5+'1A£'rJE\/§~u}.So

1 drdy _ VA dh dl Van dv d
£f 1= =y / /ul-— 7-(1:+Z)”7-(u—m) /V’_/ﬂ/v"'l-ul- ;%E(H+'U)ﬁ (‘U—U)]

_ "P/?-/ 2d'udu / /‘/_"‘ 2ov dy
Jo -nu~"'”'+'-'-’ VA2 SR 2 -—u-+?_:2

w370 VT
=2 [ / ——i-— [n.rcta‘n C [
Jn

L
v
= du + T
2t \/'.l—uﬁ]_u, I B VI - s -

v ﬁ 12
arctar, —-—-J i
ROV

vaE VE VZ-y
=4 / = drctan -—-— = du - / = ArCtan —e duy
0 VA —u V2 Smp 2=z V2 —

Now letw = /T sin 8, so duy, — V2 cos 8 48 and the limits change o 0 angd & (in the first integral) and # and I (in the
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second integral). Continuing:

dedy /8 1 V3 3in 8
=4 ——=———— nrctan V3uos8 fa]
[ / Tozy [ 82— 2sin?g v/2 — 2sin 4 ( )

e VE—Ising
=+ / arctan | ~————=——= | (/2 casB.dp
m/8 V2 — 28ind g (\/z—ﬂsinzﬂ)( )J

w/h L] o
=4 / \/_ cos arctan ( v3sin 6) a8 + / \/1 cos 0 arctan (M) a6
Jo w/8 \/_ cog d

N V3o Vacosd
[ arctan(tongyag + " (1-sin0y ]
=4 arctan(tan arctan{ -
[_./u { ) /8 ( cog # ) J

But (following the hint)
1-yind _ 1—coa(L —8) _ 1—.[1- ain 2{ (F - ))]
cos @ sin(Z —B) 2$in(‘ (£ - 8)} cos(3 (% —8})
o ey
"2 - 0) eon(3 (7 7)) " (EH(E-0)

[l Fungle formulos]

Continuing:
w8 T/
/ f dzdy [ j arctan(tan #) df o [ ﬂrctan(tan(%(%w-())))dﬂJ
3 1 -y o RE Y]
/G w3y gry=/a 8 g&17/* a2y 2
= [“on- [ 33 )] =a([5]"+ Z-50)=4%)-%

X = 5_-‘; (zyz)?, 50

1zyr 2

// drr:lydz—// E:ryz) drdyds = //f (2yz)" da dy dz
a Jo l_mJ N n=0 Rtz

':T‘[I:J:r“dm][_ﬁ]y dJ”‘]H‘z“dszi .

n=a amp?+1 n41 no]

=1 1 1. 1wy

_-TED (:n_l_l)a —F_'_§F+§E+ _vm=1l7.1_3

7. (a) Since [wyz| < 1 except at (1,1, 1), the formula for the swm of & geometric series gives

1

(bb) Since |—zyz] < 1, except at (1,1, 1), the formula for the sum of a geometric series gives - 1 = 3 (~myz)"™, s0

+ 117?,#- =0
N waya N dydz= 3 [ .
— gz dyds = //—-—— - " dadydz = f/ (—zyz)™ d oy dz
-/EI -/{;-L .|.+3-"‘!_,'Z “ y -/U‘ 0 Ju l-‘" Tz Z“( m?’,Z) Y nl—un v ) “
= -7 1 n LI " 1 B 1. i __[_
_Eo 1) UD'T d:er dy][*’”" d’“.‘“ﬂgn( 2 n--1 n41 n4+1
- G A L L& (-
BTl et F EEN
, , 1 1 1 1 . .
To evalnate thig sum, we first write oyt a few lerms: g = ] — 2. + EToE = = — =z 0.8998. Notice that
24 43 53 @B
ar = —1~ < 0.003. By the Alternating Series Estimation Theorem from Seetion 12,5 [ET 11.5], we have

T3
|5 — sa| < a7 < 0.003. This errar of 0.003 will not affect the second decimal place, so we have s 22 0,90,
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ATCtan wr — argtay o arctan yz ] *=" e o
[ e, i )
r dz o ) dﬂ: 1 _,_yg T s fude = T ¥ y":b'ﬂ di dy

=t

_ .. archan yx L E
_.‘[ :1_1'%[-———__?; L:n d?“.[ Edy_z)-[lny]l_

@_%% W%I%&_@
fr " Bror thydr ' 8z 8r Oz

Ing

kol g

k.
¢os 8 + gﬁsinﬁ and

' 8y Fudz &y Sy | 8% 8z Fudy 8 ag 'u @z
= = cogd | 2 Y DT — B Pz —t L U oz
A Are = con [B;z:ﬂ &t aram Byor ar T Oz Oz Br helnd [By Br " Brdydr T dz dy 57‘]
i & Pu Fu
= eos? § 4 a—J-sm 9+25—a—-cnsa aind
I &y Ju

au.
&i = L
imilarly — 37 B 7 Bin @ - ayrcosﬁand

u /Y, a o &
(—9—3'- = -,?'g:rzmngﬂﬁ- Er——ugrﬂcoa"ﬁ—2aial; e Eind cond - ggrcusﬂ— %w-sinﬂ. 8o
Fu 18w 183, Fu §y 8%y &y . Qucosd  Busing
-_T‘—2+T§F+1"235‘5+d*3153605 B-‘-EFHIH 8 I_EMCOBEBJIIG_F‘ET"_—BZT
&y, a %y
+-.§E§Em B = o Eraﬁ-—smﬂ cosd
| : __E)'u. cosd  Pusing i &y
| dx dy r Hza

! _ & Bu 4+ Fu A%y dz'u.
1 T dy“ 828

i (b) = pyin weosd, y = peingaing, » = pooa . Then

du _Budr gy 8y | iy 9z S
3 3,0 Fr t)p +o—— By 6,0 + 7 Bp = —-amgﬁ msf)-l——smq‘) smB+-—ms¢;5,and

9 u v Oz 8*u Sy Fu
| =g T LU e
8pt sin ¢ cos [ELP Bp By bn Bp t Bz da Ep}

I \ . & Sy %y, 5:1': a'u oz
i f|=—Zd ——
* singsin [ayi’ dp T+ B By Bp Bp RN ¥ By BFJJ
i Fudr % b po, dy
' '°°E¢[u %8 " Tam gy " ayS’BpJ

&y 9%y
= :3-—-—mn & &in g coa&-{-?a-—a-mnab OB coad + 2

P .
Sy O . Bitl¢h eog b min @

]

u g pgy Pu L g%, 2
+E);ggsm ¢ cos B+E‘an Pain E-i—g;mﬂ &

&, S A :
.‘I Similarly 25 d; = .d—:: peoagcon - -ré-?—j ACosghsing — % Asin g, ang
‘ @zu qu ) 2 R ﬁﬁu n
E_;'F =2 m ATeas” i Bin g coa g - 0 3rds ATEnQ cong cos g
-8 = BJBz 2 5in ¢ cos ¢ sin g -+ 5)— 7* cog” @ s § - %E a° coa® ¢ sin? g

%y Ou
+ 0*; o7 win® ria-—g—pam«zb cosf)—%psmgiasmﬂ-%——pcmqﬁ
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And %’é = —~§— psrn¢551n9 + g 28 eon f, whila

G ] na,
g—ﬁ% =7 5-{3% % sin® t o8 8 §inf -~ % 2 sin® 4 sin® ¢

dn du,
—1— 8 3 p sin® ¢ cou® E'—-a—pumr,b rﬂsﬂ—-a—J-[Jslnq‘)mnﬂ

Therelore

u 28y cotd By 1 % 1 &y

3p2 " p 3, o2 m_kﬁﬁﬁ_pzsimaqiw

U

e

[(5111 & cos® 8) + (ens® ¢ cos® 8) + sin® 4]

°“l

-i- -— I-(Hll'l ¢ sin® ) + (cos® & gin® 8) 4 cos® ") i— [cos® i + ain? )

dy®
Bu [2sin” ¢ eouf -+ cos? ? cosf —sin® ¢ cos @ — gosd
+
G PELN
+ G Hu .Zmn  gin # + cos” ¢ sin f — gigd ¢ 5ind - gin §
y pain g

L 01702

a5

But 28in® ¢ cos 6 + con® ¢ con 6 — sin? Peosf —cosd = (sin® ¢ + cos? ¢ — 1) cosd = 0 and similarly the coefficient of

B/ is 0. Also sin® ¢ cos® § + cos® pcos” @ +sin” § = cos® (sin® ¢ + cos® @) + sin® 6 = 1, and similarly the

cocfficiont of 8%u/8y? is 1. So Laplace’s Equation in spherical coordinates is as stated,

10. (a) Consider a polar division of the disk, similar (o that in Figure 16.4.4 [ET 15.4.4], where

l=th<b<b<...28, = l=rm<ro<...<pr, = F, and where the polar subrectangle R;;, as well ag

7 67, Arand AB are the samé as in that figure, Thus A4; = i Ar Af, The masg of Rij is p &A;, and its distanee from

m iy g4y (r{)? - d?. Accarding to Newton's Law of Gravitation, the force of attraction experienced by m due to this
z p

" o Ghinp AA; .
polar subrectangle is in the direction from m towards Bl and has magnitude —«—TTA—*L‘-—‘ The symmetry of the laming

£%)

with respeet to the z- and k-axes and the position of m are such thay all horizonts] components of the Eravitational {orce

cancel, so that the total force s simply in the » z-direction, Thus, we need only be concerned with the components of this

- o GrpAd; | L
vertical force; that ig, —-—;——‘ sin ey, where @ is the angle between the erigin, v and the mass . This sin =

15

G"rnpd A4,

and the previous result becomes + The total atactive force s Iust the Riemann sum

T

i=ljg=1 i=1 (r;)qu‘dﬂ“/ﬂ

e — oo, Therefore,

1 f 1 1
= 2n T = 2 = ' FR,-
F=2n mpdf i "-i" FEETE or = *.rerpd[ R CFL 211-Gmpd(d 5 d*)

{b} This ig just the regult of part (4) n the limit as & — oo, In thjs cise \/FI-W — 0, and we are left with

F = 2almpd (% - ) = 2rmp.,

a,_,

mooon ) A 3w
Z Z G'mpd A4 Z Z MM which becomes / / F%%%r df dr ws m ~ oo and
=~ [
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i M. f2 55 f (&) dbdzdy = [[], £ (£) AV, where

E={(tzy)|02tL0<s<y, 05y = ah

T'we let I be the projection of E on the yi-plane then

D={(ypt) |0 £t <zt <y<z} Andwe see from the diagram

that B ={(t,z, ) |t L2yt Sy S0, 0<t=< g} S0
i Ll fs sWatdzdy = [T 17 [Y F(f)dzdydt = [T [ [y~ ) F(#) ay] dt

fo [~} f () ]2 dt = [7 [32" — tw — 32 +2%) F(2)

e o+ L*] flt) dt = [T (3a® ~ 2w + %) F(2) dt

1 o [3
| - =%Jﬁ(m—f) F(t)dt





