Oue basic tools for integrating in polar, cylindrical. and spherical enordinates are the for-
mukas

dA = rdr dp, dV'=rdrdf dz, and dv= p?sin ¢ dp d¢ dé, (D

for the elements of area and volume in these three coordinate systema. However, the jus-
tifications we pave in Chapter 20 were purely inmitive and grometric. Our purpose in this
brief final appendix js to describe a broader theoretical seiting within which these for-
mulas can be understood as merely different aspects of 4 single idea.

The problem that we now consider is the following: What happens o a rmultiple inte-
gral

ff"‘ff(x.y....)dxdy...
R -

if we change the variables from x 3 .. tow o ... 7
We know the angwer (0 this question in the case of a single variable: If f(x) is contin-
wous and the funetion x = x(x) has a continnous derivative, then

[ ey ae = [ ptatun) 5 aw, @

where @ = x(¢) and & = x{d). As an cxample of the use of this formulys, we point oul that
the trigonometric substitetion x = sin 8, dx = cos @ d@ enubles us o wrike

1 = [ ‘ _ 'm‘ﬂl .'--E.
J{;\Vl—x“dx—fn cosB-cdeB—L 2(]+cnﬁ'29)d()—4.

o

CIHANGE OF VAR'[ABLES

IN MULTIPLE
INTEGRALS. JACOBIANS

Ca lt..u Jos .,_Q/-»M/\/tﬁ:'_
C{WFWP.»W\Z; (L“dj

b‘a" d:u(}a S'\“"P"I.mp-l‘_j )
pEH -



el

342

Figwre A20

THE TIHECQRY OF CALCULUS

iy

Students should observe particularly that the change of vuriuble in this calculation is ac-
companied by a corresponding change of the interval of intogration,

Our only similar expeticnice in the two-variable case is with changing double integrals
from rectangular to poldt coordinates by using the transformation equations

X =rcos b,

Up to this stage we have interpreted these equations as cApressing the rectangular coor-
dinates of a given point in tetms of its polar coordingtes. However, they can also be in-
terpreted as defining & transformation or mapping that carries points (v, 8) in the r8-planc
over to points (x ¥) in the xy-plane. That is, if a point {r, @) is given, then equations (3)
determine the cotresponding point (x, ¥), as suggested in Fig. A.20. Further, in order to
malke this correspondence ohe-to-one, it is customary to restriet the point (5 8 (o lic in
the part of the r6-plane specificd by the inequalities 0 = », 0 = 8 <L 2,

Frow this point of view, the formula [or changing a double intcgral into polar coordi-
nates [formola (3) in Section 20.4] can be written as

jff(.t, ¥ e dy = J]if(r cos A, rgin @) r dr de. (4
K 5.

Thue, we are allowed to substitute x = » cos § and ¥ = r sin @ in the integral on the left,
but we must then replace dx dy by r dr df and R by the cortesponding region § in the
ré-planc, In our previous work we made no mention of the region §, but instead —and
cquivilently —changed the limits of integration on iterated integraly to describe the same
region R in lerms of polar coordinates.

Formula (4) i3 a special case of a very general formula for changing vardgbles in dou-
ble integrals. The detailed proof is beyond the scope of this book, but at leust we can state
the result, First we need a definition. Consider a pair of functions of two variables,

x = x(i, ), ¥ = ylu, 1), ()

and assurne that they have continuous partial derivatives, The Jecobian of these functions
14 the determinant defined by

3= psin 8, €3] l

o
Any) | 0| iy @
Hu ) gy oy| Owdv dvdu

.

*Determinants of this form were first discussed by the German mathematician C. G. ). Jucobi
(1804 ~1851). He did imputtant work in the theory ol elliptic functions, and pplied his discoveties
i astonishing ways to the theory of numbers. He ulso created o new and truitfu] approach to theo-
retical dynarnics. The Hamilton-lacobi equations are part of the standard equipment of every student
of mathematical physics. Also, Tacobi uttered the following magnificent and unforgettable defense
of seletice Tor its own sake: “The sole (im of seienee s the bonor of the bumen mind, and from this
point of view 4 question about mumbers i a8 itpotLant as a question about the sysiem of the warld.”
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This 15 often called a functional determinant, because jt is a function of the variables u
and v As an example, we see that the Jacohian of the polar coordinates mansformation
(3)is ‘
E
9 ¥) _ dr d¢ _|cos @ —rsind
Hr, O {3y ay sin # ¥ cos 8
or 28

=rcog’ B+ rsin* f=r.

The genaral change of variables formula for double integrals can now be stated as Tol-
lows: If (3) i @ une-to-ane transformation of a region 8 in the we-plane onto g region R
in the xy-plane, and if the Jacobian (8) is positive, then

7633 e @y = [[ 10, 3, 300 91 5 e (7)
# £ '

Since ri5 the Jacobian of the polar coordinates (ransformation (3), it is clear that (4) is a
spectal case of (7). Purther, we can think of (7) a3 & iwo-dimensional extension of (2),
with the dedivalive dwidi being replaced by the Jacolian oy, yWo(u, ).

Formula (7) in turn can be extended o triple integrals, First, we define the Jacobian of
the transformation

o a
; du dv dw
x = x(u, v, W), ey |3y av ay

¥y =¥, v, W), by

7= 2, v W), A, 4 w) du  dv ow|

oy 3y Ow

Then, under the similar assumptions, we have the following extension of (7);

([ rts 350t ay iz = [[f £y 52225 i v, ®
R 5 v

where Flu, o w) = flx(u, o w), p(2 o w), 204, 4 w)]. The main thing to notice here i3
that .

Hx, v, 1)

A, 1 W) du dv dw.

de dy dz is repluced by

Two important special cases of (8) are those of eylindrical coordinates,

[If #6722 ax ay de = [[[ 7, 0, 20r dr db de,
] § ‘

where F(r. €, z) = f(r cos 8, r sin 8, 7); and spherical coordinates,
[l 73 0 sty iz = [[[ P . 0362 sin o do i
R 5

where Flp, &, 8) = f(p sin ¢ cos 0, p sin ¢ sin 8, p cos ). We leave it to the stadent to
verify the spherical coordinates formula by using the wransformation equations

X = psin ¢ cos 8,
= p sin ¢ sin B,
= pOoos o,

to calculate the Jucobian
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v ¥
R
v AY AA
av
E.)R Au
o du
i 92 R = R, v)
e, 04 e, el
il ;.'
ui cos 8 cos B —psin ¢osin @
Br 3.8 _ in o p oS o o psin ¢ &

sindgisin® pcosdrin @ psin deos 8 | = pPsin
¥ps b €) cos o —p &in o 0

It is in this way that we can understand a little mote fully what lics behind formu-
Tue (1.

One question rermains, and for the suke of simplicity we state it only for the two-vari-
shle case: What is the underlying rcason for the presetice of the Jacobian on the right side
of formula 7)? We now give a very bricf intuitive explanation of this by means of vec-
tors. In the wi-plane the cquations u = a constant and v = o constant determine a network
of straight lines parallel to the axes, whereag in the xy-planc these equations determine a
network of intersecting carves, A small rectungle in the ue-plane with sides Ay and Av
corresponds to w small parallclogram in the xy-plane (see Fig. A.21) with sides that can
be writien in vector form as

w, (B,
W Au—(aul+auj)Au

and

dik dx, oy

U . AR Y

dr Ay (au' - Elu'l o

approximately. In calculating the integral on the left side of (7) as a Jimit of sums, it i
natural 1o abandon the usual rectangulur cells and Instead use those small parallelograms.
If we detiote by AA the area of the parallelogram in the figure, then AA eguals the mag-
nitude of the cross product of the two veetors given above. Since this cross product 15

i §i k
@y _[9 |
" on 0| Au Av= {__._a(u, 0 Au AU} k,
9x gy
w v °
we have
Ad =200 A A, )

dlu, t)

This shows that the Tacobian plays the role of & Tocal magnification factor for wreas. Fur-
thet, these romarks constitute 4 sketch of a proof of (7), bocause all that repraing to es-
Lablish (7) is to form the integral on the lclt side as a limit of sums and make use of (9).
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