LESSON 8.1 — RATIONAL EXPRESSIONS |
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Here is what you'll learn in this

lesson: Almost 2000 years ago an Alexandrian mathematician named Eratosthenes figured out
the circumference of the earth. He did this by setting up an equation that involved rational

Multiplying and Dividing . o . . .
expressions, fractions in which the numerator and denominator are polynomials.

a. Determining when a rational
expression is undefined In this lesson, you will learn how to multiply, divide, add, and subtract rational expressions.

b. Writing a rational expression in
lowest terms

¢. Multiplying rational expressions
d. Dividing rational expressions

e. Simplifying a complex fraction
Adding and Subtracting

a. Adding rational expressions with the
same denominator

b. Subtracting rational expressions with
the same denominator
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MULTIPLYING AND DIVIDING

Summary

Determining When a Rational Expression is Undefined

You have divided integers to form fractions, or rational numbers. Similarly, you can divide
one polynomial by another to form an algebraic fraction. Algebraic fractions are also
called rational expressions.

For example, here are some rational expressions:

8x2-9
x5 + 4x -1

BX2—T7x+ 2 1
xX+5 7x2+3

i

In general, a rational expression is written in the form 7

and Q= 0.

where P and @ are polynomials

A rational expression is undefined when the value of its denominator is zero. To find the
values of the variable for which a rational expression is undefined:

1. Set the polynomial in the denominator equal to 0.

2. Solve the equation in step 1.

For example, to determine when % iS undefined:
1. Set the denominator equal to zero. x—4=0
2. Solve the equation x—4 = 0 for x. x=4
S0, M;_# is undefined when x = 4.

Writing a Rational Expression in Lowest Terms

You have learned how to reduce fractions to lowest terms. In a similar way, you can
reduce rational expressions to lowest terms.

To reduce a rational expression to lowest terms:
1. Factor the numerator.
2. Factor the denominator.

3. Cancel pairs of factors that are common to both the numerator and the denominator.

A rational number can be written as a

ratio of two integers, %, where b # 0.

A rational number such as 1% isa

special case of a rational expression.
Here, the polynomials in the numerator
and the denominator each consist of
one term, an integer.

It’s okay if the numerator of a rational
expression is zero. But the denominator
can’t be zero since division by 0 is
undefined.

Remember, to reduce a fraction to
lowest terms:

1. Find the prime factorization of the

6 2-3
numerator. 9° 9
2. Find the prime factorization of the
denominator. _23
’ ~ 33

3. Cancel pairs of prime factors common

to both the numerator and the
denominator.

™ -

— 2-

3-3
_2 1
So, — = 3"
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21a%b3¢c?
3adca?

For example, to reduce to lowest terms:

3-7-a-a-a-a-b b-b-c-c
3adcd?

1. Factor the numerator. =

_ 3-7-a-a-a-a-b b-b-c-c
3-a-a-a-c-d-d

2. Factor the denominator.

11
3. Cancel common factors. 2T

7ab3c
d2
As another example, to reduce 7’(?_“ =10 40 lowest terms:
xc—-2x-15
1. Factor the numerator. e+ 2=9)
xc—2x—156
; _ x+2Kx-=5)
2. Factor the denominator. = W+ Db
1
. Cancel common factors. = W+ 2~5
3. Cancel common factors T
1
_X+2
T x+3

x2-3x-10 _ x+2
S, x2=2x-15 ~ x+3°

Remember, to multiply fractions: Multiplying Rational Expressions

U (R TR SR You have learned how to multiply fractions. You can multiply rational expressions in the

denominators info prime factors. same way.

7.9 __7 .33
18 14 2-3-3 2-7 . . .
To multiply rational expressions:

2. Cancel pairs of factors common to

. 1. Factor the numerators and denominators.
the numerators and denominators.

]1 ;_; 2. Cancel all pairs of factors common to the numerators and denominators.
-2 73'?’ . 2'17 3. Multiply the numerators. Multiply the denominators.
) 2,2
3. Multiply the numerators and the For example, to find i’;v ﬁg : ;—ngy:
. 1
denominators. == R L0y
4 1. Factor the numerators and =33 xxyy, 222wz
. 2:2-Ww-2-2 3-X- X"y
denominators.
1 111 11 1 1
2. Cancel pairs of factors commonto = W 222wz
the numerators and denominators. e By
. . 3.y 2
3. Multiply the numerators. Multiply == 7
the denominators.
_ b
Tz

9W%y? 8wz _ 6y

dwz? 3%y 77

)
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Dividing Rational Expressions

You have learned how to divide fractions. You can divide rational expressions in the
same way.

To divide rational expressions:

1. Invert the second fraction and change “=" to “-”. Then multiply.

2. Factor the numerators and denominators.

3. Cancel pairs of factors common to the numerators and denominators.

4. Multiply the numerators. Multiply the denominators.

) 2 2,3
For example, to find 22X . 30XY°,

2w T owe
; _ 4yl
1. Invert the second fractlon.and = oz 30y7
change + to -. Then multiply.
2. Factor the numerators and =3 32 5WX;Vy'y ; 3'5W.'XWXWy o
denominators.
3. Cancel pairs of factors 1 1101 1 Do
common to the numerator - 3’32'5;W. . 5W-XW- w
and denominator. 11 11 { 1/ Y
i _3..w
4, Multfplythe numeralltors. =% 2
Multiply the denominators.
_ 3w
T 4y

So 45xy2 . 30x%y° _ 3w

2w T owe Axy’

Simplifying a Complex Fraction

When a fraction contains other fractions or rational expressions it is called a complex

fraction. One way to simplify a complex fraction is to use division.

To simplify a complex fraction using division:

1. Rewrite the complex fraction as a division problem.

2. To divide, invert the second fraction and multiply.

3. Factor the numerators and denominators.

4. Cancel pairs of factors common to the numerator and denominator.

5. Multiply the numerators. Multiply the denominators.

Remember, to divide fractions:
1. Invert the second fraction and
change = to -. Then multiply.

4 .8_4 9
27 09 27 8
2. Factor the numerators and
denominators.
__2-2 _33
T 3-3-3 2-2-2

3. Cancel pairs of common factors.
11 11
2-2 33
3-3-3 2-2-2
11 11

4. Multiply the numerators. Multiply

the denominators.
1.1
T3 2
_1
"6
4 8 1
50, 57 % 9%
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3m3

For example, to simplify this complex fraction 5n°
10n?
3 2
1. Rewrite the complex fraction as = 3;% + 160%
a division problem.
2. Divide by inverting the second =% B

fraction and multiplying.

3. Factor the numerators and denominators. 8-m-m-m

) 2
“ 5-p-n-n-n-n 2-

SESER

4. Cancel pairs of factors common =
to the numerator and denominator.

m
n

asRa

1 1

3. 2
B4 .n 2-3-
11 1

i : m
5. Multiply the numerators. Multiply =3
the denominators.

3m3

50 _ m
So, s T

10n2

Sample Problems
Answers to Sample Problems

1. Find the values of x for which this rational expression is undefined: B ok S
(X + 8)(x—5)
v a. Setthe polynomial in the (x+8)(x—5 =0
denominator equal to 0.
[J b. Solve the equation (x + 8)(x—5) = 0. X=__ o x=___
b. =8, 5 (in either order)
2. Reduce to lowest terms; 242
6xz°w

2:2:2-3-X-X"X-y-27-Z

¥ a. Factor the numerator. = 5
6x2z%w

[ 1 b. Factor the denominator. =

2.2.2.3.){.){.)(.}/.2.2
b. 23 xx22zzw
[J ¢. Cancel common factors. =

c 2
w
2 —
3. Reduce to lowest terms; +3*=4
Xe=3x+2
 a. Factor the numerator. = ol d
Xe—=3x+2
[] b. Factor the denominator. = W
b. x—1, x—2 (in either order)
X+4

[J ¢. Cancel common factors. =
c. x-2 -
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L1 3a%h | cd?
4. Find. 2cd®  6a3h?

BT a. Factor the numerators and
denominators.

[J b. Cancel pairs of factors
common to the numerators
and denominators.

(] ¢. Multiply the numerators.
Multiply the denominators.

6a2b? . 3ab

. Find: -
d 5¢3 10c2d

M a. Invert the second fraction
and change + to -.
Then multiply.

[J b. Factor the numerators and
denominators.

[J c. Cancel pairs of factors
common to the numerator
and denominator.

(] d. Multiply the numerators.
Multiply the denominators.
33

3p*
. Simplify this complex fraction: 752

6b2

v a. Rewrite as a division problem.

(] b. Divide. (Invert the second
fraction and multiply.)

[ ] c. Factor the numerators and
denominators.

(] d. Cancel pairs of factors
common to the numerator
and denominator.

[] e. Multiply the numerators.
Multiply the denominators.

3-a-a-b c-d-d

“2.c-ddd 23-aaabb

_ 6a?b?  10c?d
5¢3 3ab

2-3-a-a-b-b 2-5-c-c-d

_a . 7a
30~ 6b2
33

T o3pt

Answers to Sample Problems

b. 2,d;2 ab

b. 5¢c¢c¢c 3 ab

c. @, 4 or 2d
G 1

4abd
c

607
7a?

2a
7b?
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ADDING AND SUBTRACTING

Summary

Adding Rational Expressions with the Same Denominator

Remember, to add fractions with the You have learned how to add fractions with the same denominator.
same denominator: You can add rational expressions with the same denominator in a similar way.
1. Add the numerators.The To add rational expressions with the same denominator, add the numerators. The
denominator stays the same. denominator stays the same.
3,187 3 11
4747 4 For example, to find -2~ + ——
10 X+5 X+5
7 1. Add the numerators. = %
2. Factor the numerator and 1 The denominator stays the same.
denominator. - £28 3x 11 3x + 11
22 So, = .
1 X+5 X+5 X+5
5 After you add rational expressions, you often simplify the resulting rational expression by
< FEMES WDIIEEIENS: = 2 reducing it to lowest terms.

X+ 1 4 2X+2 |
x2-3x—4 = x2-3x-4"

For example, to find

1. Add the numerators. The _ X1+ 2x+2

) X2-3x—4
denominator stays the same.
_3x+3
T ox?2-3x-4
ety
2. Factor the numerator and denominator. ==/
M(X— 4)
3. Reduce to lowest terms. = )%1

X+ 1 + 2X+ 2
X2-3x-4 = x2-3x-4

3
S0, payE

Remember, to subtract fractions with . . . . .
) Subtracting Rational Expressions with the Same Denominator
the same denominator:

You have learned how to subtract fractions with the same denominator.

1. Subtract the numerators. You can subtract rational expressions with the same denominator in a similar way.
The denominator stays the same. , , ) .
5 1 51 To subtract rational expressions with the same denominator, subtract the numerators. The
6 6 6 denominator stays the same.
_4 . 4y 5 .
6 For example, to find 7w e
2. Factor the numerator and 1. Subtract the numerators. =40
. 2-2 . 17w
denominator. =573 The denominator stays the same.
’ 4y 5 _ 45
"7 17w 17w’
3. Reduce to lowest terms. = % v v v

After you subtract rational expressions, you often simplify the resulting rational expression
by reducing it to lowest terms.
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For example, to find

5x—6 4x—7

1. Subtract the numerators. The
denominator stays the same.

2. Distribute. Be careful with
the signs.

3. Factor the numerator and
denominator.

4. Reduce to lowest terms.

X2+ 6x+5  X24+6x+5 "

So, 5x-6 4x-7 1

X2+6x+5 X2 +6x+5 X+5"

Sample Problems

ind- 2a , 6a
1. Find: 5b+ 5

[ ] a. Addthe numerators. The

denominator stays the same.

2. Find:

+ 2

2% 13
-1 x-1'

X

[] a. Add the numerators. The

denominator stays the same.

T Xx—12 3x—8
3. Find: x2—2x—15 + x2—2x-15

[ ] a. Add the numerators. The

denominator stays the same.

[ ] b. Factor the numerator and
denominator.

[ ] ¢. Reduce to lowest terms.

_ Bx=6-(4x—7)

X2+6x+5

_ Bx—6-4x+7

X2+ 6x+5

X+ 1

T X2 +6x+5

1
x+T

Le+1x + 5)
1

X+5

5b

(x—12) + (3x—8)

x2—2x-15

x2—2x-15

Answers to Sample Problems

a. 2a+6a

8a
5b

a 2x+13

a 4x-20

4ix-5)
" x+3)x-5)

4

C.
X+ 3
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Answers to Sample Problems

ind (. _ 2
4. Find; TIARETY
a 7-2 7 a. Subtract the numerators. The =5
denominator stays the same.
i =
11y _
ao 138 2+4x
5. Find: i "
a 13=2+% [J a. Subtract the numerators. The = i
denominator stays the same.
b 13-2-x ] b. Distribute. Be careful with - -
the signs.
11-x
4x =
foa 9X+2 Ax+T
6. Find: X2-25 x2-25
¥ a. Subtract the numerators. The = %
denominator stays the same.
3 X-5 =
" x2-25
b X-5 [J b. Factor the numerator and =
(x+5)x~9) denominator.
o 1 [J c. Reduce to lowest terms. =
" x+5
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Homework Problems

Circle the homework problems assigned to you by the computer, then complete them below.

\ly/,
-

:O_

P <
st

Explain

Multiplying and Dividing

1.

For what values of x is the rational expression below undefined?

X+ 7)x-8)
x=149x+2

For what values of x is the rational expression below undefined?

x2-9
x2—4
3a2hs
R low rms:
educe to lowest terms b
2 _ 3y
Reduce to lowest terms; 2—2—28
X+5x+4
A 4
Find: 2= - 22
d 7z T7y?
; 15a2h2  2cd®
Find: .
d 2c%d  bHab?
o 12xy L AxyB
Find: 7 - F
; 3ab? 6a2b
Find: +
d 1304 ° 1102
S5
I , , as , .
Simplify this complex fraction: 5 Write your answer in
lowest terms. a2

10. The ratio of the area of a circle to its circumference is given

11.

Tr
2mr’

by
a.  What value of r makes this ratio undefined?

b. Simplify this expression and then determine what value
of r will make the ratio equal to 2. That is, find the radius

that will yield an area that is twice the circumference.
X
Simplify this complex fraction: X ;1 . Write your answer

in lowest terms.

X+1
3y4
12. Simplify this complex fraction: y9;22 . Write your answer
in lowest terms. y-2

Adding and Subtracting

13.

14,

15.

16.

17.

18.

19.

20.

21.

23.

24.

. 3x 18x
Find: = + —
d 5y %y
. 3+5a 2a+1
Find:
d 8-a 8-a
: 4
Find: =X~ +
d x2—4 = x2-4
Lo 324+ 4 27
Find: z-11 + z-11
— 2x—5 3x+ 15
Find: x2—5x—14 ~ x2-5x—14
. 27+ 11 3z+4
Find:
d 72-37-18  72-37-18
. 9 2
Find: — — =
d 15x 15x
. 17 54y
Find; — - =—2%
d 13y 13y
The volume, V, of a sphere of radius r is defined by the
3
formula V= 4”Tr. Find the volume of two identical spheres.
3 3
Thatis, find 222 4 477
3 3
T y _ 9
. Find: TR
w0 4y+ 6 3y+4
Find: =2— — 22—
d 3y+6 3y+6
Find: 4x—4 3x-7

X2—2x—15  x2—2x—15
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Practice Problems

Here are some additional practice problems for you to try.

Multiplying and Dividing

1.

10.

11.

12.

13.

14.

15.

16.

348

For what value(s) of x is the rational expression below

undefined?
1
X+5

For what value(s) of x is the rational expression below

undefined?
2
(xX=3)(x+5)

For what value(s) of x is the rational expression below

undefined?
25
3x2-12

For what value(s) of x is the rational expression below

undefined?
17
2x2-18

36m°n®
27mn®
75xy%77
4554376
44ab*c
77a’bc
X2+ 10x + 21
X2 +5x+6

Reduce to lowest terms:

Reduce to lowest terms:

Reduce to lowest terms:

Reduce to lowest terms:

X2+ 4x-5

Reduce to lowest terms: =
Xe—3x+2

X2—x—12

Reduce to lowest terms: 5———~
X°+5x+6

. 6a 7b
Find: ==
d b3¢?  3a’

o B . Y
Find: T

o 10m3n® o 21m®
Find: 9mn?® 15n8
, 4

Find; 22° . ¢

3¢ 1068
.o 8mn . 14mp
Find: 2 24m2n*
L xS 278
Find: R

TOPIC8  RATIONAL EXPRESSIONS

17.
18.
19.
20.
21.
22.
23.

24.

25.

20.

27.

28.

2 2
Find: 4a°b . 8ab

5¢% ° 15¢
Find: 12mén* . 18mnS
CoT7p T 21pt
L By L BxYy
Find: 77 1472
o XYy Ly
Find: 1223w~ 4z
. o9ment . 12mnd
Find: o~ 2207
. 7a%h ab
Find: e
9c2d? " 3cd

Simplify the complex fraction below.

4m?
n 3

2m
n

Simplify the complex fraction below.

6x°

5
30

10y
Simplify the complex fraction below.

6a?

e
3a
2b

Simplify the complex fraction below.

6as
a+5
12a

a-4

Simplify the complex fraction below.

5x2
X+7
10x

x—3

Simplify the complex fraction below.

15y°
y-3




Adding and Subtracting

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41,

42.

43.

44,

ind- 3@ , 2a
Find: 7b+ -

. 2X X
Find: = + —=
d oy oy

. 3b 5
Find: 2b+1 +2b+1

Find: —21_ 4 2

4n—-7 4n-7
Find: 5X7_X -+ 5X2_1
\ + 2 -
Find: 525 — 25
o o5 222
Find: Gx+1  5x-3

2x+3  2x+3
Find: 12 — =90

" 7n mn
o011 7-5x
Find: — —
d 9x 9x
Add and reduce your answer to lowest terms:

3x+4 5
X2+5x+6  Xx2+5x+6

Add and reduce your answer to lowest terms:

4dx+7 1
X2+ 7x+ 10 X2+ 7x+ 10

Add and reduce your answer to lowest terms:

2Xx+5 3
X2+ x-12  x2+x-12

Add and reduce your answer to lowest terms:

3x+ 12 2x+ 3
X2+ 2x-3  x2+2x-3

Add and reduce your answer to lowest terms:

3x+ 19 X+ 1

x2+3x-10  x2+3x-10

Add and reduce your answer to lowest terms:
2x + 15 X+ 6

X2+ 5x-14  x2+5x-14

45.

46.

47.

48.

49.

0.

o1.

52.

53.

54.

5.

56.

Add and reduce your answer to lowest terms:
X2—5x+ 2 26x + 1)

X2+ T7x+12 X2+ 7x+12

Add and reduce your answer to lowest terms:
X2—-3x+2 42x + 1)
X2+3x+2  x2+3x+2

Add and reduce your answer to lowest terms:
X2—7x+ 12 5@x+ 1)-2
X2+ 9x+18 = x2+9x+ 18

Subtract and reduce your answer to lowest terms:

dx+7 3x+ 10

3x-9 3x—-9

Subtract and reduce your answer to lowest terms:

5+ 6 2x—9

2x+10  2x+10

Subtract and reduce your answer to lowest terms:

X+2  2x-5
2x+14  2x+14

Subtract and reduce your answer to lowest terms:

2x+5 _ X+7
X2+ 3x-10  x2+ 3x-10

Subtract and reduce your answer to lowest terms:

dx+2  3x-2
x2—x-20  x2—x-20

Subtract and reduce your answer to lowest terms:

x+5  2x+8
X2—4x+3  x2-4x+3

Subtract and reduce your answer to lowest terms:

8x+5 5x+8
4x -4 4x -4

Subtract and reduce your answer to lowest terms:

oX+9  2x-3
5x+20  5x+20

Subtract and reduce your answer to lowest terms:

7x=2 _ 5x-4
3x+3 3x+3
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4?\ EVALUATE

Practice Test

Take this practice test to be sure that you are prepared for the final quiz in Evaluate.

1. For what values of x is the following expression undefined? 5. Find:

_x-16 S5x L 2x
x+3)x-2) " 13y 13y
. Xx?2-3x-28
2. Reduce to lowest terms: —5———— b, W 14
X+ 10x+ 24 S + 7_8
3. Find: ,
6. Find; 2 — 2%
a .z * *
972y 7. Find the following. Reduce your answer to lowest terms.

b 12x%y2  2zw

23w 3xy2 X+7 3x+5
x2-3x—-18 = x2-3x-18
4, a Find: &+ 1* - -
- Tz T oz 8. Find the following. Reduce your answer to lowest terms.
2x%y 9  3y-4
b. Simplify this complex fraction: 13”’2 . Write your answer y-1 y-7
. Xy
in lowest terms. 302
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