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15.4 Tangent Planes and Linear Approximations ET 14.4

L=ty =de* ~ ¥ 2% = fule, ) =8, fiy(w.y) = -2y + 2, s0 Ja(=1,2) = =8, f,(-1,2) = ~2.
By Equation 2, an equation of the angent plangis = —~ 4 = fo(—1,2)x — (~1)] + fl(-L2w-2) =
Fmd=—Blr+1) -2y —2orz=—Ry— 2y,

2 z=f(z,y) = 92° + 4 + 6z — du+d = fo(z,y)} = 182 + 6, Julzoy) =2y — 3,50 f(1, 2) =24 and

+

»(1.2) = 1. By Equation 2, an equation of the tangent plane is 2 — 18 = fa(1,2)(x — 1) + F£,(1, 2)(y — 2 =

o

Z—18=24(z - 1)+ My — 2) orz = 24 -y —&.

&

= Jelm) =gl -t - ) ey = e E
Vi — a2 - 2yt
. " : 2 . ;
ol y) = "}(4 -zt - 2!/")_1/3[—4-;4;) = ——-—-—z_i 80 fo(1,—1) = —1 und Ju(1,—1) = 2. Thus, an
Vi~ p® — 2y

Foa=flmy)= A2t T30

equation of the tangent plane is v — 7 = Je(1,=1)(x — 1) + 7,01, Dy —(-1)] =
r-l=—1{z—-1)+2(y+ Lorz—%y4z=4

4z=[f(myl=ylhe = f, (w¥) = y/z. fylz ) = Ing, so Fe(1,4) = 4. £,(1,4) = 0, and an equation of
the tangenl plane is & — 0 = Je(Lo )z — 1) + £,(1, dv—4) = z=4(nr- 0y —4ore=dp— 4

5 &= flo,y) = yeos(z — Y = fe=py(- sin{z — g){1}) = ~yein(r — W,
Ju = w(—sin(z — y)(-1)) + cos(w — w) = yein(x — y) + conl(z — y), so Jz(2,2) = —2sin(0) = 0,
Ju(2,2) = 29in(0) 4 coa(0) = 1 and an equation ol the tangent plane ja z — 9 = 0(z—2)+ 1y —2)orz =y,

boz=J(ny) =" = fule,y) =205, f () vy = =20 w0 f(1,-1) = 2, 1, (1, 1) =2
By Equation 2, an equation of the tangent plane is = — 1 = fo (1, ~1)(z D+ Fu(l~Dy ~ (-1)] =
F=l=2{w—1) 4 2y 1)orz =2+ 2y + 1.

Lz=f(z,y) =2+ 2y 4+ WP s0 folz,u) =22 +y = fa(L1) =38 fu(e,p) =2+ 6y =» Ju(l,1) =7
and an equation of the (angent planeis & — § = 3(x — 1) + T(y—1)or g = 3z + Ty — 5. Aftor zooming in, the
surface and the tangent plane become ulmost indistingoishable. (Here, the langent plane is below the surface.} If we

voom in farther, the surface and the tangent plane will appear to coincide,

S
Ry "‘:&:@f
ST
R ot

2]

Y

- , _ . 2y — ! o B 1 ) — Iry
B z= f(ﬂ'u,y) = n.rctan(rt:y ) = fﬂ, = W('y ) = 1 T ;]_:z:u'd-‘ fir = T+ (myﬂ)z {Q;Iy) = m'

L) =G =4 10,1) = T = 1, 50 an equation of the tungen planeis g — & = 2(x — 1) 4 1(y — 1) or
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2= lz+y— 2+ T After zooming in, the surface und the fangent plane become almost indistinguishable. (Here
the langent plane is above e surface.) If we zoom in farther, the surface and the tangent plane will appear 10

coincide,

[&]

¥
9. flz,y) = e HVI (Gin? o 4 cos® ). A CAS pives
fo= —T:"ge:_("”z'*"“z)"w(:r: gin® o + x cos® y — 15 #in x eos z) and
fh=—-= e_(;‘:a"'t‘ﬂj/lﬁ(y sin® a4 yeos® y + 15 sin y cos ). We use the CAS to evaluaie (hese at (2, 3), and then
substitute the results into Equation 2 in order o plot the tangent plane. After zooming in, the surface and the langent
plane become almosl indistingnishable. {(Here, the tangent plane is above the surface.) If we zoom in fariher, the

surface and the tangent plane will appear to coineide,

aw(l — dat + gyt — 2 — dx?y®) .
1o 4en® - dy? (14 2t 4 yh)*

1+ Ax? - dygy®
142+

m flz,y) = . A CAS gives fr =

IR T RV S ST
fu = dy{l = 3y* - a® — y* — dx°y ]‘ We use the CAS to evaluate these at (1, 1), and then substitnte the results
14 dz” - Ay? (1 o at - yf)®
|- — R
w, After zooming in, the surface and the

into Equation 2 to get an equation of the tangent plane: z m

tangent plane become almost indistinguishable. (Here, the tangent plane is shawn with fewer traces than the

surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide.
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M. fw,y) = z /g, The partial derivatives are Jrlz,w) = oy and S, (x, ¥ = % 0 fa(1,4} = 2 and

fu(lid) = ;‘I Both f, and f, are continnows functions for ¥ = [, 50 by Theoram 8, f is
‘ differentiuble at (1, 4), By Equation 3, the linearization of f at (1, 4) is given by
ot Lz = FILAY + fu(1, ) (2 — 1) + Sl D=4y =2422 - 1) + Iy—A)=2a4 Ly 1,

: , A 1 ] ‘

12 flz, ) = 5 The partial derivatives are Jalz,u) = " and fy (o, y) = _:l%’ 80 fa(6,3) = % and £,(6,8) = -
Both f, and £, are continnows functions for ¥ ¥ 0, 50 f is differentiable at {6,3) by Theoram 8. The linearization
of f at (6,3) is given by
L@w) = £(0,.3) + £o(6:3)(w — 6) + £y (6,8)(y ~ ) = 24 4(6 — 6) — 2(y— 7) = §e— Su+2

13 f(z,y) = € cos wy. The partial derivatives are Ty y) = e*(coswy — yuinzy) und Fule,¥) = —ze® winzy, so
f2{0,0) = 1and f,(0,0) = 0. Both S and fy, are continuous functions, so Fis
differentiable at (0,0) by Theorem 8. The linearizution of f at (0, 0) is given by
L@ y) = £(0,0) + £2(0,0)(x — 0) + £,(0,0)(y — 0) = 1+ e —0) +0(y —0) = ¢+ 1.

W flz,y) = Vo e = (24 g2 The partial derivatives are fa (z,y) = 1 (z + i) ~1/2 yng
Fulmw} = 3l ™) 7V3a0t) = 26 (0 4 e) V2 o £ 0) = §(3 46712 = L g
Fu(3,0) = 263 + €972 = 1. Both £, and Ju are continuous functions near (3, 0),
so f is differentiable at (3,0) by Theorem 8, The linearization of f ar (3,0) s
Liz,y) = F(3,0) + /. (3,0)(2 — 3) + B0y =0) =2+ 5z -8)+1(y~0) = iT+y+ 8

und

15 F(r,y) = tan™ (z + 2y). The partial derivatives gpe Salm, v) = T (TJ'_'_ T

v

+ — 2 [ £ .
Fulzy) = w, 80 fa(1,0) = & and f,{1,0) = 1. Roth S und fy, are continuous
RO functions, so f is differentiable a (1,0}, and ihe lineurization of | at (1,0)is

Lz, g} = f(1,0) + L0z -1+ fu(l,0)y —0) = THd(m—1)4 lw)=tawy+ T-i

16. f(z,¥) = sin(22 + 3y). The panial derivatives are Ja(Zyy) = 2con(32 4 3y) and
Fu(2:4) = 3oos(2a 3y), 80 fo(=3,2) = 2and Sy (~3,2) = 3. Both £, and fy are continuous
functions, so £ i differantiable ut (—3,2), and the lincarization of fat{—3,2) is
Iz9) = £(—8,2) + fo(-3, e+ D)+ f(-3,2)(y—2) =0+ 2(2 4 8) 4 3y ~ 2) = 27 + 2y,

. . Ty
T flew) = VR~ =T = filmy)= - T W)= e
( J) Y Folm ) m“n Fulz v) m

0 fo(2,1) =~ and f,(2,1) = —Z. Then the lineyr approximation of £ at (2, 1) is given by

Tl F(20) + fa(2,1)(z - 2) FhEDE-1)=8-4@-2)-Ip-1)

~—fo-fy+

Thus £(1.95,1.08) = ~2(1.95) — 1(1.08) + A = 2,845
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18.

14.

20,

21.

flagy=Tn(z~30) = folo,y)= :1:—13@} and fy (@, ) = _'.:L'—ﬂ—ﬂy’ s0 fz(7,2) = land f,{7,2) = =2

Then the linear approximation of f at (7,2) is given by
Fla,y) = [(7,2) + fo(7,2)(z = T) + ful 7. 2)(y = 2)
=04 Mx—T) —-83y—2)=w=dy—1

Thus F(6.9,2.06) = 6.9 — 3(2.06) — 1 = —0. 28, The

graph shows that our approximited valoe Is slightly greuier

than the acwal value,

o U
T 2 = :L.!El ey 2 - = = T, ) = —/—————1 f (,’i’.’, 1 E) = Ty und
flzu, ) \% Y = folz, ¥, 2) R g [ 1 ) ,--"'""—ﬂ:a Y g

V80 o (3,2,6) = 2, f,(3,2,6) = §.and f:(3,2,6) = 7. Then the linear

falmu,2) = —zﬂ"
Gl LR

appraximation of f ot (3, 2, 6) is given by

f(mly! 3) Rz Jr(S'l 2, ﬁ) I f;l.‘{.g!gl G)(‘T - 3] -+ f]l(ﬂTgi 6)(y - 2) + fl(31216){3 - G)
=T+ 3z —-3)+2y-2)+8z—-06) =2e+iy+ iz

Thus /{3.02)2 + (1.97) + (5.89)% = J(1.02, 1.97,5.99) = ${3.02) -+ 2(1.97) + £(5.99) ~ 6.9014.

From the table, (40, 20) = 28, To estimate £, {40, 20) and f: (40, 20} we follow the procedure used in
(40 4+ B 20) - f{40, %
Exercise 15.3.4 [ET 14.3.4]. Since £.{40,20) = ,limn (40 + Ay Df)' J140,20)
=t :
f(80,20) — £(10,20) 40 -—28
10 - 1w

. we approximate this quantity

with & = 4210 and vse the values given in the table: f,, (40, 20) = 1.2,

£790.90) — Fi40. 2 o 2

Fu (40, 200) = ,f(dD,zD)_lg(’d_D,dD) =4 “;B = 1.1. Averaging these valoes gives fu (40, 20) =~ 1.15.

F(40,20 4 k) — F(40,20)
h

aowense b = 10 and b = —Bb;

Similarly, f:{40,20) = },l-urf;.

F(40,30) — £(40,20) 31 -8 _ F{40,15) — [(40,20) _ 25 — 28

1:.(40,20) = = w 0.3, f:(40, 20) ~ = =6

10 10 —n -5
Averaging these values gives £,(40, 15) /= 0.45. The linear approximation, then, is

Flv, ) = £{40,20) + £, (40, 20)(v — 40) + F2(40, 20) (t — 20)
s 28 + 1.15{w — 40) -+ DAB(L — 20)
When o = 43 and | = 24, we estimate f(43, 24) sz 28 4 1.15(43 — 40) + 0.45(24 — 20) = 33.25, s0 we would
expect the wave heights to be approximately 33.25 ft.
From the teble, (94, 80) = 127, To estimarte fr (94, 80) and fzr (8, 80) we follow the precedure wked in

. (94 - &, 80) — F(94, 80
Section 15.3 LET 14.3], Sinee fp (04, 80) = Illu'r}] (94 5 I .Fz. bl —)~

, wWe approximate thig quantity

P. 04/08
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06 — - 185 — 12
with fr = £2 and use the values given in the table: Jr{94, 80) == F(06,80) 5 J(94,80) — 135 3 127 _ 4,

(92, 80) — f(94 118 —
Fr(94,80) = £ ,8(1)_2.1’(951, 80) _ 119_9127 4

R) ~ (94, 80)
h !

e Averaging these values gives fi(94, B0} rs 4. Similarly, fur (04, 80) = ,]in}';, £(94,80

s N5 — 4, 132 —-12
S0 we use o = 45 for(04,50) xc 2% 55) - £(91,80) _ lszﬁ 127 _

4, 75) — F{94, & 22 -1
Frr(04,80) = F(94,75) — F(94,80) _ 122 -a7
—h —§
linear upproximation, then, is
(T, H) 2= F(94, 80) & fr(94, BONT' — O4) -+ Fer (94, 80)(H ~ 80)
7 127 4- (T ~ 94) + 1.(H — 80)

Thus when 7' = 95 and H = 78, (95, 78) Re 127 - 495 — 94) + 1(78 — 80} = 120, s0 we esimate the: heat

index to be approximately 120 °[r,
22. From the table, f(—15, 50) = ~20. To estimatz Jr{—15,50) and f,(—15, 50) we follow the procedurc nsed in

= 1. Averaging these values gives Fu (94, 80) =2 1, The

Section 153 [ET 14.37, Since Jr(—15,50) = lim S5+ by 30) ~ (15, BD). we upproximate this quantity
h—Q h P

with A == +5 and use the values given in the table;
- - f(—15 —22 - (—2q
Fr(-15,50) m L1050 ~ F(-15,50) 22— (o)

R 5
[(—20,50) — f(—15. 5 ~35— (=
Fr(-18,50) & L(220.50) = F(215,60) _ ~35 £,
—-h —I
Averaging these values gives fr(—15,50) ~ 1.3, Similarly fy (~15, 50) = Jim F(=15.50 + h]) —f(=15,50)
L— i
F_1E. 80 — Fl_1E —40) — (—
we wse h = 10 fu(—15,50) s K ]..J,f:ﬂ)mf( 15,50) _ —30 10( 29) _ -0,
L J(Z15,40) - /(~15,60)  —27 — (—20)
—158. 5 Ao o - = = - .
N f'r)( J-qu Jn) 10 —10 0.2

Averaging these values gives Ju(—15,50) ;2 —0.1F, The linear approximation to the wind-chill index funerion,
then, is
F(T. v} == f{—15,50) + fin(—15, BT = (—18)) + fu(—18,50)(v — 50)
Az —20 4 (L.3)(T + 15) — (0.18) (v — BOY
Thus when T' = —17°Clund o = 53 lan/h, £(—17, 56) 2 —20 + (1.3)(=17 4+ 15) — (0.16)(55 — 50) = —32.45,
50 we estimate the wind-chill index to be approximarely — 32,357 (3,

23, = = 73 In‘(y:") o

il dx a ) 1 n 2.’]’!3
2 = r=— '"-—d’2 =1 2 forr p‘l__E. k =".-2 g 12 - —— ey,
d. c'imda' | 3% 327 In{y ) da + 2 yﬂ( ) dy = 32® In(y®) dx 4 ” ey
Mov=ycosmy =
i) v . , . 2. .
do = ;)—;dm -+ E‘Edy = y(—sinzy)y dz + [w(— sin wy)z +cos 2y) dy = —y? sin gy da (coe my — 2y win 2y) dy

25 u=elsing = gdu= % dt + % = et pin @ dt + et cas 8 do
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.
26, u = el
u, fm A= . ) "
i s — dr + = iy + 5 = - dr + r(—1)(a - 28) 7" da -+ (—1) (s 4+ 28) T (2) A
ar i3 8+ 3
1 r 2r —
= dp — s — dt
TR e ER i FIE T
=
e, e o
dur = Erh‘ + — By thy -1—0—.:1’2

_ (N as(E® 4yt 4 2 T e 2y(a® ot + 212 dy -+ 2z(a® 4yt o+ 22" de
- @

_mdnudy t+zds

Tt st
28 w=rye™ =

i ; >
dw = % it - dJ - 0_ D dz = (zyze® + ye™ ) du + me™* dy - 1 ye®* dz

= (;‘r.:: + ‘I‘);uf-‘:“ g = we™ ey 4 2Pye™ dz,

2. dr=Ar=0M8,dy=Ay=01z= B 4 y 2 Zn = W, 2, = 2y, Thos when 7 = 1 and
w=2 dr = 22(1,2) dr + 2, (1, 2) dy = {10)(0.05) + (4)(0.1) = 0.9 while
Az = F(1.06,2.1) — £(1,2) = 5(1.05)% + (2.1)* — 5~ 4 = 0.9225.

30, dp e A= —0.04, dy = Ay = 008, 2 = 2° — oy + 3%, = = 2m —y, 3y = By —
Thus when z = 3and y = —1, dz = (7)(—0.04) + (~H)(0.06) = —0.73 while
Az = (2.96)% — (2.96)(—0.95) 4 3(=0.95)> — (9 + 3 + 3) = —0.7189,

. dA = %ﬂd_r -I—J—dy: ydr + xdy ¢

2 = 30, y = 24; then the maximum error in the area is about dA = 24(0.1) + 30(0.1) = 5.4 em®.

32. Lot 8 be surface uren, Then § = 2{ry 4 wz - y2) and dS = 2(y + 2) dz + 2(w + 2) dy + 2(z + y) dz. The
mukimum errar oceurs with Az = Ay = Az = 0.2, Using dz = A, dy = Ay, dz = Az we find the maximam
errar in calculated surface aren 10 be aboul 8 = (220)(0.2) - (260)(0.2) 4 (280(0.2) = 152 cm?,

33, The volume of a can is V' = wr-h and AV a2 oV is an estimate of the amount of tin. Tere
dV = 2mwrh dr -’ dh, 50 put de = 0.04, dh = 0.08 (0.04 on top, 0.04 on boitom) and then
AV = dV = 2r(48)(0.04) + w(16)((.08) = 16.08 cm®. Thus the amount of tin is about 16 cm?,

M. Let V be the volume. Then V = 77k and AV &2 dV = 2xrhdr -+ 7r° dh is an estimate of the amount of metal,
With dr = 0,05 and it = 0.2 we ger dV = 2 (2)(10){0.05) 5- T (‘2)2(0.2) = 2,807 & 8.8 cm?,

35, The uren of the rectangle is A = 2y, and AA == dA is an estimate of the area of paint in the stripe. Here
dA = ydr -2 dy, sowithde = dy = 58 = 2 AAd = dA = (100)(L) + (200) (%) = 150 ft®. Thus there are

uppreximately 150 17 of paint in the stripe.
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38 A

40,

41.

42,
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Here V' = AV = 04, dT = AT = —5, P = R31 I 80

¥
8.31 831 5 310 3 .
! _ Y = - — | e —B.R3,
r!F—( )dT rﬂ Bﬂ[ 12~ T II‘O} B.H3

Thus the pressure will dmp by about 8.83 l)Pa,
First we find g; implicity by taking partial derivatives of both sides with respect (o fiy:

i[l} _ O /Ry) 4 (1/Ra) 4 (1/R4)] - _p—09R g2 o 98 _ B Then hy
5 :

BF, IR, S oR T ™M T BR, TH
8r _ R® R _R* ar e P N i _ 200 )
symmeiry, —— it R"” By T i - When Ry == 25, Ry = 40 and Rz = 50, %= 20 & R=Z22 ohms,
Since the possible eror for each B is 0.5%, the maximom ercor of {2 s attained by setting ARy = 0.005E,;. So
AR aRr aR al 1 1 1
Redht = ARs - == ARy = (0.005) B | = + — . —
A t=ap ARt gE e OBz + gp- Afts = (0.005) [Rl + R,HJ

= (0.000)R = 75 = 0,059 ohms

Let 2, y, = and w be the four numbers with plm, Yy £,00) = xyzw, Since the largest error due tw rounding for each
number is 0.05, the maximum error in the calewlated product is approximated by

dp = (yew)(0.08) + (zzw)(0. 05) o (eyw)(.08) + (my=)(0. 05). Furthermore, each of the numbers js positive
but less than 50, so the product of any three is between () and (80)°. Thus dp < 4(50)3(0. 08) = 25,000,

Az = [la+ An, b+ Ay) — fla,b) = (a-+ Az)* + (b + Ay)® — (@® 4 t*)
=0 + 20 Az + (Aw)* 4 8% 4 2b Ay + (A)* —a® — b = 20 Az + (Aw)? + 3 Ay + (Ag)®

But fa(e, b) = 2o and f{a, 1) = 2b and so Az = Fula, ) Az - f(a,b) Ay + Azw Ag + Ay Ay, which is
Pefimition 7 with &1 = Az and £ = Ap. Hence J is ditferentinble.

Az =flo+ A b+ Ay) — fla,b) = (a+ Az)(b+ Ay) — 5(h + Ay)® — (ab - 56%)
=ab+aly+bAx+ Ax Ay — 8B — 106 Ay — 5(Ay)? — ab + 5b°
= (m— 100) Ay + b Ax + Az Ay — b5 Ay Ay,
bt fz(a,b) = band f,(a,B) = a — 106 and s0 Az — Ja(a,8) Az + f£,(a,B) Ay + Az Ay — BAy Ay, which is
Definition 7 with 7 = Ay and en = —B Ay. Hence T in differentiablc.

T show that f is continuecus at (a, b) we need (o show that( %imé W Fla,w) = f(a,b) or equivalently
) —re{re b

m.m'.\]:l:l)n—-(u.m fla+ Ax b - Ay) = f(a,b). Since f is differentiable at (w2, ),

Flo+ Az, b+ Ay) ~ Fla, b) = Az = fola,b) Az + Jula,b) Ay - g0 Az o+ 52 Ay, where €1 and ex — O us
(Ax, Ay) — (0,0). Thus (o + Aw, b+ Ay) = fla, b) + falo.b) Az - £, (a,b) Ay 4 €3 Az + £ Ay, Taking

the: limit of both sides as ( Az, Ay) ~ 0,0 =+ = , B 5
imit of both sides as (Aw, Ay) - (0,0) gives (Aa:,Ay)—[D.t‘)) Fla+ Az b+ Ay) fla, b). Thus fis

continuous at {a, b).

_M.M ——_O = () and hm M ] _—_Q = 0. Thus
h_.n h Ao

S (0,0) = j,,([l 0) = 0. To show that f isn tdl1Tr:ant1‘1|J|E at (0, 0) we need only show that f is not continuons
ut (0, 0) und apply Bxercise 41, As (z, ¥) =+ {0, 0) along the r-axis Foy) =0/2" = 0forz £ 0s0

{a) 1111?.3
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J(wm,4) = 0as (z,4) — (D 0) along the m-axis. But as (z,y) — (0,0) along the line y = =,
Tl w) =2?/(22%) = Lforz # 00 f(w,y) — 5 as (z,y) — (0, 0) along this line. Thus 11m f{r,y)

2,p)—+(0

doesn®t exist, 8o is discontinuous at (0, 0) and thus not differentiable there,

J = (" + yHy — wu(2w) _ wly’ — %)
=T rer @

3 r
then S (m,y) = f2(0,¥) = a; = -il’— e for () — £oo as (x,y) — {0,0), Thus - %lm frlz,y) does

(b) For (w,y) # (0,0), fula,y Tf we approach (0,0) along the y-uxis,

(z* + *)x — 2u(3y) — z(a® — y?)
@ + )2 (w2 - y*)?

not exist and fr (2, ¥) is not continuous at (0, 0). Similarly, f(z,¥) =

4
. : 1
for (z,y) # (0, 0), and if we approach (0, 0) long the z-axis, then fy (z,y) = fa(w,0) = "":4 == Thug

( 1) Loy Fu (2, ) does not exist und fy, (zz, y) is not continuous at {0, 0).
£,y 0,0

5 The Chain Rule ET 14.5

1.

4

F=xy+ .'::y”, m=2p 1, y=1-— ? =

dx Oz d tiz d 2 2 A g
Do Qe | 00 (g ) (%) + (5 + 2y (38) = A2y + 1) = 3 20y

L rm TR =y =T =

dz EE CBxdy g n o ay_am )« @2 ) o L (gl 2N —1/270, N | = o zgmnﬂt_gwm
G oed Togd — 3 TY) (2w) - e (2) + 32" +7) 7 (2w) - 67 (-2) o

, z=sinceosy, & =mt Yy =F =

ﬁ_azdm 8z dy

o 1 \ ,
i Amdl + B_‘yﬁ = cosTcosy « 7 - Hine (—ainy) - %'I._”“ = T COS X COSY — 2_\/F sinreiny

z = wln{e + 2y), & = gint, y = cost =+

dz _ Osdn  Ozdy _ 1 1 ) . e
— . 1-1 25 s - 2y {—sint
&~ ordi " Oy di [”‘ vy L mES "*’)] cost - oy (B (msind)
2z
= 1 - & t— int
- . 2 + In(z - y)] cost — o o {sint)
w=me? =, y=1-tz=1+3 =

dw duwdr  dwdy  dwdz R ERE PR 7L ! RANTIPR'VEY G I B u/;(gt_f_gﬂy)
X T Bt T Bydt T Bmdr wf e 1) e (z) e :

L w=ry+yt e =e, y=c'sint. z =e'cost =

d‘w dem nglwy'_ fwdz
dE T Br odt dy dt  éz dt

= e*[y -+ (x + z%)(cost + sint) + 2yz(coat — sint))

=gt (- 2?) . (efcoat + etaint) + 2yz - {(—€' Bint 4 & cost)

=i taoy+yr=a+ty=8 =
Bz Bz8z  Ozdy

T 2 2y)(f) = 2w 4y 4wl o 2t
% TmBs T Dy os - =(22+y)(1) +(z+20)() =2 +y+mtoh 2y
Bz Oz8z  dzdy

gz _dzge Vo (2 4 ) (1) + (2 + 20)(8) = 2 -F g b ma o 2
5 " Bz e T oy o (2 - ) (1) + (2 + 2y)(8) = 2r -y + ma - Tys



