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42. Lete = O be given. We need to find 6 = 0 such that | f (x) — £ {a)| < ¢ whenever x—al <éor
le-% —c-a < ewhenever |x —a| < & But|c-x—c-a|= ¢ (x—a)|and ¢ (x —a}| < |¢f [* — a| by
Exercise [3.3.37 [ET 12.3.57] (the Cuvchy-Schwartz Inequality). Let € = 0 be given and set § = ¢/ |ef. Then
whenever 0 < |x —a| < &, |/ (x) — f(a)| = |c-x—e-a| < |e||x—a| < J¢|& = e[ (c/|e]) =« S0 Fis

continuous on 7%,

15.3 Partial Derivatives ET14.3

1. (a) 8T’/ & vepresents the rate of change of T when we fix y and £ and consider T' as a function of the single
variable o, which describes how quickly the temperature chunges when longitude changes but latitnde and time
are constant, &7/ Jy represents the rate of chunge of T when we fix w und ¢ and consider 7' as a function of y.
which describes how quickly the emperature changes when latiude changes but longiwde and time are
constant. 8T/ 8¢ represents the rate of change of T when we fix & and y and consider T as a function of ¢,

which describes how guickly the temperature changes over time for a constant longitude and latitude.

(1} f2(158,21,9) represents the rake of change of temperature at longide 15B°W, Tatitude 21°N at 9:00 am. when
only longitmde varics, Since the air is warmer to the west han o the east, increasing longitude results in an
incraased air emperature, so we would expect f,; (158, 21, 9) to be positive. Ju{158, 21, 0) represents the rale of
change of lemperature at the same time und location when only lutitude varies. Since the air is warmer to the
south and voaler to the north, inereusing latitde rerults in a decreased air temperature, so we would axpeck
fu (158,21, 9) to be negative. f;(158, 21,9) represents the rate of change of wmperature at the same fime and

- localion when only time varies, Since typically air femperature increases from the morning to the aftemoon as

the sun warms it, we would expect f; (168, 21,9) to be positive.

F(92 4 b, 60) — FLO2, 60)
h

» which we cun approximare by considering b = 2

94,60) — f(92,60) 111 ~105
2 - 2 -

2. By Definition 4, fi(92,60) = Ain’:l

and h = =2 and using the values given in Table 1! f(92, 60) L 3,

J(00,60) — £(92,60) 100 — 105
-2 o2

approximately 2.75. Thus, when the uctual temperaturs is 82°F and the relative humidity is 60%, the apparent

temperature tises by about 2.75°F for every degree that the actual temperature ises.

J(92,60 4+ A} — F(92,60)

2.5. Averaging these values, we estimate fr (92, 60) to be

Similarly, fzr(92,60) = Jim, which we can approximate by considering
-

e
103 BEY — 49 P~ |
ho=5und h = 5 Ju(92, 60) [{p2,65) - f(92,60) _ 108 . 105 _ 0,
5 5
. (02, 55) — F(O2,6 103 — 105
(2,60} o ‘t(g :55) Ef( ,60) _ 108 ,__w' = 0.4, Averaging these values, we estimate fu (92, 60) 1o he
—L —u

approximately (0.5, Thos, when the actual temperyture is 92°F and the reluiive homidity is 60%, the apparent
temperature rises by about 0.5 F for every percent that the relpiive humidity increases,
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—152- 4, 30) — f(—15,30
By Definition 4, fr(—15,30) = }1_11}) F{—154 h,‘%Dr)L J(—15,30)
considering A = B and b = —5 and using the values given in the table:

_‘l * —_ = [ — — — g
Frl—15,30) ~ F(=10,30) . F(—15,30) _ -2 5( 26) _ % — 12
" — FI_1K — A ) T4 —_
J(=20,30) L_f (~15,30) = 33 é 26) = —Z = 1.4. Averaging these values, we
-0 — —i

, Wwhich we can approximale by

Fr(—15,30) =

estimate fr(~16, 30} to be approximately 1.3, Thus, when the actual temperature is —15°C and the wind
speed is 30 km/h, the apparent temperanre rises by about 1,3%C for every degree that the actual temperaiure
rizes.

. —_ r-', _ ) — .'_’ ,Sn
Similarly, f,(~15,30) = lim (16,304 A) — f{-15,30)

which we can approximate by considering

h
_ o o f(—15,40)— f(—15,30) =27 —(=26) -1
h=10and h = —10: fo{-15,30) = 0 = 0 =35 = 0.1,
—_ i —_ — L — [ — R 2
Ju(—15,30) == £ 15'20)_1({( 15,30} _ 24_.1(0 28) _ 5 = —0.2. Averaging these values, we

estimate f, (—15, 30) to be approximately —0.15, Thus, when the actual iemperaiure is —15°C and the wind

speed is 30 km/h, the appurent temperafure decreases by about 0.15°C for every km/h that the wind speed

increases.

PFor a fixed wind speed v, the values of the wind-chill index W increase as temperature T' increases (lool at a
aw . ;

colurnn of the table), so ﬂ_’lw is positive. For a fixed temperature T, the values of W decrease (or remain

constant) as v increases (look at a row of the table), so T i negative (or perhaps 0).

For fixed values of T', the function vadues f (T, w) appear to become constant (or neatly conalant) a8 v increases,
5o the corresponding tate of change is 0 or near (0 as v increases. This suggests that li (OW/8v) = 0.

&h./ & represents the rate of change of A when we fix ¢ and consider h as a function of », which describes how
quickly the wave heights change when the wind speed changes for a fixed (ime duration, &h./ {1 represents the
rate of change of k when we fix © and consider b a4 a Tunction of £, which describes how quickly the wave

heights change when the duration of time changes, but the wind speed is constant.

F(AD 4 h, 1R) — J(40,15)

By Definition 4, fu (40, 15) = %11:}3 h which we can approximate by considering
h = 10 and A = —10 and using the values given in the table:
F(50,16) — F(40,15) _ 36— 25
w (40, 15 = = 1.1,
fu(40,18) ~ 15 T
o — T4 [ __ar
Fu(40,15) s F(30, 15)_ ]_(j{(‘m, 15) = 16_102.:- = (.9, Averaging these values, we have f. (40, 15) == 1.0.

Thus, when a 40-knot wind has been blowing for 15 haours, the wave heights should increase by about 1 foot for
every knot that the wind spead increases (with the same time duration). Similarly,

(40,15 + h) — fF{40,15)
h

Fe(40,158) = 'lirrh which we can approximate by considering
—+1

h=5uand h = ~& [(40,15) = £(40,20) E £{40,15) = 28 “F: 2 _ 0.8,

P. 02/08
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J{40,10) — f(40,15) _ 21-125

=& ]

Thus, when a 40-knat wind has been bilowing for 15 hours, the wave heights increase by about 0.7 feet for every

F+(40,18) = = 1.8, Averaging these values, we have f, (40, 16) == 0.7,
additionul hour that the wind blows.

(<) For fixed valves of w, the funetion values f (v, t) appear to increase in smaller and smaller increments, becoming
nearly constant as ¢ increases, Thus, the corresponding rate of change is nearly O as ¢ incresses, sugzesting that

Jim (Bh/Bt) = 0.

5. (a) If we start af (1, 2) und move in the positive w-direction, the graph of f increases. Thus fie (1, 2) is positive.

{b) It we start at (1, 2) and move in the positive y-direction, the graph of f decreases. Thus f,, (1, 2) is negative.

6. (2) The gruph of f decreases if we sturt al (—1, 2) and move in the positive z-dircction, so f,.(—1,2) is negative.
() The graph of f decreases if we start at (—1,2) and mave in the positive y-direction, so f;,(—1, 2) is negative.
() fiow = %[J’m). 80 fax s the rate of change of fr in the z-direction. f; in negative at {—1, 2) and if we maove in

the positive 2-direction, the surface becomes less steep, Thus the values of fi are increasing and foz{—1,2) is
positive,
(d) fyy is the rate of change of 1, in the y-direction. £, is negative at (—1,2) and if we move in the positive

y-dircetion, the surface becomes steeper. Thus the values of £, are decreasing, and f,,,(—1, 2) is negative.

g !

First of all, if we start ar. the point (3, —3) and move in the positive y-direction, we see that both b and ¢ decrease,
while @ increases, Both b und ¢ have a low paint a1 ahout (3, —1.5), while o is 0 at this point. So o is definitely the
graph of f,,, and ane of b and c is the graph of f, To sec which is which, we start at the point (—3, —1.5) and move
=t in the positive w-direction. b traces ont a line with negative slope, while ¢ iraces out a parabola opening downward.

This tells us that & is the z-derivative of ¢. 80 ¢ iy the graph of £, b is the graph of fa, and a is the graph of f,.

8. f2(2,1) is the rate of change of £ at (2, 1) in the z-direction. If we start a( (2, 1), where f{2,1) = 10, and move in
the positive z-ditection, we reach the next copur line (where f{z, %) = 12) afrer approximately 0.6 units. This
represents an average rale of change of about ﬁ%ﬁ If we appreach the point (2, 1) from the left {moving in the
positive a-dirzction) the ourput values increase from & to 10 with an increass in 2 of approximately 0.9 unis,
corresponding to an average rate of change of T%- A pood estimate for f2(2, 1) would be the average of these twao,
50 fu(2, 1) 72 2.8, Similarly, £,(2, 1) is the rate of change of [ ot (2, 1) in the y-direction, I we approach (2, 1)
from below, the output values decrease trom 12 w 10 with a change in v of approximately 1 unil, corresponding to
an averuge rale of change off —2, T we gtarL ar (2, 1) and move in the positive y-direction, the autput values decrease
from 10 to & wlter spproximately 0.9 units, a tale of change of u‘—g Averaging these two results, we estimate

Ju (2,1} =21,
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9. flr,y) = 16— 42 — 4 = fulz.y) = —Bzand fy(my) = -2y = Fol1,2) = —8and f,;(1,2) = —4.

10

The graph of f is the paraboloid z = 16 — 4z® — y* und the vertical plane y = 2 intergecis it in the parabola
2 =12 — 4%, 4 = 2 (the curve Cy in the Nrst figure),
The slope of the tangent line to this parabola at (1, 2, 8)in fie{1,2) = —8. Similaly the plane 2 = 1 intersects the

paraboloid in the parabola z = 12 - o, & = 1 {the corve ' in the second figure) and the slope of the tangent line

at (1,2, 8)is fy(1,2) = —4,

(L2 8)

Flaw) = (4= -4V = foley) = —od — 2* — 97V and (2, y) = —dy(4 - 2" - 4qf)~H3

= fo(1.0) = —&5. Fu(1,0) = 0. The graph of [ is the upper half of the ellipsoid 2~ -+ 2% 4 dy® = 4 and the

plune v = 0 interseets the graph in the semicircle #? + 2% = 4, z = 0 and the slope of the tangent line 7 to this
semicirele at {1,0,v/3) is f2{1,0) = ——=. Similarly the plune 2 = 1 intersects the graph in the semi-ellipse

% 44y = 3. = 0 and the slope of the tangent line Ty ta this semi-ellipse at (1,0,v3) is f,(1,0) = 0.

Nowe that the traces of f in planes parallel ta the xz-plane are parabolas which open downward fory << —1 and

P. 04/08
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upward for iy > —1, and the traces of f; in these planes are straight lines, which have negative alopes fory < —1
and paositive slopes for y > =1, The traces of £ in planes paralle] to the y2-plane are parubolas which always open
upward, and the traces of £, in these planes are straight lines with positive siopes.

po— T flz,y) = re—= = fo==c i -+ gt o gty 1—2z", f, = —2z e v
¥ (]

LN
RS
02 M'}"m
r LRy
;0 ‘~‘5-""l”;” A

Note that traces of f in planes parallel to the zz-plane have two exmeme values, while traces of Jz in these planes
have two zeros. Traces of f in planes parallel 1o the yz-plane have only one extreme value (a minimum if T < o,
& maximum if 2 > 0), and traces of £y in these planes have only one zero {(going from negative 1o positive if & < 0
und from positive (o negative it z > 0),

1. f(z,y) =8z~ 2'.'.-'4 = fa(z,y) =3-0=3, folzy)=0-8" = "“S'Uﬂ

W fle,y) =2" 4+ 32%° + 8ay® = falz,y) =6 +3-32% 9% + 3.1 4% = Ba? + Ba?y® 4+ 3y,
Folmw) =0+ 32" 3y + 3 - 49° = 62y + 1225,

15 2z =ge® = g—; =&, %‘ = 3zeW

6 z=yhe = 3;‘,‘; =%,B—; =Inz

17, fla,y) = H > fulmy) = HE -F(z;)_: y(;cr W) _ = iyy)z.
L L ECE U S

W flew)=2¥ = fole,y) =yz?, fuGey) =z lnz

- S
1. w=sinewvens§ = — =cosnacosf,

Dw i A
BC! B,B = HIT1 & 51N
ap?
A flst)= 5 i
- (8% + %) bt (2w) =%t 2at(s® +1%) — st?(20) 25%¢
fals ) = (s% + £7)2 CET Ot felst) = (a2 + £2)° T (87 +1E)2
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i

" 2 .
2. flr8) =rln(r + &) = felrna)=r. S _: 7 +In(r? - a®) . L 2 + " + In{r* 4«
2a _ Zra
hns)=r m i at0=wra
1 - /i —
22, (1) = a.rcta‘n(:n\/f_:) = fm(.’ﬂ, t) = m_? : \/I =1 e

1 .z Z_I.".‘__l/z __ .
flat) = 1+ (zv3)° ‘(2’ ) 2V (1+ z*t)

du w —u A gt Wt W @ YL l _ awit
93, = et = =t Pty p et 1= /f_?r: = g/ (‘l —?). oy = 1€ i

28, flm,y) = /m cos{t) et = falmu)= B / cos(t?) dt = coa(z”) by the Fundamental Theorem of
Ju

a " a- o o f
Calewlus, Part 13 fy(z,0) = e ] cos(t’) di = _B—y cos(t?) dt = — con(y”).
v

2 . 0w — e "_.'2__-'
25 [z .2:) = 3-71!"3“ By = fm( Y, 3) = y 2 f’.ll( T, ), ) = l‘l‘yﬁ.«“ + 3=, !;(E,H:») = 3-"UJ~ -3y

g H — 4 RaWT 0 = R T
6. .f(*’ra?sfu 3) = -TEEU_ = fﬂ(m!ys .".':] = 2ze? L fy(fﬁu B I:!] - 9‘2"" (""} = zel T
Falm,y, =) = e (y) = alyed®

2 o Gw_ Pw_ 2 fw_ 3
27, w = lo(z + 2y + 32) = Br  Ztoytar Oy ztow+sa dz &+ 2y + 3z
— w1 /270 Bw ¥
Bow=VrPrs T8 = =gt ") TR () m Bs T faler
Qw_
Mo et
29y =me tEing = Bu =g tzind, ﬁ = —xetaind, u = e " coad
. u= @ ! A at ae -
' /= . il
Wouw=a¥t o= oy = £:.L:U”/”)‘l. Uy = a¥F ng . 1 =z I, Uz == 2" lni - ——f S Inx
=z = x k4 22
B, f@iymt) = oy tan(yt) = fa(w,y,21) = y2* tan(y),
Fola gz, 1) = zyz® - sec® (pl) - t + z2® tan(pt) = wy="t sec? (Y1) + e tanlyl),
Falzw, 5,1) = 2eyztan(yt), folm,y.=.t) = zyz? sec® (yt) - y = wy® sec’ (yt).
2
L/ | M
32 fley, =t = T
2 Sy
f ( )U}*‘:r) U fli( 31"1“’?!)_ _|_A-v
3 i a H:r:'yg 2 a4y 2y’
f: (;L Yy &, f;) = ay (-—]_){t + 23)_“{2) = ‘"—(f; o 22)2 ' ft(m-l i’r 3:"1) = Iy (_1)(1: + .J."J) (]} = - (.t _|_ 23)2

1oy = \/E'I +af+---+uxR Foreachi=1,....m
Ty

Vg - e T

Uz, = Al pad o+ ﬂfi}_]'/z(?-'ﬂi) =
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M ow=gin(er +2ra + 0+ n2,). Foreachi =1,...,n, g, = icos(my + 22 -+ b naey, ).

B flzy)=r2 4y = fulzy = é(b +y)- 1“(2m)=%.50h(3,4}:ﬁ=
&I y [ il i

=5 F L]

3. flr,y) =sin(2z+3y) = fulz,y) = cos(Ze 4 3y) - 3 = Jcos(22 -+ 3y), 0
Fy(—6,4) = Beos[2(—6) + 3(4)] = Feos0 = 3,

. flxyz) = .",HLF-’ =zy+2)"" = flmyd) =Dy + )= - o fz)._,, 50

L32)=——t o1
BB = G = -5

B, flu,v,w) = wianfuw) = foluw,w) = weec® (ur) - 1 = wwpec” (u), so
Fu(2,0,3) = (2){8)sec® (2 - 1) = 6.
B flmy) =2 -+ =

Folmg) = L LET B = Tow) _ (2 8)° — (ot iy + 2% — (& — oy + 27)
h—0 h )p-m I

== lim

h{Zz — gy + k)
h—0 h

- ,],,5‘_‘{’,3(2‘” —yth)=22—y

Jlwot h) = Flew) _ o8 —a{y+b) + 3y + b)? — (27 — oy 4 29%)

Fu ) = Jing R = i P
. hidy — 21
= lim M = .'],j,,[r‘lj(v’.'ﬂ —T+2h) = Ay

fi—0 h
4. f(wy)=Br -y =
T fulz, ) = ltm flzth, !‘2 = J{m )

e = lizn = Bt h) -y —An— v, Viz+h) -y +viz—y
h—( ,"u_‘( T _|_ ) — _I_ 3:” iy
= lim 3 = 3
w=0 A+ -y +vIr—y 23—y

fy(m, :U) — }!.i_l'.ﬂl) f(m: N hg‘ — f(:[_', y)

= lim - 3w — (w+h) — Bz~ v VT — (v + h') + A —
h—0 e 8~ g+ h) + Bz —y

~1 -1

= limy,

W=D \/3x — (G- ) AT =g 23T — g

P a i = a
Mo2? 2 =3y = T(I' +F + )=-.--(3:L'yz) = 2r-|-0+'“8—=3y(m£+3-1)
& i S

B fz Az dyz— 7

= 3.?:——'] —=3dyr—2r = (-3 —-= 2 — 2 uEm

L T e 5 ¥ r (2= .ru) Jyz — 2z, 50 3z " 2z —day’
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a dz . dz
— (x? P = 3zyz) = 04+ 2y+ zﬂ_am(yﬂ-—l-z-l) =
iz Az o Az L az 3drz -2y
2z Y Rary o Gtz — 2y & (Zz— dey) By 3zz — 2y, 50 —— By~ 3z —foy’

a a ik 1. ax
2. yz=In(m+z) = Z-(yz)= E(ln(m-i-ﬂﬂ) > Vg, = m+z(l+ﬁ &

‘ 1 \oé:__1 0z _ Viets) _ 1 '

Mo 21z szt B u=1lzt+z) etz -1

3 T ! 9z 1
-:a—y(yz (ll'l( +z)) = ygﬂ-l-z-l—m_‘_z(ﬂ-ﬂ-ay) = (b‘ 9:+z)

d= —z 2z + &)

By y—1/z+2  1-ylz+az)

a a iz 1

23, z — z = acctan{yz) = —(z—2)= T {arcian(yz)) = |- il ey pyn v

oz
_ y Bz oyl g Az 14yt
L= (1 T T 1) B 1 ( 1228 ) Bz’ Bz Ltytioe’

i a oz 1 dz )
Py 7 — - — —e -z 1 <=
5 (r~z)= By (arctan(yz)) = 0O 35 = 1+ (ge) (y By - =

xl
2 _ ¥ J\ 82 B 'y-l-1+y"“z"’)& w 92 __
T1ytst T (l—l— yra?t +'I') &y A 149227 ( 14y Oy oy

£

g ., ]
sinfeyz) =« + 23y +3z = — (sinfwyz)) = Be (x-+2y+3z) =

B

{ fz dz
caa(zyz) - y(m -g—:; - z) =143 5 ¥ Gy cos(zyz) — 8) == = 1 = y= cos(zye), s0

dr
8z _ 1— yzcon{ryz)
dr ~ wycoa(zyz) — 3

. g » L R
By (sin(xyz)) = a {w 2y + 32) = coslayz). :r(y By + ~) =243 By =

Bz  1—zzcos(ryz)

o B2
(wy con(myz) = 3} Eri 3 — pzcos(myz), so By ~ zyconlayz) — 3"

B =) tal) = 9= @2 =W

Gz _ df du _ df

J . — o odm —_ ! ‘=-"’.-:.‘..p .
(W) == f(z +p). Letw = w -y Then o= = —==" = - - (1) = Frluw) = f'{z )

9z _ df du _ daf mn et o
ay . r'.’)y s (1} = f'(u) = F'{z 4w
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