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the values of f there are larger than at the neighboring points. There does not appear to be any local minimum poini
although the valley shape hetween the two peaks looks like 2 minimum of some kind, some neighboring points have

lowver function valoes.

66, f(x,y) = .'z:yrz"'q:ﬂ_”‘:
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Three-dimensional view Front. view

The function does have o maxinwm value, which it appears to achieve at two ditferent points (the two “hilltops").
From the front view graph, we can estimate the maximum value to be approximately 0.18, These same two points
can also be considered 1ocal maximum points. The two “vlley bottams™ visible in the graph can be considered Jac]

minimum points, as all the neighboring points give greater values of £

Flmy) = :c% As both  and g become larpe, the fupelion

values appear ko upproach 0, regardless of which direction is
considered. As (=, ¥) approaches the origin, the graph exhibits
asymplotic behavior. From some directions, f(x, 1) — oo, while
in athers fa, %) — —oo. (These are the vertical spikes vizible in
the graph.) If the graph is examined carefully, however, one can

see that f(z,y) approaches 0 along the line y = —z.

68, Flzyy) = ;%Jyﬂ The graph exhibits different limiting values

ai @ und y become large or as (i, y) approaches the origin,
depending on the direetion being examined. For sxample,
uithough £ is undefined at the odgin, the funciion values appear i
be -.]5 along the line y = =, regardless of the distance from the

origin. Along the line ¥ = —u, the value js always «f Along the

uxes, f(w,y) = 0 for all values of (z, y) exeept the origin, Oher
directions, heading toward the origin or away from the origin, give

various limiting values berween —1 and 1,
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69. [(z,y) = ¢+ Bipt, if ¢ = 0, the graph is the cylindrical surface = = e {whose level curves are parallel
lines). When ¢ = [, the vertical trace above the y-axis remains fixed while the sides of the swrface in the p-diraction
“curl™ upward, giving the graph a shape resembling an elliptic paraboloid, The level curves of the surface are

cllipses centerad at the oigin.
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¢ = 0.5 (level curves In increments of 1)

For ¢ = 1 the level curves are circles centered at the origin,

e = 1 (leval curves in increments of 1)



MAR-16-2007 FRI 11:28 Al HCC BLDG., 1% FAX NO. 206 870 4803 P. 03/06
SECTION 151 FUNCTIONS OF SEVERAL VARIABLES ETSEGTIONT41 O 357

When ¢ = 1, the level eurves are ellipses with major axis the y-uxis, and the cccentricity increases as ¢ increases.

= 2 {level corves in inerements of 4)

For values of «: < 0, the sider of the surface in the x-direction curl downward and approach the zy-plane (while the
vertical trace 7 = O remains fixed), giving a saddle-shaped appearance to the graph near the point (0, 0, 1). The
level curves consist of o family of hyperbolas, As ¢ decreases, the surface becomes flatter in the z-direction and the

surfuce's approach to the eyurve in the trace & = 0 becomes steeper, as the graphs demonstrate.

¢ = —(LA (level citrves in increments of 0.25)

& = —2 (level curves in increments of 0,25)
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70. Firal, we graph f(z,4) = /& +3?. As an alternutive, the 1?4+ o7 expression suggests that cylindrical
coordinates may be appropriate, giving the equivalent equation z = vr#* =77 = 0 which we graph as well.

Notice that the graph in cylindrical coordinates hetter demonstrates the symmetry of the sarface.

flaoy) = Vo? +ye z=rorz0

Graphs ol the other four funclions follow.

Jle,v) = sin( V497 ) fo) = s

Natice that each graph f(z,y) = y(* Fa? 4 g8 ) exhibies radinl symmetry about the z-axis and the trace in the

xz-plane for @ = 0 is the graph of 2 = g{x), = = 0. This suggests that the graph of f(w,y) = g(d:ﬂz - 'Hz) is

obtained from the graph of g by geaphing z = g(x) in the mz-plane and rotating the curve about the z-axis.
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H (W P=hK'" = Eil =hLoRKY = % = b( L) = lnw'—P- = ln(b( ‘L) ) =

K K K K
In % =lni+wln (%)
e (b) We list the values for In(L/K) and In{P/K) for the years 1899_1022, (Historically, these values were rounded

to 2 decimul placas.)
Year | w=In{L/K) | p = In(P/K) Year | @ =In(L/K) | y=In(P/K)
1899 0 0 1911 —0.35 —b.34
1900 —0.02 —0.06 1912 —0.38 (124,
1001 — 1.0l —0,02 1913 —0.41 —0.25
1902 —0.04 0 1914 —0.47 —-0.37
1903 -0.07 —0.05 1915 —0.53 —0.34
1904 —0.13 —112 1916 —0.49 —0.28
1905 —-0.18 —0.04 1917 —0.53 .36
1906 ~0.20 —-0.07 101% —0.60 —0.50
1907 —-0.23 —0.15 1919 —0.68 —0.57
1908 —.4] 01,38 1920 —0.74 —0.67
19048 —{.33 —.O.Q-fl- 1921 —1.04 —(.85
1210 —(1.36 —0.27 1022 —.08 —{).59

After entering the {z, y) pairs info & caloulator or CAS, the resulting least squares regression line through fhe
points is approximately v = 0.75136x + 0.01053, which we round 1o y = 0.75x 4 0,01,

{c) Comparing the regression line from pirt {b) to the equation y = Inb + an with ¢ = In(L/K) and
v lu(F/K) wehave o = 0.75and Inb = 001 = b= ¢™" & 1,01, Thus, the Cobb-Douglas
production function is P = LA % = 1,015, g0.25

152 Limits and Continuity ET14.2

1. Tn general, we can't say anything about f (3, 1)1 ( jgi“h 1 J(z,y) = 6 means that the values of f({z, y) approuch
) —(3,

6 us (2, ) approaches, bil is not equal Lo, (3, 1). I¥ f is continnous, we know thm( %in-t . Sl y) = flu, b)), so
)=,

li = f{3,1) = 8.
(m.w)l—rfl(ihil‘} Ilzw) =/ (3, 2

2, {a) The oucloor temperature as a function of longitude, latitude, und time is continuous. Small changes in longitude,
latitude, or time can praduce only small changes in temperature, as the temperatyre doesn’t jurnp abruptly from
ahe value (o another,

() Elevation is not necessarily continuous, IT we think of a cliff with a sudden drop-off, a very small change in
lengitady o latitude cun produce 4 comparatively large change in clevation, without all the intermediate values
being attained. Elevation coan jump from one value to another.

{c) The cost of a1axi ride is vsually discontinuous. The cost notmally increuses in jumps, so small changes in

distance traveled or time con produce # jomp in cost. A graph of the function would show breaks in the surface,
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3. We make a table of values of f(x,y) =

5
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n:2y3 + 23y — 5

for a set of (x,y) points near the origin,
2—ry

Yl —0z2 | =01 | ~0.03 i] 0.05 ol 0.2

=02 | ~2.55] | —2.525 | —2,513 | —2.800 | —2.488 | —2475 | —2451

—0,1 | -2.325 | —2513 | —2.506 | =2.500 [ —2.494 | —3.48K | —2475

—0.05 | —2.513 | —2.506 | —2.503 | —2.500 | —2.487 | ~2494 | —2.488

0 —2.500 | —2.500 | —L.500 ~2.500 | —2.500 | —2.500

0.05| —2.488 | —2.494 | —2.497 | —2.500 | —2.503 | —2.300 [ —2.513

0,0 | —2475 | —2,488 | —2.494 [ 2,500 | —2.506 | —2.513 | —2.325

02 | —2.451 | —2.475 | —2.488 | —2,500 | —2.513 | —2.525 | —2.551

As the table shows, the values of f(x, 1y} seem to approach —2.5 us (s, i) approaches the arigin [rom a variety of

different directions, This suggests that  kim  f(z,y) = —2.5
(ee,yy) —+(0,0)

Sinee f is a rational function, itis continuous on jts domain. f is defined at (0, 0), so we cun wie direct substitution

2113 302 _
to establish that  lm  flz,y) = o0+ 00 5 =

~2 verityi :
o 550 - verifying our guess
2ay L , - ‘ -
. We make a table of values of f(z, u) == Y for a set of (x,y) points near the origin.

Yl1-o03 [ -02 | -0l 0 0.1 0.2 0.3

—03 | 0667( 0706 0.545) 0000 | —0545|—0.706 | —0.667

—-0.2 0.545 [ 0.667 | 0.667 ( 0000 (—0.667 | —0.667 |—0.545

—0.1 0316 | 0444 | 06867 0000 | —0667 |—0444 [—0316

8} 0.000 | 0.000| G000 (.000 [ 0.000 | 0.000

(1 | —0316 | —(.444 | ~0.067 [ 0,000 0.667 | D444 | 0316

0.2 | —0.545 | -0.667 | —0.667 | 0.000 0.667 [ 0.667 [ 0.545

0.3 | -0.667 [~0.706 ) —0,545 ) 0.000 0.545 | 0,706 | 0.667

Tt appears from the table that the values of f{z, ¥} are not approaching a single value as (z, y) approaches the
origin. For verification, if we Grst approach (0, 0) along the z-axis, we have f(x,0) = 0, 50 f(x,y) — 0. Butif we
2
different values along ditferent paths to the origin, this limit does not exist.

approach {0, 0) along the fine y = =, fz, 2) = = g (m % 0%, so [z, ) — 2. Since f approaches

Fle,) = b o 4m3y —5eylisa polynomial, und hence continuous, so

. ooy = (5, — =r‘5_t‘r'ﬂ_“_ _== 25,
oy S ) = (5, -2) = 8+ 4(5)(~2) - 5(E)(~2)* = 202

. & — 2y is a polynomial and therafore continuons. Since cost is a continuous function, the composition cos(z — 2y)

is also continuous. zy is also a polynomial, and hence continuous, so the product f{z, y) = sy cos(z — 2y}isa

continuous function. Then . 1)1:1103 2 fle,u) = F(6,3) = (6)(3) cos(6 — 2 3) = 18.
#1l )= (B,
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