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38. (a) Following the hint, we get that |a,,| < r™ for 7 > N, and so since the geometric series 37—, 7™ converges
0 < r < 1), the serfes 307 |un | converges as well by the Comparison Test, and hence so does $°°2 o],
NN g Y P n=1

§0 30" ) &n is absolurely convergent,

(b} If lirn  {/an| = L > 1, then there is an integer NV such that {/an| > 1 for all n = N, so |an| = 1 for
Te—k 0Ky

n = N. Thus, lim o, 3£ 0, s0 3007, &y divarpes By the Test for Divergence.
H— o ’

39, (u) Since ¥ ay, is absolately convergent, and since |a.,'l| = || and |a.;‘ < |an| (becanse o and a;; each equal
gither o, or 0), we conclude by the Comparison Test thut both 3 o and 2, oty st be sbsolutely convergent,
(Or nse Theorem 12,28 [ET 11.2.8])
(b) We will show hy contradiction that both 3= e} and 3 a5, must diverge. For suppose that ¥ a;F
converged. Then so would Y (al -~ %n) by Theorem 12.2.8 [ ET 11.2.8]. But
2(ad — 5o} =3, [4 (an + |an]) — §an] = £ T |an|, which diverges because 3 ay, is only conditionally

convergent, Flence, 3 aff can't converge. Similarly, neither can o

40. Ter 30 by be the rearranged series constructed in the hint. [This series can be constructed by virtue of the result of
Exercise 39(b).] This series will have partial sums s, that oscillate in value back and forth across +.

Since lirn an = 0(by Theoram 12.2.6 [ET 11.2.6]), and sinee the size of the oscillationg lan — 7| is always less

TL— 00

than |a,, | because of the way 37 by, was constructed, we have that 3 bn = lim 8, = r.
—r0

12.7 Strategy for Testing Series ETN7
| . 2 oo 2
. oo —1 . 1=1/n . nt—1 . i
1. nl_]}};la ay, = nh_;.n;u Pt i T]/n- = 1 5 0. s0 the serjes ,,z_:{ ) diverges by the Test for
Divergence.
n—1 1 . a . nEn -1 = n-1
2 Ifan = —— and b, = =, then lim 2% — jim n,, r.‘ = lim 1 /n = 1, 5o the series i
112 mm 1 m ti—ea i noa i e n—ma L+ 1/n Zinidn
diverges by the Limit Comparison Test with the harmonic series.
3 l - ] T N J } o= .. 1 H 1 i = 1 g 1
i an T3 foralln = 1,50 ngl oy, Converses 17y the Comparizon Test with nz=:1 oA+ L p-series that

converges because p = 2 = 1.

4 Letb, = % Then by = 0, and by = by = 3, but by = by forn = 3 sinco
-1  (F+r)—(z-D{2r+1) —p¥2 B (g 132
(,; .|.) L @) @=V@a+l) _ o R R Y Sl LS\ PR SURNP
@2 {z* + ) {(z® + z)° (22 -4 =)
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1
{bn | 7 = 3} is decreasing and ]un bn =0,s0 E (=)™t ;; n converges by the Allernating Series Test,
n=y -

20 - -1
Hence, the full series  (—1)""* r:: n also converges.
n=1 | o

. A1 | (_3)‘4’1-{-2 23‘41 o -3 _23‘,'?- _ 3 - E ) ;
L ﬂllr};ﬂ | = T}H& =T Cay | = 11.1Lmnb prrerl e n}'—Tm w =g < 1, 50 the series
gyl
Z _;';".l_‘u is absoluiely convergenl by the Rano Test,
=1 “
6. lim {/|an| = lim 3n == lim 3 = -3- i 2L i converges by the Root Test.
n—aon n—oa 1+ Bn n—+0a 1/’”-‘1—8 8 =\l

7. Let f{x) = Then f is posilive, continuous, and decreasing an [2, oa), so we can apply the Integral Test.

1
zvVine

) o u = In:, /e 12
Smcej — = /t. = 2T e O = 2/ I - O, we find
/I ’:du =dm/ :n:‘ .

oo 34 . t
/ = lim / . = lim [2\/!1’1 .'::] = lim (2 Vind —2vIn 2) = o, Jince the integral
T lnm Ja e

2 gvlng t—eelk —+o

diverges, the given series L diverges,

— In Th

B. ; T 2)! z & 1)(A Ty Using the Ratio Test, we pet

= , L - - z -2 -]
,}EEG u.::i — ;fliﬂulu } " -|-22)(;,~. = (k- ].%fﬂlu F2) | _ k]'ﬂ}c (2. ":j—_;) =2 = 1, go the series diverges.

Or: Use the Test For Divergence,

[==] oo 3
9. Z ke Z pre Using the Ratio Test, we gel
k=1 k=1
. Gl | _ 1 (E+1)2 &F T E+1V\* 1 oz 1 1 . .
h].l_{g;:‘ = k]ﬂ'gﬂ‘ ey = = ;«ll]ﬂ:. e e 1% - S=3 <« 1, 5o the scries converges,
0. Let f(w) = #"e~ “* Then J is continuous and positive on [1, o), and f'{z) = (“—.,J) < Ofore > 1,80 fis
£*

f oa —a° ' 1 -zt
decreasing on [1, co) as well, and we can apply the Tntegral Test, fl %e®" dr = lim {—%e ”J] = 3=, 50 the

t—roo

integral converpes, and hence, the seriss converges,
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1.

12

13.

14.

16.

12.

18.

19.

1 ) . . . . ] = (—] n+1l
b, = on 0 for = 2, {bn} is decreasing, and nlil}l;l‘:> Ba = 0, 5o the piven series TEB ( n131 —— comverges by

the Alternating Series Test,

Leth, = ﬁ-ﬁ Then bn > 0, lim_bn = 0, and

by — bpg1 = o j’_ 5 T ‘C';f_l ]-I- 5 T ;;)(‘;’;__l_ ,j: 26" which is positive for n > 5, so the
sequence {b,} decreases from n = 5 on. Hence, the given series i(— » -nﬂ + 7 eonverges by the Allernating
Series Test.

nl.i_l.lc—:.; ”%:—1 = nllr'r;a 3“';:1(-':_11+)11)5 - d:l:F = nlﬂl:ﬂ [M?] = "Kn]lriugn 'n.; 1_ 0 < 1, so the series

r

converges by the Ratio Test.

The series 30 sinn diverges by he Test for Divergence since lim sin n does not exist.
] Fireoan
| Bmta . (n+ 1} I S D (3n+9)
1 —T= = lit _ .
nota | am | n e |TTE B Bn OB+ 1)+ 2] ml
- 1.
= i T+ | -
i Jn+b6 3 <1
Tl
th 5 HyLLs i Teest.
so the series L TR Gt D converges by the Ratio Test

@ .
: - - . n 1 1
Using the Limit Comparison Test with an, = ! and fi, = -, we have
T

n3+ 1

el n 3 1/
limn %11= &i_{];lﬂ(n l ]'-E) = limn n' tn_ lim 1|—I/H—- =1 >0. Since 322

n—too fin nd -1 1 n—os Af + 1 w—me 1o /0

b,, is the divergent

™=

harmonic series, 2% | an is also divergent.

=)
lim 21/% =20 =1, 0 lim (~1)" 2'/™ does not exist and the series (—1)"2/" diverges by the
1 —rdxp TL— 0 =1

Test for Divergence,

1 ( l)ﬂ"l'.-l.
by = f =2 {b = r———
i 7 — or n {t} is & decreasing sequence of positive numbers and hm by, =0, 50 r?_z ~=

CONVErges by the Alternating Series Test.

1 —Inx 1
Let f(x) = % Then f'{x) = W < O whenlnx > 2or v > e, ko \1}; is decreasing for n » &”
] = Inn
By I'Hospital's Rule, lim —H-E = lim == =={), 50th i — 1) Srires
¥ P » lim T 11.—-:;: 17 (q\/_) Lo, \/_ s0 the series E {(—-1) 7 converges by

n=1

the Alternating Series Test.

P. 04/08
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! .
. Sgr1| _ . |k+6 & Ll k461
20, k}ﬂl&g ax | e |57 Lto| & ﬁlllﬂlc Fe5-5" < 1, 50 the geries E c,unvugcs by the Ratio
Test.

—_” oo _myin e AT
r4 P (——-{L— =5 (%) . nlilrgv Vew) = lim 4 =0 < 1, 50 the given series is absoluiely converzent by the
1\ P

n=1 nt n—1 n—as 1
Raot Test.,

Vi —1 n n

. n < — —_— =
nd 3t - h T nd 4 In24F T ol

Vnt —1

nd + 2nZ 4- 5

— forn = 1,80 Z converges by the Comparison Test
with the convergent p-series 320 1/n* (p=12 > 1).

. o . . - . 1 1
23. Using the Limit Comparison Test with o, = tfm(z) and b, = —, we have
1 n

‘ tan(l/n sac™(1/w) - (—1/7°
lim 2% = lim M = Jim M L T (1/!'.) ( L/z") = lim sec?(1/2) =1 =1 =0,
n—oo by, T—t 1 /7 B—o0 ]_/:I: r—rr —\[\/:’{.‘-i Fp——

Since 3L, by is the divergent harmonic series, > o | oy, is also divergent,

|cas(n/2)| 1 1 =2 cos(n/2)
ta == and — alp=2 —
g o dn -:i and since MEI converges (p = 2 = 1), nz_:l Py

24.

converges absolutely by

the Comparison Tesl,

(n+ )1 |
ela 13 " Tpl

(ntlnl-e = lim ”—ll = [} < 1, 80

n—og  gndd -1yl oo g2l

41
[2 2%

25, Usc the Ratio Test. lirn

TE—+ D

= lim

M —rod

oo
!
E — COnverges,
an®
n=1

o 71| ] n ‘ﬂ = 2. - ¥ R r P ]
26, lim [2oEL) — i Snbl gy (B n 12 Z )= lim 1d2n+2/n’ E.:/n Ayl < 1,80
y nmas | fn n—on Qp n—res Bl nd 4 1 g 1+ 1/n? 3 3
o _ .
5T 5+ converges by the Ratio Test.
n=l

] 1 1"
27, j ﬂd_r - lim {_ﬂ - E} (Using integration by parts) 2 1. So Z —— convcrges by the Integral Test,
b= ol n=]
Elnk _ klnk Ink

m A= the given series 3

and since  converges by the Comparison Test.

In
=1 (k4 1)

1 .
28. Since { n} is o decreasing sequence, ¢'/™ = eV = e foralln = 1, amd E — conveiges (p = 2 = 1), s0

a=l 1

oa 1/r|
3. —5 converges by the Comparison Test. (Or use the Lntzgral Test.)
n==]

tan ' T/ & w2 T =

29. 0 = A < 71‘3//"' 5 n/,, =3 Z —5o5 which is a convergent p-series (p = “.:> 1), so
AT =l /2 A=l

= tan~!n

—E7E converges by the Comparison Taar,

n=1
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0. Let f{x) =

n

32

33

kU8

35,

36.

a7

Then f(x) is continuous und positive an [1, o0), and since f'(z) = < ) tor

JE
z+5 -a‘x/_ (ﬂ‘ ~|- -1)"

r = 0, f{a) is eventually decreasing, s0 we can use the Alternating Series Test.

. 1.
lirn

= i —557—=——= =0, 30 the scries E ’ \/_ COTVerges.
nh—texs T4 - B n—mn 32 B/ ]

J=1 t

Jlrn iy = hm

oo 3F + 4F + 4k s (3/4)% 4 |

—

= &
I'hos, Z PR diverges by the Test for Divergence.
k=1

2y 2 "
lim /o, = lim — = lim = =10, f0
i | u‘ o R uJ—E!:L: m Ao The series Z; converges by the Root Test.
Tl
sin(1/n 1 ! . sin{l/n — ain(l/n
Lel g = # and by = —=. Then lim =& = lim sin{1/n) =1:=0,f0 Z gin(l/n) converges by
-\/'E ‘H‘-\/ﬁ n—oa by, A=z lfn jprt \/ﬁ
=1
oo
limit comparison with the convergent p-feries L ey {p=3/2=1).
=1
1 1 1 = 1
0= neos” n £ n, 50 — = = = Thus, ——————— diverges by comparison with
= n-bpoosdn T nd4n o Z e eond e by P
oo o
Z E— which is a constant multiple of the (diversent) harmonic series.
n=1 '

Th=—r 11 Th—OQ

b
. no oy 1 1 1
litn /|an| = lim = i = —_— ; e wrarom
4/ |an] (n T l) un [+ 1) /] m (14 1/m)" e <2 1, so the series
i—roa

=0 n T
Z (n‘-}— T ) converges by the Roaot Test.

[a lrire Inlugyinn as tninm }
Note that (Inn)™™ = (&!" )7 = (glnn) = a" " and Inlnn — coasn — eo, solnlnn = 2 for

L . Since 2

sufficiently lurge n. For these o we have (Ilnn)'™ ™ = n?, 5o —r I
{Inn) T n=g 1

3]

{p =2 1) s0 does L

="

W by the Comparison Test.

==}
litn  5/|an| = ]m‘l (2]/” — ) =1-1=0=1,sothe serics Z (Q/ﬁ - 1) converges by the Root Test.

Tt
n=1

4 i ke Ry
— [divide by 4¥] 1111] {5/ )|- = oo since }a!ln;:(%) = (0 and klirn (%) = .

P. 06/08
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ins oalm_g
3B. Use the Limit Comparison Test with e, = ¥2 — 1 and by, = 1/n. Then nli—rcﬂa Z— = JL“QQ T

, al/w _q YT ne . (=1 " . = . . ac
= mlirmm 1/:17 g JFIEI;U ““"1/1(‘2 / ) = ml‘}-];n.-_\,'.-_,(glf “In 2) =1-ln2=1n2 >0 Sosince Zn:l bn

diverges (harmonic series), so does 350, (V2 — 1),

Alternate Solution:
" 1 , . . 1
Ya—1= SO SR T T ] [rationalize the numerator] = T
(= 1 1 (=] 1 (== ,
and since %, — = = % — diverges (harmonic series), so does 5 (VE — 1) by the Comparison Test.
n=] 2n 2 1 T n=1

12.8 Power Series ET11.8

1. A power series is & series of the form T°7 ) ea2™ = oy + 4T + caz” + caz® + - - -, where x is & variable and the
e, '8 are constants called the coefficients of the series.
More generally, a series of the form $7°0  ¢n(x — @) = co + e1{% — a) + calw — @)® < -+ is called a power
sierigs in (o = @) or a power series centered at o or a power serics about g, where a is a constanl.,

o
n=0

2. (a) Qiven the power series 3 eq{x — a)™, the radius of convergence is:
(i) 011 the seres converges only when e = a
(ii) oo if the series converges Tor all ¢, or
(iii) a positive number & such that the series converges if |2 — o| < A and diverges if |z — a| > R.
In most cases, T can he found by using the Ratio Test.

(b) The interval of convergence of a power series is the interval that consists of all values of  for which the series
converges. Corresponding to the cases in part (a), the interval of convergence is: (i} the single point {a}, (i) 4l
real numbers; that is, the real number line {(—oa, oo), or (iii) an interval with endpoints @ — R and a + R which
con contan neither, sither, or both of the endpoints. In this case, we must test the series for convergence 8l each

endpoint to determing the interval of convergence,

mﬂ-
L MWon = Nt then limn

-‘/’t_ Te—t

R
vl T

ﬂ‘ﬂ+1

I

: ||
=1 = (x|
ﬂlrn;ﬁ /1 ]_/'nn, [El

"

Jn converges when |z| < 1, so the radius of convergence B = 1, Now we'll

&
= lim |[—=
s ‘ TN

By the Ratio Test, the series Z

n=1

check the endpoints, that is, z = £1. When z = 1, the series Z

=1l

1 . . .
——= diverges becanse 1015 4 p-aeries with
7 4 P

=)
Lo (1™ . . .
P=1% =1, When = = —1, the seres 2 ( \/?_2 converges by the Alternating Series Teat, Thus, the interval of
n=1

convergence is § = [=1,1).



