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MepoToP TS SCRUEHCE  THeoha m

r@m Definition A sequence {a,} is bonnded above if there is a number M such that:
' Gn=M  forallnz1

It is bounded below if there is a nu:rﬁbar m such that

m=a, Toralln=1

If it is bounded above and below, then {g,} is a bounded sequence,

iy For instance, the sequence @, = n is bounded below (2, > 0} but not above. The

" sequence a, = #/(n + 1) is bounded because 0 < a, < 1 for all #.
- ‘ We know that not every bounded seguence is convergent [for instance, the sequence
o eeerer =~ {=1)" satisfies =1 == g, = 1 but is divergent from Example 6] and not every mono-
mmc sequence is convergent (@, = n—+ ). But if a sequence is both oth bounded _and

onotonic, then it must be convargent, This fact is proved as Theorem 11, but inmiitively
you can understand why it is true by looking at Figure 12, If {a, } is increasing and a, < M
L3 for all r, then the terms are forced to erowd together and approach some number I,

' The proof of Theorem 11 is based on the C_l'm: leteness Axigm for the set R of real
FIGURE 12 numbers, which says that if  is s nopempty set o1 rea.l ﬁﬁﬁﬁeﬁé %ha; has an upper hound
M (e = M for all xin S thep S hac a least upper bopnd b. (This means that 5 15 an upper

bound for 8, but if M is any other upper bound, then & = M.) The Completeness Axiom is
an expression of the fact that there is no gap or hole in the real number line,

il

av

-

Manotonic Sequence Theorem Every bounded, monotonic saquence is converpent. J

Prent Suppose {a,] is an increasing sequence. Since {a,} is bounded, the sef
5= {ay, | n = 1} has an upper bound. By the Completeness Axiom it has a least upper

bound L. Given & > 0. L — e is polanMpper bound for S (since L is the least ypper
buuﬁd). Therefore

av>L — & for some integer N

But the sequence iz increusing 5o g, = ay for every # = N. Thus, if » > N we have

an =Lz
50 O0=L~a, <€
A P L AP

since g, = L. Thus
|L = ay| <&  whenever n > N

50 IMy—wda = L.
. A similar proof (using the greatest lower bound} works if {a,} is decreasing. il



